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Lyapunov Method and Convergence of the Full-Range
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Abstract—This paper develops a Lyapunov approach for
studying convergence and stability of a class of differential inclu-
sions termed differential variational inequalities (DVIs). The DVIs
describe the dynamics of a general system evolving in a compact
convex subset of the state space. In particular, they include the
dynamics of the full-range (FR) model of cellular neural networks
(CNNs), which is characterized by hard-limiter nonlinearities with
vertical segments in the characteristic. The approach is based
on the following two main tools: 1) a set-valued derivative, which
enables to compute the evolution of a Lyapunov function along
the solutions of the DVIs without involving integrations, and 2) an
extended version of LaSalle’s invariance principle, which permits
to study the limiting behavior of the solutions with respect to the
invariant sets of the DVIs. Then, this paper establishes conditions
for convergence (complete stability) of DVIs in the presence of
multiple equilibrium points (EPs), global asymptotic stability
(GAS), and global exponential stability (GES) of the unique EP.
These conditions are applied to investigate convergence, GAS,
and GES for FR-CNNs and some extended classes of FR-CNNs.
It is shown that, by means of the techniques developed in this
paper, the analysis of convergence and stability of FR-CNNs is no
more difficult than that of the standard (S)-CNNs. In addition,
there are significant cases, such as the symmetric FR-CNNs and
the nonsymmetric FR-CNNs with a Lyapunov diagonally stable
matrix, where the proof of convergence or global stability is much
simpler than that of the S-CNNs.

Index Terms—Cellular neural networks (CNNs), convergence,
differential variational inequalities (DVIs), full-range (FR) model,
LaSalle’s invariance principle, set-valued derivative.

I. INTRODUCTION

S INCE THEIR introduction in 1988 [1], the standard (S)
cellular neural networks (CNNs) have been among the

most investigated paradigms for real-time neural information
processing. The S-CNNs have found important applications,
particularly in the fields of image processing, robotics, and pat-
tern recognition [2]–[5]. The CNNs, in their more general form
of cellular nonlinear networks, have also been really useful
for the modeling and understanding of the spatial–temporal
dynamics observable in active media [6], [7].

The full-range (FR) model of CNNs has been introduced in
[8] in order to obtain an advantageous VLSI implementation
of CNNs with a large number of neurons. A large part of
the manufactured CNN chips, such as CACE1k, ACE4k, and
ACE16k chips, are based on the FR model of CNNs [8]–[11].
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The FR-CNNs exploit ideal hard-limiter devices with two
vertical segments in the characteristic, which constrain the
state variables to evolve within a closed hypercube of the space.
Such an improved range of the state variables has enabled one
to obtain smaller power consumption, higher cell densities,
and increased processing speed compared to S-CNNs. Due to
the nonlinearities with vertical segments in the character-
istic, there are values of the state variables where the velocity
vector of FR-CNNs is not single valued, but instead, it belongs
to a whole set of feasible velocities. From a mathematical
viewpoint, the dynamics of FR-CNNs is thus described by a
differential inclusion [12], which is defined by a set-valued
vector field representing for each state the corresponding set of
feasible velocities [8], [13].

In a recent paper [14], it has been shown by Corinto and Gilli
that the S-CNN model and the FR-CNN model might display a
qualitatively different dynamical behavior for the same set of
parameters (interconnections and inputs). In particular, a class
of completely stable (convergent) second-order S-CNNs has
been considered in [14], such that the corresponding FR-CNN
displays a stable limit cycle for the same set of parameters, and
then, the FR-CNN is not completely stable. One main conse-
quence is that, in the general case, stability of FR-CNNs cannot
be deduced from existing results on stability for S-CNNs.
Hence, it is needed to develop suitable tools, which are based
on the theory of differential inclusions, for studying in a rig-
orous way stability and convergence of FR-CNNs.

In this paper, we consider a class of differential inclusions
termed differential variational inequalities (DVIs), which de-
scribe the dynamics of a system evolving in a compact convex
subset of the state space. This class includes as a special case the
FR-CNNs, when the set is a closed hypercube and the vector
field within the hypercube is an affine vector field. The main
goal of this paper is to develop a Lyapunov approach for ad-
dressing stability and convergence of the considered DVIs. As
in the standard Lyapunov approach for differential equations,
it is shown that it is possible to evaluate the time evolution of
an energy function along the solutions of the DVIs, without
needing integrations. This is obtained via a suitable notion of
set-valued derivative, which permits one to evaluate, directly
from the vector field, the time derivative of the energy along
each solution of the DVI. Furthermore, an extended version of
LaSalle’s invariance principle is proved, which enables one to
study the limiting behavior of the solutions with respect to the
invariant sets of the DVIs. This paper then establishes condi-
tions ensuring convergence (complete stability) of DVIs in the
presence of multiple equilibrium points (EPs), global asymp-
totic stability (GAS), and global exponential stability (GES) of
the unique EP. The results are applied to investigate complete
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stability, GAS, and GES for some classes of symmetric and non-
symmetric FR-CNNs and some extended classes of FR-CNNs.

The notion of set-valued derivative in this paper has been in-
spired by an analogous notion of derivative that has been intro-
duced by Shevitz and Paden [15] and subsequently improved
by Bacciotti and Ceragioli [16]. The derivative in those papers
holds for general systems of differential inclusions, and as such,
it has a broader applicability with respect to the derivative in
this paper, which holds for the subclass of differential inclusions
given by the DVIs. However, it is proved that, by exploiting the
peculiar geometric structure of the solutions of DVIs, we are
able to obtain advantages for the class of DVIs with respect to
the derivative in [15] and [16]. Indeed, we will see that there are
important cases, such as the symmetric FR-CNNs, for which the
derivative introduced here can be successfully applied to prove
convergence via a Lyapunov function, while the application of
the derivative in [15] and [16] fails to prove convergence.

The structure of this paper is outlined as follows. Section II
collects the needed mathematical preliminaries, while
Section III presents the DVI model studied in this paper.
Then, in Sections IV and V, we develop an extended Lyapunov
method for DVIs. Sections VI and VII give the main results on
convergence, GAS, and GES of DVIs and FR-CNNs, respec-
tively. After some specific examples in Section VIII, Section IX
draws the main conclusions of this paper.

Notation

Let be the real -space. Given matrix , by ,
we mean the transpose of , while is the
symmetric part of . In particular, by , we denote the
identity matrix. Given the column vectors , , we denote
by the scalar product of and , while

is the Euclidean norm of . Given a set
, by and , we denote the closure of and the

boundary of , respectively, while
is the distance of vector from . Moreover, is
the closure of the convex hull of . By

, we mean an -dimensional open ball with center
and radius .

II. PRELIMINARIES

In this section, we recall some definitions and properties that
are needed in this paper. The reader is referred to [12], [17], and
[18] for a more thorough treatment.

A. Set-Valued Maps and Generalized Gradient

By , , we denote a set-valued map,
i.e., a map that associates to any a nonempty subset

. We say that is upper semicontinuous at
if and only if, for any neighborhood containing , there
exists a neighborhood of such that .
Moreover, is said to be upper semicontinuous if and only if it
is upper semicontinuous at every . A function ,

open, is said to be locally Lipschitz if, for each ,
there exist and such that

, , . If is locally Lipschitz, then
is differentiable for almost all (a.a.) (in the sense of

Lebesgue measure). Moreover, for any , the generalized
gradient of at can be defined as follows [18]:

where is the set of points where is not differentiable,
is an arbitrary set of zero measure, and is the

gradient of evaluated at . It can be shown that
is a set-valued map with nonempty compact convex values

[19, Prop. 2.1.2, p. 27]. Moreover, the restriction
of to any compact set is an upper semicontinuous
set-valued map [19, Prop. 2.1.5, p. 29].

B. Nonpathological Functions

Definition 1 ([20], [21]): Let be a compact interval of . A
function , open, is said to be nonpatholog-
ical if it is locally Lipschitz and, for every absolutely continuous
function and for a.a. , the set is a
subset of an affine subspace orthogonal to .

Nonpathological functions are a wide class, including
Clarke’s regular functions [19] and convex, semiconvex, con-
cave, and semiconcave functions [21]. Let be an open subset
of . We recall that a function is said to be
semiconvex if, for any open bounded convex set , there
exists such that the function is
convex in . Moreover, is said to be semiconcave
if is semiconvex.

The following fundamental property permits one to evaluate
the derivative of the composition of a nonpathological function
and an absolutely continuous function [21, Prop. 1], [20].

1) Property 1 (Chain Rule): If is nonpatho-
logical and is absolutely continuous, then, for a.a.

, we have

C. Tangent and Normal Cones

Let be a nonempty closed convex set. The tangent
cone to at is defined as

while the normal cone to at is given by

Both and are nonempty closed convex cones in
(possibly reduced to ). Furthermore, is a monotone

operator, i.e., for any , and any ,
, we have [12, Prop. 1, p. 159]. The

orthogonal set to is defined as

It is known that is a vector subspace of such that
. The aforementioned cones, evaluated at some

points of a closed convex set , are reported in Fig. 1.
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Fig. 1. Closed and convex set � � with cones � , � , and � at some
points of � (the cones are translated into the corresponding points). Note that
� ��� � �, � ��� � � ��� � , while � ��� � �.

Finally, for any , there exists a unique point
satisfying

The operator is called the projector of best approximation
on .

III. A CLASS OF DVIS

Let be a nonempty compact convex set. Further-
more, let be an upper semicontinuous map with
nonempty compact convex values. As in [12, Ch. 5], we con-
sider the class of DVIs

(1)

where and denotes the normal cone to at .
Our interest for the DVI (1) derives mainly from the fact

that it includes as a special case the differential inclusion that
models the dynamics of FR-CNNs. In fact, an FR-CNN can be
described by [8], [13]

(2)

where , is the inter-
connection matrix, is the constant input, and

, with

(3)

being the ideal hard-limiter nonlinearity with two vertical seg-
ments shown in Fig. 2. It has been observed in [13] that we have

for any . Then, the FR-CNN (2) can be
equivalently described by the DVI

which is included in (1).
Another interesting subclass of (1) is given by gradient (G)

DVIs of the type

(4)

Fig. 2. Hard-limiter nonlinearity used in the FR-CNN model.

where is a nonpathological function and is an
open set containing (see Section II). Note that if

, , and , then
(4) reduces to an FR-CNN with a symmetric interconnection
matrix .

In a recent work [22], the concept of DVIs in [12] has been
extended in order to provide a general mathematical framework
for modeling and analyzing problems that simultaneously in-
volve dynamics, inequalities, and discontinuities, as it happens
in hybrid systems or variable structure systems.

We say that is a solution of (1) in the compact
interval if is absolutely continuous on , for
any and for a.a. [12].
Furthermore, we say that , , is a solution of (1) for

if, for any compact interval , is a solution
of (1) in . By an EP of (1), we mean a constant solution

, , of (1). We remark that is an EP of (1) if
and only if satisfies the algebraic inclusion .

Property 2: Suppose that is an upper semicon-
tinuous map with nonempty compact convex values. Then, the
following hold: 1) For any , there exists at least a solu-
tion of (1) with initial condition ,
and 2) the set of the EPs of (1) is a nonempty compact subset
of .

Proof: The result in point 1) derives from [12, Th. 1, p.
267]. The same theorem also ensures that . Since ,
to prove point 2), it suffices to show that is closed. To this end,
note that [12, Prop. 3, p. 42], and consider
the differential inclusion

where . It can be easily verified that
is an upper semicontinuous map with nonempty

compact convex values. Let be a sequence of points in
that converges to as . We want to prove that .
Clearly, and for any . Suppose,
for contradiction, that . Since is compact, there
exists such that . Furthermore, since

is upper semicontinuous at , there exists such that
. However, for sufficiently

large , we have and , which is a
contradiction.
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In the general case, there exist multiple solutions of (1)
starting at a given initial condition. However, as shown in the
next result, there are significant cases where the uniqueness of
the solution is guaranteed.

Property 3: Let be an open set containing . Sup-
pose that is a single-valued map, which is locally
Lipschitz in , or that , where is semi-
convex. Then, for any , there exists a unique solution

of (1) with initial condition .
Proof: Let , , be a solution of (1) with initial

condition (Property 2). Suppose that there exists a
second solution , , of (1) with initial condition

, and let . We have and
for a.a.

where , , ,
and . Since is a monotone operator
(Section II), we have , hence

Suppose that is locally Lipschitz. Then, is Lip-
schitz on , i.e., there exists such that

. It follows that for a.a.
, we have

Suppose now that , where is a semi-
convex function in . For sufficiently small , consider the
open bounded convex set . Since is semi-
convex, there exists such that is
convex in . Furthermore, by [23, Th. 10.4, p. 86], is Lip-
schitz on the compact set .
Then, is regular on [19, Prop. 2.3.6, p. 40],
and is a monotone map on [19, Prop. 2.2.9
p. 37]. Finally, since is the sum of two regular functions ( ,
which is convex, and , which is continuously differen-
tiable), then it is regular [19, Prop. 2.2.9, p. 37]. In particular, we
have for some
and for some . By
letting , we obtain for a.a.

where we have taken into account that since is a monotone
operator, we have .

In both cases, we can apply the Gronwall lemma to the non-
negative function and obtain that for , we have

. Hence, for .
Definition 2: Let , , be a solution of (1). The -limit

set of , which we denote by , is the set of points such
that there exists a sequence , with as ,
such that .

Property 4: Suppose that is an upper semi-
continuous map with nonempty compact convex values and that

, , is a solution of (1). Then, is a nonempty com-
pact connected subset of , and .
Furthermore, is weakly invariant, i.e., for any , there
exists at least a solution of (1) such that

and for any .
Proof: As in the proof of Property 2, consider

(5)

where and is an upper
semicontinuous map with nonempty compact convex values. By
an argument, as in the proof of [13, Prop. 5], it can be shown that
if is a solution of (1), then is also a solution
of (5) for . Since is bounded for , the result follows
from the results in [24, pp. 129–130].

Consider a solution , , of (1). By definition,
evolves within the set for all , i.e., it is a viable solution
to (1). This fact enables to prove the next result, giving some
geometrical properties of the time derivative , which will be
useful in the definition of the set-valued derivative of a candi-
date Lyapunov function for (1) (see Section IV).

Property 5: Suppose that is an upper semi-
continuous map with nonempty compact convex values and that

, , is a solution to (1). Then, is differentiable for a.a.
, and we have

Proof: Since is absolutely continuous on any compact
interval in , then is differentiable for a.a. .
Let be such that is differentiable at . From [12, Prop.
2, p. 266], we have that

To prove that , let , and note that since
and belong to , we have

. Dividing by , and accounting for
the differentiability of at time , we obtain

hence we have .
Now, suppose that . Since, once more,

and belong to , we have
.

Let . Then

hence, by definition, .
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To complete the proof, it suffices to observe that
for any . In fact, if

and , then and ,
respectively. This means that , i.e., . Con-
versely, if and , then we have
and , respectively. Hence, .

IV. SET-VALUED DERIVATIVE AND LYAPUNOV FUNCTIONS

Consider a nonpathological function , where
is an open set containing . Our goal is to evaluate the

time evolution of along the solutions of (1) without involving
the integration of (1). To this end, the following notion of the
set-valued derivative of will play a crucial role.

Definition 3: Let be a nonpathological function.
The (set-valued) derivative of with respect to (1) at a point

is given by

(6)

The next basic properties of can be proved.
Property 6: Let be a nonpathological function.

Then, the following hold.
1) For any , is a (possibly empty) compact

interval of .
2) If is an EP of (1), then .
3) If , then, for any , we have

if , whereas

if .
4) If and is single valued, then, for

any , the derivative is either the empty set or
a singleton and is given by

if , whereas

if .

Proof:
1) The proof is given in Appendix I. The same Appendix I

also provides a geometric interpretation of some basic as-
pects concerning the definition of .

2) If is an EP of (1), then there exist and
such that . We obtain

. Moreover,
for any , and so, .

Fig. 3. Vector fields involved in the computation of the derivative �� for � �
� � that is single-valued and � � � ���. (a) Three cases (points �, �, and
�) where�� is a singleton. (b) Two cases (points � and �) where�� is empty.

3) and 4) The results directly follow from (6) and the fact
that is continuously differentiable at , hence we have

.

Fig. 3 shows the vector fields involved in the compu-
tation of the derivative in a simple 2-D case where

is single valued and (cf. point 4)
in Property 6). Fig. 3(a) considers three points , , ,
as in Fig. 1. For point , we have , hence

is single valued. Similarly,
for point , we have and then

. For , we have
and (note that is an EP of
the DVI). Fig. 3(b) considers instead two situations where
is empty. In particular, at point , we have , but

, hence . Similarly, for point , we
have , hence .

Property 7: Let be a nonpathological function.
The set-valued derivative of with respect to the G-DVI (4) has
the following properties.

1) We have if and only if is an EP of (4).
2) If , then, for any , we have
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if , whereas

if .

Proof:
1) If is an EP of (1), then we have from point 2)

in Property 6.
Suppose now that for some . Then, there
exists , such that
for any . Since ,
we have that , with

, hence

and so . Noting that
, where and ,

it follows that is an EP of (4).
2) The result follows from point 4) in Property 6, con-

sidering that and noting that
,

where .

The result that follows gives a fundamental link between the
time derivative of along the solutions of (1) and the set-valued
derivative .

Lemma 1: Let be a nonpathological function,
and let , , be a solution of (1). Then, is differ-
entiable for a.a. , and we have

for a.a. .
Proof: The function is absolutely continuous on

any compact interval in , since it is the composition of
a locally Lipschitz function and an absolutely continuous func-
tion. Then, for a.a. , we have that and are
differentiable at . Furthermore, by the chain rule (Property 1),
we have

and from Property 5

Then, from the definition (6) of set-valued derivative, we obtain

for a.a. .
Definition 4: Let be a nonpathological function.

We say that is a Lyapunov function for (1) if, for any ,

we have or . If, in addition, we
have or when is not an EP of
(1), then is said to be a strict Lyapunov function for (1).

The next theorem is the main result in this section.
Theorem 1: Suppose that is a nonpathological

Lyapunov function for (1). If , , is a solution of (1),
then is a nonincreasing function for , and there
exists the .

Proof: By Lemma 1, we have that for a.a.

Since the function is absolutely continuous on any com-
pact interval in , it follows that it is nondecreasing for

. Moreover, is bounded from below in the compact set
, hence there exists the .

V. LASALLE’S INVARIANCE PRINCIPLE FOR DVIS

In the standard framework of differential equations, LaSalle’s
invariance principle is one of the most powerful tools for
studying convergence toward equilibria of dynamical systems
that possess a Lyapunov function. In this section, we provide
an extended version of this principle, which is applicable to the
class of DVIs (1). The extension is based on the notion of the
set-valued derivative of a nonpathological function developed
in Section IV.

Theorem 2: Suppose that is an upper semi-
continuous map with nonempty compact convex values. Let

be an open set containing , and let be a
nonpathological Lyapunov function for (1). Let

, and let be the largest weakly invariant subset
of (1) contained in . If , , is a solution of (1), then
we have

Proof: It suffices to show that (Property 4). It is
known from Theorem 1 that is a nonincreasing function
on and as . For
any , there exists a sequence , with
as , such that as . From the
continuity of , we have ,
hence is constant on .

Let , and let , , be a solution of (1) such
that and for (see Property 4),
hence for . From Theorem 1, it follows
that for a.a. , we have ,
and so, for a.a. . It follows that we have

. The choice of in is arbitrary, hence we
obtain . Since is weakly invariant, we conclude
that .

Remark: The notion of set-valued derivative of a non-
pathological function in Section IV and the extended ver-
sion of LaSalle’s invariance principle in Theorem 2 have been
inspired by previous relevant works on analogous issues [15],
[16]. The reader is also referred to [25] for another extended
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version of LaSalle’s invariance principle, which has been ap-
plied to estimate the location of complex attractors of a class of
discontinuous dynamical systems.

Consider the general class of differential inclusions

(7)

where and is an upper semicontin-
uous map with nonempty compact convex values. In [16], the
following set-valued derivative of a nonpathological function

has been introduced for (7):

(8)
where . If we apply this definition to the class of DVIs
(1), and consider that

, we have

for any .1 We will see (Remark 3 in Section VII-A)
that there are important cases, such as the symmetric FR-CNNs,
where a given function satisfies or for
any , but also assumes positive values for some

. The advantages in the use of are due to the fact
that, in its definition, we exploit the particular structure of the
velocity for the solutions of the DVI (1) evolving within the
compact convex set (see Property 5). Such a structure of
cannot be exploited in the definition of for general systems,
as in (7).

VI. CONVERGENCE AND GLOBAL STABILITY OF DVIS

Definition 5: The DVI (1) is said to be quasi-convergent if,
for any solution , , of (1), we have

where is the set of EPs of (1). Furthermore, the DVI (1) is
said to be convergent if, for any solution , , of (1),
there exists such that

LaSalle’s invariance principle in Theorem 2 yields the next
result on quasi-convergence and convergence of (1).

Theorem 3: Suppose that is an upper semi-
continuous map with nonempty compact convex values. Let

be an open set containing , and let
be a nonpathological strict Lyapunov function for (1). Then, (1)
is quasi-convergent. If, in addition, the EPs of (1) are isolated,
then (1) is convergent.

Proof: Let , , be a solution of (1). Theorem 2 im-
plies that , where is the largest
weakly invariant subset of (1) in . It suffices to show that

1An analogous inclusion holds when comparing �� with the derivative in
[15].

we have . Of course, . On the other
hand, since is a strict Lyapunov function for (1), we also have

. Since is a closed subset of (Property 2), we con-
clude that , hence . This proves that
(1) is quasi-convergent.

Suppose now that the EPs of (1) are isolated. Convergence
of (1) follows from the connectedness of the omega-limit set of
each solution of (1) (Property 4).

For the G-DVIs (4), it is straightforward to derive the fol-
lowing result.

Theorem 4: Function is a nonpathological strict
Lyapunov function for the G-DVI (4). Then, (4) is quasi-con-
vergent. If the EPs of (4) are isolated, then (4) is convergent.

Proof: Suppose that for , we have ,
and let . Then, there exists such
that and for
any . We obtain

. Then,
, i.e., is a Lyapunov func-

tion for (4). From point 1) in Property 7, we also conclude that
is a strict Lyapunov function for (4).

Theorems 3 and 4 give conditions for convergence of the
solutions of the DVI (1) in the general case where there are
multiple EPs for (1). Some specific applications to FR-CNNs
will be described in Section VII-A. The property of conver-
gence in the presence of multiple EPs is of fundamental impor-
tance for the neural network applications to image processing,
the implementation of associative memories, and several other
signal processing tasks [1], [2], [26], [27]. There are other inter-
esting applications where it is needed that a neural network has
a unique globally stable EP [28]–[33]. For example, in the solu-
tion of global optimization problems in real time, the property of
global stability prevents the network from getting stuck at some
local minimum of the cost function that is desired to be mini-
mized. In the remaining part of this section, we give conditions
for global stability of (1), which involve the set-valued deriva-
tive of a nonpathological Lyapunov function, as introduced in
Section IV. Some applications to FR-CNNs will be presented
in Section VII-B.

Definition 6: The EP of (1) is said to be locally stable
if, for any , there exists such that we have

, , for any solution , , of (1) satisfying
and .

Definition 7: The EP of (1) is said to be globally
asymptotically stable (GAS) if is locally stable and globally
attractive, i.e., for any solution , , of (1), we have

.
Definition 8: The EP of (1) is said to be globally

exponentially stable (GES) if there exists such that, for
any solution , , of (1), we have

for , where is a continuous
function on such that and for

.
The next results on GAS and GES of (1) can be proved.
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Theorem 5: Suppose that is an upper semi-
continuous map with nonempty compact convex values. Let

be an open set containing , and let be an EP
of (1). Suppose that is a nonpathological Lyapunov
function for (1), such that the following hold: 1)
for any , and 2) for any , we have either

or . Then, is a GAS EP of (1).
Proof: The hypothesis in point 2) in Property 6 implies

that is the unique EP of (1); moreover, is a strict Lyapunov
function for (1). Then, global convergence to the EP follows
from Theorem 3.

The proof of local stability of the EP is basically the same
as that for standard differential equations, and it is omitted here
for brevity.

Theorem 6: Suppose that is an upper semi-
continuous map with nonempty compact convex values. Let

be an open set containing , and let be an
EP of (1). Let be a nonpathological Lyapunov func-
tion for (1), such that the following hold: 1) There exist , , ,

such that, for any , we have

(9)

and 2) there exists such that, for any , we have
either or

Then, is a GES EP of (1). In particular, for any solution ,
, of (1), we have

(10)

for .
Proof: Let , , be a solution of (1), and consider

the function , , which is
absolutely continuous on any compact interval in .
Accounting for Lemma 1, for a.a. , we have

and
. Thus,

for . By recalling (9), we have

from which we obtain (10).

VII. CONVERGENCE AND GLOBAL STABILITY OF FR-CNNS

Let us consider the class of FR-CNNs

(11)

where , is the neuron intercon-
nection matrix and is the constant input. Note that,
as a consequence of Property 3, for any , there is a
unique solution of (11) with initial condition

. In this section, we will exploit the results obtained
in Section V in order to obtain basic results on convergence and
global stability of (11). Then, we briefly address convergence of
some extended classes of FR-CNNs.

A. Convergence of Symmetric FR-CNNs

Suppose that the neuron interconnection matrix
is symmetric, and consider for (11) the (candidate) Lyapunov
function

(12)

where . Note that the FR-CNN (11) is equivalent to the
G-DVI

for . Then, Theorem 4 yields the following convergence
result.

Theorem 7: If , then , as in (12), is a strict Lya-
punov function for the FR-CNN (11). Hence, the FR-CNN (11)
is quasi-convergent, and it is convergent if the EPs of (11) are
isolated.

Remarks:
1) The result on convergence in Theorem 7 coincides with

that obtained in a recent paper ([13, Th. 1]). It is noted that
Theorem 7 is a direct consequence of the extended version
of LaSalle’s invariance principle in Theorem 2 and the fact
that a symmetric FR-CNN, being a G-DVI, admits a strict
Lyapunov function.[13, Theorem 1] has been proved by
using a different method, not based on an invariance prin-
ciple, which requires the analysis of the behavior of the
solutions close to the set of the EPs of the FR-CNNs (see
the comparatively more complex proof of [13, Th. 1]).

2) Consider the S-CNN model [1]

(13)

where ,
, and

is the piecewise-linear neuron activation. When the neuron
interconnection matrix is symmetric, (13) admits
the Lyapunov function [1]

(14)

where . One main problem is that is not a strict
Lyapunov function for the symmetric S-CNN (13).2 Then,
in order to prove quasi-convergence or convergence of (13)
by means of LaSalle’s invariance principle, it is needed to
investigate the geometry of the largest invariant sets of (13)
where the time derivative of along solutions of (13) van-
ishes [34]. Such an analysis turns out to be quite complex

2Indeed, in partial and total saturation regions of (13), the time derivative of
� along solutions of (13) vanishes in sets of points that are larger than the sets
of EPs of (13).
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Fig. 4. Comparison between the set-valued derivatives �� and �� for
a second-order FR-CNN. Consider a point � on an edge of � where
� ��� � ��� � � � � � �� � � � ��� � � ��,
� ��� � ��� � � � � � � � �� � � ��, and � ��� �
��� � � � � � �� � � � ��� � � ��. We have 	 ���� �
� ��� and ����� � 
	 ����������� � �
	 ����
 � �.
The derivative �����, which is given by ����� � �
	�������� 	 �
���� � � ����, instead assumes both positive and negative values. For
example, the figure considers a vector 
 � � ��� such that we have
����� � � � 
���� � 
 �������, and a vector 
 � � ��� such that
����� � 
���� � 
 ������� � �.

(see [35] for details).3 It is worth to stress that, according to
Theorem 7, , as in (12), is a strict Lyapunov function for
the symmetric FR-CNN (11), hence the proof of quasi-con-
vergence or convergence of (11) is a direct consequence of
the generalized version of LaSalle’s invariance principle in
Theorem 2.

3) Let us compare the definition of set-valued derivative
in this paper, with the derivative in (8), which has
been introduced in [16]. Consider a second-order sym-
metric FR-CNN, whose solutions evolve in the square

, and the candidate Lyapunov function in (12).
Suppose that there is a point belonging to an edge of ,
such that (see
Fig. 4). Due to the continuity of , there is a neighborhood
of along the edge, such that
for in the neighborhood. If a solution of the FR-CNN
passes through , then it is seen to slide along the edge
during some time interval.
We have and

Instead, from (8), we obtain

3We also refer the reader to another approach for convergence of symmetric
S-CNNs [36], which exploits a Lojasiewicz inequality to circumvent difficulties
encountered in the use of the nonstrict Lyapunov function (14) for the symmetric
S-CNNs.

hence is a half-line containing both negative and
positive values (see Fig. 4 for a geometric interpretation).
Therefore, by means of the derivative , we can conclude
that , as in (12), is a Lyapunov function for (11) (see also
the proof of Theorem 7), while it cannot be proved that
is a Lyapunov function for (11) using .

B. Global Stability of Nonsymmetric FR-CNNs

In this section, we give a basic result on GES of the unique
EP of the FR-CNN (11), which is applicable to a large class of
nonsymmetric interconnection matrices .

Suppose that is Lyapunov diagonally stable (LDS)
[37], i.e., there exists a positive-definite diagonal ma-
trix , such that

is positive definite.
From Property 2, there exists at least an EP of (11).

Consider for (11) the candidate Lyapunov function

for . We have

for , where and
.

Let

where , , are the eigenvalues of .
Then, the following holds.

Theorem 8: If is LDS, then the FR-CNN (11) has a
unique GES EP . Furthermore, for any solution ,

, of (1), we have

for .
Proof: It suffices to show that we have

for any , such that . Then, the result follows
from Theorem 6.

Let be such that . Also, let
, hence

. Since
is an EP of (11), there exists such that

.
We have

Authorized licensed use limited to: IEEE Editors in Chief. Downloaded on December 16, 2008 at 07:07 from IEEE Xplore.  Restrictions apply.



DI MARCO et al.: LYAPUNOV METHOD AND CONVERGENCE OF THE FULL-RANGE MODEL OF CNNS 3537

Exploiting Lemma 2 in Appendix II, we obtain
, and hence

Remarks:
1) The hypothesis of LDS interconnection matrices in The-

orem 8 is on the basis of results on GAS or GES of sev-
eral other neural network models, including the Hopfield
neural networks, the Cohen–Grossberg neural networks,
and the S-CNNs (see, e.g., [28]–[33]). We refer the reader
to those papers for interesting applications of GAS or GES
of neural networks in the solution of optimization problems
in real time.

2) A result on GES of FR-CNNs, which is analogous to that
in Theorem 8, has been established in a recent paper [38,
Th. 5] by means of a different method that is not based on
the use of the generalized derivative and an invariance
principle. We refer the reader to [38] for a general com-
parison of the conditions ensuring GES of FR-CNNs and
S-CNNs also in the presence of delay. Again, it is worth to
stress the quite simple proof of GES in Theorem 8, and the
comparatively more complex proof of GAS or GES, under
analogous assumptions, for S-CNNs [29], [39], [40].

C. Extended FR-CNNs

By means of the results in Section VI, we can conceive some
classes of extended FR-CNNs, which enjoy the property of con-
vergence and, as such, are potentially useful for solving signal
processing tasks in real time or implementing content address-
able memories.

As a first example, consider the DVI

(15)

where is a nonempty compact convex set. An inter-
esting case would be that where is defined by a finite set of
affine constraints ( is a polytope). The DVI (15) can be con-
sidered as an extended FR-CNN; indeed, it reduces to (11) in
the case where .

As a second example, consider the DVI

(16)

where is a nonpathological function. An inter-
esting case is that where is a square function plus a finite
combination of absolute-value functions of the state variables.
Again, (16) reduces to (11) when is symmetric and

.
The following result is an immediate consequence of The-

orem 4.

Fig. 5. Five trajectories of (17) with different initial conditions ���. The stable
EPs of (17) are denoted by �, and the unstable EPs are represented by �.

Proposition 1: The DVI (16) is quasi-convergent, and it is
convergent when the EPs of (16) are isolated. Similarly, the DVI
(15) is quasi-convergent if , and it is convergent if the
EPs of (15) are isolated.

The study of the possible application of the extended
FR-CNNs (15) and (16) to specific processing tasks goes
beyond the scope of this paper, and it will be the subject of
future investigations. It should be remarked that, in order to
maintain the advantages in the VLSI implementation of the FR
paradigm, the selection of the set in (15), and the function
in (16), should preserve as far as possible the sparse and local
interconnection structure characterizing the CNNs.

VIII. EXAMPLES

1) Example 1: Consider the function

where , and the second-order G-DVI

(17)

where is the polytope shown in Fig. 5. Note that is not
convex in , but it is semiconvex. By evaluating , we obtain

where

is the set-valued map representing the characteristic of a hard
comparator.

The G-DVI (17) has three stable EPs at and
, which are vertices of , and

on an edge of . Furthermore, (17) has three unstable EPs on
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Fig. 6. Time-domain evolution of the state variables (solid) � ��� and (dashed)
� ��� for the solution of (17) (a) with initial condition �� ���� � ���� �
����� ���� and (b) with initial condition �� ���� � ���� � ���������.

edges of at , , and
, and two additional unstable EPs at

and , respectively, in the interior of .
We have simulated the dynamics of (17) by using MATLAB.

Fig. 5 shows five trajectories of (17) starting at different initial
conditions. Fig. 6 shows the time evolution of the two trajecto-
ries starting at and , re-
spectively. It is seen that each solution converges toward an EP
of (17), in accordance with Theorem 4. Note, in particular, that
the solution starting at converges toward
the unstable saddle-type EP along the stable
manifold of the EP, while all other solutions converge toward
one of the stable EPs.

2) Example 2: As a second example, consider the function

where , and the G-DVI

(18)

Fig. 7. Five trajectories of (18) with different initial conditions. The unique
GES EP of (18) is denoted by �.

where is the polytope in Fig. 7. Now, is convex in , and
we have

The G-DVI (18) has a unique EP at on an
edge of . It can be verified that all the assumptions of Theorem
6 are satisfied with the following parameter values: ,

, , , and . Hence, is a GES
EP of (18). Fig. 7 shows five trajectories of (18) with different
initial conditions, which are seen to converge toward the EP
as . In particular, Fig. 8 shows the time evolution of
the trajectory starting at , and compares for this
solution the norm with the upper bound in (10) of
Theorem 6. It is seen that (10) is satisfied, although, as it usually
happens, the bound turns out to be quite conservative.

IX. CONCLUSION

This paper has developed a Lyapunov approach for studying
stability and convergence of a class of DVIs. The approach is
based on the notion of set-valued derivative of a nonpatholog-
ical Lyapunov function, and an extended version of LaSalle’s
invariance principle for the DVIs.

General conditions have been established, which guarantee
convergence of DVIs in the presence of multiple EPs, and GAS
and GES of the unique EP. The conditions have been used to
derive results on convergence, GAS, and GES for the FR model
of CNNs and some extended classes of FR-CNNs.

The results obtained show that, by means of the developed
Lyapunov approach, the analysis of stability and convergence
of FR-CNNs is no more difficult than that of the S-CNNs.
In addition, in some relevant cases, such as the symmetric
FR-CNNs and the FR-CNNs with an LDS interconnection ma-
trix, the analysis of convergence with the approach developed
here is much simpler than that of the S-CNNs. In fact, one
basic result obtained here is that a symmetric FR-CNN admits
a strict Lyapunov function, and thus, it is convergent as a direct
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Fig. 8. Time-domain evolution of the solution of (17) (a) with initial condi-
tions �� ���� � ���� � ����� �� and (b) comparison of (solid) �������� with
(dashed) the bound ���� in (10) for the same solution.

consequence of the extended version of LaSalle’s invariance
principle. On the contrary, as is well known, the Lyapunov
function discovered by Chua and Yang for symmetric S-CNNs
is not strict, and its use leads to a more complex and elaborate
convergence proof. An analogous conclusion has been reached
for LDS interconnection matrices.

APPENDIX I

Some Geometrical Properties of : In this section, we
discuss some geometrical aspects relative to the set-valued
derivative in Definition 3. Then, we give the proof of point
1) in Property 6.

Let us introduce the map given by
, , and the related vector field

as , . Clearly, is a
nonempty closed convex cone and is a (possibly empty)
compact convex set for any .

Proposition 2: For any , we have that

Proof: Let , hence there exists
such that . Therefore,

, , and so, , since

and . On the other hand, the

decomposition of along the subspaces and
is unique, thus .

Now, let , hence there exists
such that . To conclude the proof, it suf-

fices to observe that , because
, and the projection of onto is unique.

Observe that if , , then
. Therefore, if , then . The

next result characterizes the subset of , and the corre-
sponding subset of , for which . To
this end, fix any , , and introduce the map

as follows:

for , where is the orthogonal set to
.

Proposition 3: Assume that at . Fix any
. Then, we have

Proof: Let ; hence, by Proposition 2, there ex-
ists such that satisfies
for any . Consider now

, hence . In conclu-
sion, there exists such that .

Conversely, let for some . By
Proposition 2, we have that . Let

, then , since .
Therefore, whenever , thus

. This concludes the proof.
We are now in a position to give the proof of point 1) in Prop-

erty 6. By Proposition 2, we have that
, . The set is compact and

convex, since it is the projection of the compact and convex set
onto the subspace . Furthermore, the set

, where is a fixed vector in
, is also compact and convex, since it is the intersection

of the compact and convex set with the subspace

. By Proposition 3, if , we have
. Hence, is a compact

convex set of , i.e., is a bounded closed interval of .

APPENDIX II

A Result on Normal Cones to a Closed Hypercube:
Lemma 2: Let , , , and

. If is such that ,
, then .

Proof: We start to prove that if
and , then .
Let , and observe that
[see (3)]. Since

([12, Prop. 9, p. 224]), we have if ,
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so . Moreover, if , then
and . Finally, if ,
we have , so .
As a consequence,

.
Since , , , and ,

we have and . The result follows
from the fact that the normal cone is a monotone operator
(Section II).
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