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Abstract.
Let A : D(A) — E, D(A) C E, be an infinitesimal generator either of an analytic
compact semigroup or of a contractive Co-semigroup of linear operators acting in a Banach
space E. In this paper we give both necessary and sufficient conditions for bifurcation of 7'-
periodic solutions for the equation & = Ax + f(t,z) +eg(t, x, ) from a k-parameterized
family of T'-periodic solutions of the unperturbed equation corresponding to ¢ = 0. We
show that by means of a suitable modification of the classical Mel’nikov approach we
can construct a bifurcation function and to formulate the conditions for the existence of
bifurcation in terms of the topological index of the bifurcation function. To do this, since
the perturbation term g is only Lipschitzian we need to extend the classical Lyapunov-
Schmidt reduction to the present nonsmooth case.

2000 Mathematics Subject Classification. 34G05, 37G15, 47D05.
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1 Introduction

The aim of this paper is to give both necessary and sufficient conditions for the bifurcation
of T-periodic solutions of the semi-linear differential equation

& =Azx+ f(t,x) +eg(t,z,€) (1.1)

from a k-parameterized family of T-periodic solutions of the unperturbed system, obtained
from (1.1) by letting ¢ = 0. Here A : D(A) — E, D(A) C E, is an infinitesimal
generator either of an analytic compact semigroup or of a contractive Cy-semigroup of
linear operators acting in the Banach space E, the nonlinear operators f € C*(R x E, E)
and g € C°(R x E x [0,1], E) are T-periodic in the first variable.

In the case when the unperturbed system is autonomous, the problem was studied by
Henry in ([7], Ch. 8), where it is assumed that g is differentiable in the second variable.
The author provided sufficient conditions for bifurcation of T-periodic solutions from a 7'-
periodic cycle zy. The main tool employed in that paper is the classical Lyapunov-Schmidt
reduction, see for instance Chow and Hale ([4], Ch. 2, § 4). These conditions are formulated
in terms of the existence of nondegenerate zeros of an analogue of the Malkin’s bifurcation
function [12] for an infinite dimensional Banach space.

In the finite dimensional case, using topological degree arguments, Felmer and Mandse-
vich [5] replaced the assumption of the existence of nondegenerate zeros of the bifurcation
function by the requirement that the topological degree of the bifurcation function be dif-
ferent from zero with respect to a suitable set. Beginning with [5] there has been a great
amount of work for developing bifurcation results by using the topological degree theory,
see e.g. Henrard and Zanolin [6] for bifurcation from a cycle of a Hamiltonian system
and Kamenskii, Makarenkov and Nistri [8] for bifurcation from a cycle of a self-oscillating
system. In the present paper we avoid the requirement that the zeros of the bifurcation
function are nondegenerate; instead we formulate suitable assumptions on the bifurcation
function in terms of the topological degree to obtain for (1.1) results similar to those of ([7],
Ch. 8). To this end, we prove an extension of the classical Lyapunov-Schmidt reduction
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as presented in ([4], Ch. 2, § 4) to the case when the perturbation g is Lipschitzian. We
mention in the sequel some problems involving partial differential equations which reduce
to the situation considered in this paper. In Chow and Hale [4, Ch. 8, § 6] and Schaeffer
and Golubitsky [14] the problem of the dependance of the steady states in chemical re-
action models on the relative diffusion coefficients leads to the consideration of perturbed
equations in Banach spaces with the property that the corresponding unperturbed equations
have a family of solutions.

Another example of such a situation is presented in Berti and Bolle [2], where the
problem of finding periodic solutions of a nonlinear wave equation by variational methods
gives rise to an unperturbed equation with a family of periodic solutions.

The paper is organized as follows. A modified Lyapunov-Schmidt reduction for Lips-
chitzian perturbations of an operator of the form (P — I), with P € C'(E, E), is obtained
in Section 2. In order to apply the results of Section 2, some relevant properties of the
Poincaré map for system (1.1) are established in Section 3. Both necessary and sufficient
conditions for bifurcation of periodic solutions to (1.1) are obtained in Section 4. Finally,
in the appendix of Section 5 we give a proof of a technical result needed in Section 3.

2 Lyapunov-Schmidt reduction

Let E be a Banach space and consider the function F' : E x [0,1] — E given by
F(&e) = P(§) = £ +eQ(,9),

where P: E — Eand Q : E x [0,1] — E. Assume that

(A1) there exist hg € R¥, ro > 0 and a function S € C'(Bgx (ho, o), E) such that

P)=¢ forany &€ Z={S(h):h € Bgr(ho,r0)}

Here and in what follows, Bx (¢, r) denotes the ball in the normed space X centered at ¢
with radius > 0. It is well known that, under the assumption (A;) with P € C1(E, E)
and Q € C1(E x [0,1], E), the Lyapunov-Schmidt reduction ([4], Ch. 2, § 4) allows to
solve the equation

F(&e)=0, (2.1)

for ¢ > O sufficiently small. The next theorem extends this result to the case when @)
satisfies the following Lipschitz condition:

(L) For any R > 0 there exists L(R) > 0 such that
1Q(&1,8) — Q(&2, 6)l| < L(R) [|&1 — &
whenever £1,& € Bg(0,R) and e € [0, 1].

Theorem 2.1 Let P € CY(E,E), Q € C°(E x [0,1], E), where E is a Banach space.
Assume that Q satisfies (L). Moreover, assume (A1) and
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(AQ) dlms/(ho)Rk =k.

Let Eyp, = S'(h)R*. Let Eap, be any subspace of E such that E = Ey j, @ Fa.p, and
assume that

(As) there exists ro > 0 such that both the projectors w1 of E onto Eij along
Es 1, and map, of E onto Eap along By are continuous in h € Bgr(ho, 7o),

(Ay) for & = S(hg) we have

T2.no (P’ (&0) — I)Ta p, is invertible on Es p,. (2.2)

Then there exist 0 < ro < 11 < 1o and functions H : Bg(&,r1) — RF, with
H(&) — ho as & — & and 3 : Bgx(ho,m1) x[0,71] — E, B(,¢) € C°(Bgx (ho, ), E),
|B(h,e)|| < Me for some M > 0, any h € Bk (ho,r1) and any ¢ € [0,71] with

B(h,e) € Eap. (2.3)
Furthermore;

Blh,e)/e = = (m2n(P'(S(h) = mzp) " m2nQ(S(R),0) as e =0, o
uniformly in h € Bgr(ho,71) .

and the following properties hold:

1) if (&,¢) € Bgr(€o,m2) X [0,72] is a solution to equation (2.1) then (h,e), where
h = H(§), is a solution to

(S'(10) ™" 7 [P(B(,2) + S(h))— 25)
~(B(h€) + 5(h) + <Q(B(h,<) + S(h), )] = 0. |

2) if (h,e) € Bgre(ho,71) X [0,71] solves (2.5) then (§,¢€) solves (2.1), with

&= pB(h,e) + S(h). (2.6)

Note, that the existence of (S’(h))™" on By, for h € RF sufficiently close to hg is
guaranteed by (As) and (As3). To prove Theorem 2.1, we need the following version of the
implicit function theorem.

Lemma 2.1 Let E be a Banach space and V. C RF be an open bounded set. Consider
a family of projectors {mpthey on E continuous in h and let E, = m,E for any

heV. Let @y, . : E;, — Ej, be defined by

@y, (8) = P(h, B) +eQ(h, B ), (2.7)

where P € CO(R* x E,E), Q € C°(R* x E x [0,1], E), P(h,-),Q(h,-,€) : Er, — Ej,
for any h € V, e € [0,1]. Assume that
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1. the continuity ofﬁ in the first variable is uniform on any bounded subset of
V x E,

2. P is differentiable with respect to the second variable and the derivative is
continuous in 'V X E,

3. @ is Lipschitzian in the second variable uniformly on any bounded subset of
V x E x [0,1].

4. P(h,0) =0 for any h eV,

5. Whﬁé(h70) : By, — Ey, is invertible for any h € V and (ﬂ'hﬁé(h,()))ilﬂ'h is
continuous in h € V.

Then there exist v > 0, M > 0 and a function 3:V x [0,7] — E, B(-,e) € C°(V, E)
such that

a) B(h,e) € Ey, for any h € V, € € [0, 7],

b) @1, (B(h,e)) =0 for any h e V, e € [0,r],

¢) B(h,¢e) is the only zero of ®y, . in Bg, (0,7) for any h € V, e € [0, 1],

d) |B(h,e)|| < Me for any h € V, € € [0,r].

Although Lemma 2.1 looks well-known, the authors were unable to find a proof of it

in the literature, thus for the reader convenience we provide a proof of Lemma 2.1 in the
Appendix of Section 5.

Proof of Theorem 2.1. In order to define the function (3 we consider the following auxil-
iary function ®), . € C°(Es j, Eap,) given by

Ppe(B) = mon [P(m2,nf + S(h)) — (w208 + S(h)) +eQ(B+ S(h),e)].

Since P € CY(E,E)and S € C*(Bgx (hg,r0), F) then assumptions 1 and 2 of Lemma 2.1
are satisfied.

By our assumptions we have that the application (h, 3,¢) — ®), () is Lipschitzian in 3
uniformly on any bounded subset of By (ho,7) X E x [0, 1] and taking into account (A;)
we have

1) (I)h)o(O) = 0 for any h e B]Rk (ho, ’I“()).
By assumptions (Ag)-(A4) ro > 0 can be diminished in such a way that

2) (®10)" (0) = map (P'(S(h)) — I) w2 is an invertible operator from Es 5, to o,
for h € By (ho,70).

Therefore, Lemma 2.1 applies with

P(h, B) = ma,n[P(m2,nB + S(h)) — (w208 + S(h))];
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Q(h,B,e) = m2,Q(B+ S(h),e) and V = Bgx(ho,70).

Thus there exist 7; € [0, 7], M > 0 and a function §3(-,¢) € C°(Bgx (ho, 1), E) satisfy-
ing Properties a), b), ¢) and d) of Lemma 2.1. In particular, from (A;) and Property b) we
have

71'27h[P(B<h75) + S(h‘)) - (ﬁ(h,& + S(h)) -
—(P(S(h)) — S(h)) +eQ(B(h,e) + S(h),e)] =0

~—

or equivalently
mon [(P/(S(h) = Dm2nB(h,€) + 0(B(h,€)) +eQ(B(h, ) + S(h),e)] = 0,

for any h € Bgk (hg, r1). Therefore

Bh,e) = = (mon(P'(S(h) = Dm2) " (m2,00(B(h,€)) + T22eQ(B(h, ) + S(h),€)).

Due to Property d), the last equation implies (2.4).

We now proceed to define the function H. By (A:) we have that r; > 0 can be taken
sufficiently small such that S’(h) : R¥ — FE;, is invertible. Thus we can define the
function ®¢ : R¥ — R¥ ¢ € E, as follows

(k) = (S'(h) " min(€ = S(h), € B(ho,r1).
We have the following properties for ®,.
1) ®¢, is differentiable at hg.

2) (®¢,) (ho) = (S"(ho)) ™" T1ne (—5'(ho)) = —I, namely (®¢,) (ho) is an invert-
ible k x k-matrix.

Observe that property 1) is a direct consequence of the fact that £, — S(hg) = 0 and
the continuity of the function h — S~1(h)my . Therefore the differentiability of my 5, at
h = hg is not necessary for the validity of 1).

Let 6 > 0 be such that hy is the only zero of ®¢, in By« (ho,d). By ([10], Theorem 6.3)
we can take § > 0 sufficiently small in such a way that d(®,, Bg (ho,d)) = (—1)*. By
the continuity property of the topological degree 1 > 0 can be diminished, if necessary,
in such a way that d(®¢, Bgx (ho,d)) = (—1)* for any £ € Bg(&,71). Therefore, for any
& € Bg(&o,m) there exists H(§) € Bgx(ho, ) such that ®¢(H(£)) = 0. Let us show
that H(§) — ho as & — &. Indeed, arguing by contradiction we would have a sequence
{& }nen C Bg(&,71), hse € Bgk(ho,d) such that H(&,) — h. # hg asn — oo and
thus ®¢, (h.) = 0, contradicting the choice of § > 0. Therefore

T @) (§ = S(H(E))) =0, &€ Bp(f,m1)- (2.8)

Moreover, we consider r2 € (0, 7] sufficiently small to have

1€ = SHE) <71, & € Bp(o,r2). (2.9)
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We are now in a position to complete the proof. For this let (§,&) € Bg(&o,r2) x [0, 2]
satisfying (2.1). Then (, ) also satisfies

m,1(e) [P (€ = S(H(E)) + S(H(E))) —
— (= S(H(&)) + S(H(8))) +Q (£ = S(H(E)) + S(H(E)),€)] =0,
mo,u(e) [P (€ — S(H(E)) + S(H(E))) —
*(5*5( (€) + S(H(E))) +eQ(§ - S(H(E)) + S(H(E)),e)] = 0.

From (2.8), (2.9) and Property c¢) of Lemma 2.1 we have

ma 9P (€ = S(H(E)) + S(H(E))) -
— (= S(H()) +S(H(§))) +eQ (€= S(H(E)) + S(H(E)),e)] =0, (2.10)
BH(E),€) = & = S(H(E))-

Therefore,
mn [P(B(h,€) + S(h)) = (B(h,e) + S(h)) +eQ(B(h,e) + S(h),e)] =0 (2.11)

has a solution h = H(&). Since r; > 0 has been chosen in such a way that S’(h) is
invertible on E4 5, for h € Bgx (ho,r1), then (2.11) can be rewritten as (2.5). Assume now

that (2.5) is satisfied with some (h, e4) € Bk (hg,r1) X [0,71]. Define Ee FE as
€= Blhu,e4) + S(ha). (2.12)

Since (S’(h.))~! is invertible then 7y 5, [P P(§) — € +£,Q(£,e.)] = 0. On the other hand
from (2.12) we have

o, [P(m2, 0, B(Rs, €4) + S(ha)) = (m2,n, B(has £2) + S(ha))+
+e.Q(B(hsy e4) + S(hi), )] = man [P(€) — €+ £.Q(E e.)).

Thus (&, £4) solves (2.1) and so the proof is complete. U

The following two results are consequences of Theorem 2.1 and they provide, respec-
tively, a necessary and a sufficient condition for the existence of solutions to (2.1) near &g
when € > 0 is sufficiently small. These conditions are expressed in terms of the following
bifurcation function

M(h) = (S'(h)" malQ(S(ho),0) -
— (P/(S(h)) = 1) (m2,0(P'(S(h)) = D72) " 720 Q(S(h), 0)],

where h varies in a sufficiently small neighborhood of by € R*.

Theorem 2.2 Let all the assumptions of Theorem 2.1 be satisfied. Assume that there
exist sequences e, — 0 and &, — & as n — oo such that ({,, &) solves (2.1). Then

M (hg) = 0. (2.13)
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Proof. By Theorem 2.1, for n > ng, with ny € N sufficiently large, we have that

(8" (Bn)) " T n [P(B(ns €n) + S(hn)) —
—(B(hn,en) + S(hn)) + €nQ(B(hn,en) + S(hn),en)] =0 (2.14)
where h,, = H(&,). On the other hand, by (A1), ng can be chosen sufficiently large in

such a way that
P (S(hyp)) — S(hn) =0 forn > ng.

Thus, for n > ng, (2.14) can be rewritten as

(8" (hn)) ™" 7, (P (S (hn)) = 1) M i
L 28UnEn)) | Bk, ) + S(hn)sen)] = 0. (2.15)

n

By means of property (2.4) we can pass to the limit as n — oo in (2.15) to obtain (2.13). [J

Theorem 2.3 Let all the assumptions of Theorem 2.1 be satisfied. Assume that

ho is an isolated zero of M (2.16)
and
ind (ho, M) # 0. (2.17)
Then, for any € > 0 sufficiently small there exists & € E such that
F(é‘." 5) =0
and
& —& ase—0. (2.18)

Proof. Letr; > 0 be as given by Theorem 2.1. Since
P(S(h)) = S(h) for any h € By (ho,71) (2.19)
then the zeros of the function

O(h,e) = (S'(h) ' minlP(B(hie) + S(h)) —
—(B(h,€) + S(h)) + £Q(B(h, ) + S(h), e)]

coincide with the zeros of the function

Mn) = () malP (s ) - 0 P
+@ +Q(B(h,) + S(h), e)].

In order to apply Theorem 2.1, we show now that r € (0, 7] can be chosen in such a way
that the function M, has zeros in Bgr (ho, ) for any € > 0 sufficiently small.
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By condition (2.16), » > 0 can be chosen sufficiently small in such a way that

the only zero of M in Bk (hg,r) is ho. (2.20)
Therefore, by condition (2.17) we have

d(M, Bgr (hg,7)) = ind(hg, M) # 0.
On the other hand from property (2.4) we have that
M.(h) — M(h) ase—0 (2.21)
uniformly with respect to h € Bgx (hg, ). Thus we conclude that
d(Me, By(ho)) # 0

for € € (0,&0], where g9 > 0 is sufficiently small. Thus for any € € (0, g¢| there exists h,
such that M, (h.) = 0. Moreover, we have that

he = hg ase —0

otherwise M would have zeros in Bk (hg, r) different from hg, contradicting (2.20). Fi-
nally, (2.18) follows from (2.6). |

In finite dimensional spaces, results similar to previous Theorems 2.2 and 2.3 have
been recently obtained by Buica, Llibre and Makarenkov [3], where the uniqueness of the
bifurcating periodic solutions is also proved.

3 The Poincaré map

Since the definition of the Poincaré map for system (1.1) on the time interval [0, T'] depends
on the assumptions on the linear unbounded operator A, we specify in (C1) and (C2)
below the two cases that we consider for A in the paper.

(C1) The operator A is a generator of an analytic compact semigroup e in E. The op-
erators f, g are subordinated to some A~%, 0 < a < 1 (see e.g. [11]), the operator
f(-, A=) is differentiable in the second variable and the operators f(’2)(-, AT,
g(, A=, ) are continuous in R x E' and R x E' x [0, 1] respectively and they satisfy
a Lipschitz condition in the second variable uniformly with respect to the others.

(C2) The operator A is a generator of a C-semigroup e“*. The semigroup e is contrac-
tive, namely
le®]] < e,

where v > 0. The operators f and g are continuous from R x F — FE and verify the
inequality
X(f(£,9) < kx (), x(9(t,Q,¢)) < kx(),
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where x is the Hausdorff measure of noncompactness ' in the space E, k > 0
and ¢ = k/v < 1. The operator f is differentiable in the second variable and the
operators f(’2) and g are continuous in R x E and R x F x [0, 1] respectively and
they satisfy a Lipschitz condition in the second variable uniformly with respect to
the others.

It is a classical result (see e.g. [11]) that (C1) and (C2) ensures respectively that the
integral equations

2(t) = Mg 4 / APAC) [f(s, A a(s)) + (s, Aa(s), )] ds, (3.1
0
z(t) = eAtf + /eA(tfs) [f(s,2(8)) + eg(s,z(s),€)] ds (3.2)
0

have a unique solution x(-) defined on some interval [0, d], d > 0. By means of this function
x we can define the shift operator as follows.

Definition 3.1 Let z : [0,d] X E X [0,1] — E be defined at (¢,,¢) as z(t,&, ) = x(¢)
for all t € [0, d]. If for some § € E and ¢ € [0, 1] we have that x(-,,€) is defined on
the whole time interval [0, T], then for these values £ and &, we define the Poincaré
map for system (1.1) as

Pe(§) = (T, &, €).

A crucial role in what follows is played by the following technical lemma.

Lemma 3.1 Assume that either (C1) or (C2) is satisfied. Assume that for some
&o € E the shift operator (t,€,€) — x(t,€,¢) is well defined for t =T, £ = & and
€ = 0. Then there exists r > 0 such that this operator is well defined for t =T, any
¢ € Bg(&,r), any € € [0,7] and the function

(E(t, 67 5) - $(t7 ga 0)

£

u(t, & e) =

is Lipschitz in the second variable uniformly in [0,T] x Bg(&,r) x (0,7], namely
there exists L > 0 such that

Hu(taglag) - u(t7§2a€)” <L ||£1 - §2H
for any t € [0,T), &1,&2 € Be(&,r) and € € (0,7].

IWe recall (see [1]) that for a bounded set Q C E the Hausdorff measure of noncompactness is
defined by the formula

x(Q2) = inf {r > 0 : there exists (y1,...,ym) such that Q@ C UjX; Bg(yi,r)},

where m € N.
The continuous operator F' : E — FE is called (g, x)-condensing if

X(F(t,2)) < qx(2)
for any bounded Q2 € E.
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Proof. The fact that the assumptions of the Lemma imply the existence of > 0 such
that the operator (¢,&,¢) — x(t, £, €) is well defined, bounded and continuous on [0, 7] X
Bg(&,r) % [0,r] is well known, see, for instance, ([9], Theorem 5.2.5). In the sequel we
have o # 0 if (C'1) holds, while oo = 0 if we assume (C2). Since A~ is either a compact
operator or the identity then the operator (¢, &, €) — A™%x(t, &, €) is well defined, bounded
and continuous on [0, T] X Bg/(&g, r) X [0, r]. Therefore, taking into account that f/, satisfies

Lipschitz condition, there exists M > 0 such that
125, A {Bx(s, £2.2) + (1 = O)x(s. &n, €))]| < M
for any s S [O,T}v 0 e [03 1]7 51,52 S BE(fO,T')~
From the continuous differentiability of f ‘and the Lipschitz condition on g assumed in
(C1) and (C2) we deduce the existence of M > 0 such that
[f (8, AT + llg(t, A o) < M

forany t € [0, 7], & € 2([0,T], Be(§0,7),[0,7]) and € € [0, 7].

Since A=*x([0,T], Bg(&o,7), [0,7]) is bounded then by using the Lipschitz condition

~

on g we obtain the existence of L > 0 such that

lg(s, A=€1,¢) — g5, A6, 6)|| < L1 — &l

forany s € [0,77], &1, & € z([0,T), Be(£,7),[0,7]) and £ € [0, 7]. Furthermore, by [13,

Theorem 6.13] there exists ¢ > 0 such that sup ||e?|| < cand ||[A%e4!|| < ¢/t*, where
te[0,T
eitheraa = 0 or a > 0.

Now, given an arbitrary ¢ € Bg-(0, 1), where E* denotes the dual space of E, we evaluate
(P, x(t,&1,€) — x(t, &2, €)) as follows

<¢7I(t’€1a5) - I(t,fg,{-j» =

t

= (s - &)+ [ (8,4 L (5,47 (015, 61,5, 61, ) +

0

(1= 005,61, 62,€)a(s:£2,9)}) A7 (a(s.€1.) — a(5,€2.€) s +

t
b [(0,4°A9 (g (5,4 a(s,€2,).2) — 9 (5, A (s, €1,2),)) ) ds <
0

t —
C

M
cllér = €all + [ s (o €0.2) - w(s.€a.) | ds +
0/ (=)

IN

t ~

+s/(thS)a (s, &1,€) — a(s, &2, €) || ds. (3.3)
0
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Since ¢ is arbitrary we have

¢ —
cM

[z(t,&1,€) —x(t,&2,6)[ < cll6r — &l + / t—9)" (s, &1,€) — x(s,&2,€)|l ds +
0

t ~
cL
be [ o lals 60) — als. a2l ds. (34)
(t—s)"
0
Dividing the last inequality by ||{1 — &2||, one obtains that

t o~ ~
Hx(t,fl,e) B x(t7§2’€)” cM +ecL ||$(8,€17E) — .I‘(S,fg,&‘)”
. ds.
6 =&l §C+/)ufsw 6 =&l ’

Using the generalized Gronwall-Bellman lemma, see ([7], Lemma 7.1.1), from the last
inequality we obtain that there exists M, > 0 such that

Hl'(t,fl,€) B x(t7§275)
161 — &2l

for any (t7€17§27‘€) € [07T] X BE(£07T) X BE(&LT) X [0,7"].
For the function u(t, £, €) we have the following inequality
<¢7 u(t7 57 E)> =
t
= (6.2 [ AN [f5, A0l 6,2) — fl5, A (5,6,0))] ds +
0

<, (3.5)

t
—|—/ Ao‘eA(tfs)g(s,Afam(s,§,6),€)ds> <
0

L eM||u(s, & €)| b oM
—d
A 3*4(

(t—s) t— g’

Using again the generalized Gronwall-Bellman lemma from the last inequality we obtain
that there exists M,, > 0 such that

||u(t7€’5)|| < M, for any (ta§75) € [OvT] X BE(&OaT) X [0,7‘]. (36)

Observe that if a function ¥ : £ — FE is differentiable and there exists L > 0 such that
[9"(&) — W' (Q)|| < L|§— (]l forany £, € E then

[W(&2) — W(&1) — ¥ (C2) +¥(Q)] <
< JSup [ (2 +0(62 — G NI€2 — & — G+ Gl +

+Lmax{(|& — &ull G — G} I& = Gull- (3.7)

To prove this, it is sufficient to consider the real function + : [0, 1] — R given by

Y1) = (D, V(G2 +7(&2 — () —¥(CL +7(&1 — (1)), 7€]0,1].
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By Lagrange theorem there exists 6 € [0, 1] such that

and then

[0, (&) — U(&) — V(&) +U(G)) [ =~(1) —(0) =~'(0) =
= (¢, U (C2+0(a — C2)) (62 — C2) = V'(C1 +0(& — ))& — Q)| <
< o, W(G40(&— @) (- —G+0)|+

+{(d, (W' (G +0(&2 — ) = V(G +0(& — ) — Q) | <
< (G + 062 — Q) 162 — & — G+ Gl +

(G + 0(&2 — C2)) — ¥ (C1 +0(& — Q) 161 — Gull <
< sup WG +0(6 — )& — & — G+ Gl +

0€[0,1]

+L[|(1 = 0)C2 + 06 — (1 = 0)G — 0& | - |61 — Gl =
= sup W (CG+0(& — Q)2 —& — G+l +

0€10,1]

+L[|(1 = 0)(¢2 — C1) +0(&2 — &) 161 — Gl <
<

sup W' (G2 +0(&2 — G €2 — &1 — G + Gl +
0€[0,1]

+Lmax{|[€ — &1, |2 — Cull}|Er — Call-

By the Lipschitz assumption on f, there exists L > 0 such that

12 (s, A7) — fi(s, A7) < T|J€1 — &)

for any s € [O,T}v §1,62 € x([()?T]?BE(gOaT)v [O’T])

Now, consider

u(t,&1,e) —u(t,o,6)  x(t,&1,6) —x(t,61,0) — (¢, &2, €) + (¢, £2,0)

11 — & B ell§r — &
t
= mz A% f (5, A= (s,&1,€)) — f(s, A "a(s,61,0)) —
—f(s, A7%(s,62,€)) + f(5,A72(s5,82,0))]|ds +
! / AaeA(t_S) [g(S7A_ax(87§176)76) - g(s, A_al‘(57£275)76)]d8 S
0

161 — &2
sup || £y (s, AT (2 (s,£1,0) + 0(2(s,&2,0) — 2(s,£1,0))))]| -

s€[0,71,0€[0,1]

./t c[A=| [lz(s,&1,0) = x(s,&1,€) — (s, £2,0) + 2(s, &2, 6|
o (t—s)* eflér — &l

+ sup max{ ||$(S,§1,0) - x(57€17€)‘|, ||.T(57§2’0) — $(S,€2,E)|| } .

9 9

_|_

IN

ds +

s€[0,T]
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el |a(s,&1,8) — (s, Ea,0) |
. d
/o (t —s) €1 — &2l T
EoeL |a(s, &1,e) — a(s, E0,6) ||
ds.
+/0 (t —s) €1 — &l ’

By (3.6) and (3.5) there exists M > 0 such that the last inequality can be rewritten as

lu(t. &1.€) —u(t. &) / A= M u(s.€.8) ~u(s. &), 4,
161 — & o (t—s)* 161 — &
and the assertion follows from the generalized Gronwall-Bellman lemma . O

4 Existence of periodic solutions

In this section we assume that either (C'1) or (C2) is satisfied. Moreover, we assume the
following condition:

(Ag) the solution z of (1.1) with & = 0 satisfying 2(0) = & is defined on [0, T, namely
the Poincaré map Py is defined at &;.

Therefore, from Lemma 3.1 we have that there exists > 0 such that the Poincaré map P.
for system (1.1) is defined on Bg (&, r) for any € € [0, 7] and it has the form

/Pez(g) = PO(&) + EQ(€7 5)7

where Py is differentiable and () satisfies a Lipschitz condition in the first variable £ uni-
formly on Bg(&o,r) % [0,7].
Let F'(§,e) = P-(£). Then assumptions (A;)-(A4) of Theorem 2.1 can be rewritten as

(Zl) there exists a function S € C'*(V, E) defined on some open neighborhood V' C R¥
of hg such that S(hg) = & and Po(§) = Eforany £ € Z2 = |J S(h),
hev
(A3) dimS’(ho)RF = k.
Let Ey ), = S’(h)RF and let E, j, be any subspace of E such that E = Ey 5, @ E» j, and

(Zg) both the projectors 71 5, of E onto Ej j, along Es j, and 7y j, of E onto E5 j, along
E , are continuous in h € V,

(Ay) for & = S(hg) we have

72.ho (P4 (€0) — )72 1, is invertible on Fa p, . (4.1)

Furthermore, it can be observed that (&, 0) is the value of the solution of the problem

g = Ay + fo(t,2(t,£,0))y + g(t,2(t,£,0),0),
4(0) =0 (4.2)
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attime ¢t = T To see this, observe that the function u of Lemma 3.1 satisfies the following
integral equation:

u(t, &) = /Ot AP i (s, A (s, €,0))uls, &, €)ds +

t _ t
+/ Aae/\(tfs) 0(1'(375’ 8)5 $(37£7 0))d8 + / Aae/\(tfs)g(s’ Aia.’t(&f,&?),&?)ds
0 0

and so u(T,£,0) = Q(&,0). Therefore, we can give an equivalent definition of the bifur-
cation function M introduced in Section 2, that is, M € CO(Rk, RF ) can be defined as
follows

M(h) = (S'(h)"" mualn(S(ho)) —
~(Py(S(h)) = I) (ma,n(PY(S(R)) — Dmap) " man(S(h))),

where h € By« (ho, ), and 7 is the value of the solution of (4.2) at time ¢t = 7.

From Theorem 2.2 we have the following necessary condition for the existence of 7-
periodic solutions to (1.1).

Theorem 4.1 Assume that (C1) or (C2) is satisfied. Assume (Ag)-(As). Assume
that there exists a sequence €, — 0 asn — oo and a sequence of T-periodic functions
x, € CU[0,T], E), 2, — z(-,&,0) as n — oo such that (x,,&,) solves (1.1). Then

M(ho) = 0.

Analogously from Theorem 2.3 we derive the following sufficient condition for the
existence of T-periodic solutions to (1.1).

Theorem 4.2 Assume that (C1) or (C2) is satisfied. Assume (Ag)-(Ay) and that
hg is an isolated zero of M
with
ind (ho, M) # 0.

Then, for e > 0 sufficiently small, (1.1) has a T-periodic solution z. € C°([0,T], E)
and

z:(0) = & ase—0.

5 Appendix
Proof of Lemma 2.1. Let ®), . : E — E be defined by

e (€) = Ppe(mnl) + (I —mp)E. (5.1)
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Observe, that if there exists 7 > 0, M > 0 and ¢ : R¥ x [0,7] — E satisfying
£(-,e) € CUV, E), &(h,e) — £(h,0) as e — 0 uniformly in h € V (5.2)

such that

b)) ®.(&(h,e)) =0forany h € V, e € [0,7],

¢’) &(h,e) is the only zero of @y, . in Bg(0,7),

d’) [[€(h,e)|| < Meforany h € V, e € [0,7],
then G(h, e) = mr&(h, €) satisfies a), b), ¢) and d).
To prove this assertion, from assumption 4 we have

B,0(0) = p0(0) = P(h,0) = 0.
For the derivative (®,0)’(+), taking into account that P(h,-) acts on Ej, we have
(®h,0)'(0) = T Ph(h, 0)my, + (I — ).

Let us show that (®5, o)’ (0) is invertible on E for h € V. To do this, we show that given
b € FE there exists a unique a; € E such that

(®r,0)'(0)ap = b. (5.3)
Indeed, applying I — 7, to (5.3), we have (I — 7p,)ap = (I — mp,)b. On the other hand, by
assumption 5 whﬁé(h, 0) is invertible and thus applying (whﬁé(h, 0)) B 7, to (5.3) we
obtain wpa, = (whﬁé(h, O)) - mpb. Therefore the unique solution ay of (5.3) is given by
ay = (ﬂ'hﬁé(h, O))i1 7pb + (1 — mp,)b. This means that ((®4,0)'(0)) ™!y, is continuous

in h. Now, introducing P(h, &) = P(h, 7€) + (I — 7)€, we have that
1) ®ne(€) = P(h,€) +Q(h.&,¢),
2) P(h,0) =0,
—_ _ —1
3") P/E(h7 0) is invertible and (P;(h, 0)) is continuous in h.

~ — -1 __ — ~
Let 3y, () = (Pé(h,O)) T),..(€). Since Ty, (€) = 0 if and only if By, .(€) = 0, we
aim now at finding a solution £(h, ¢) to th,g(f) = 0 satisfying properties b’), ¢’) and d’).

By assumption 2 for any h € V there exists 7(h) > 0 such that
1= (@7,0) (Il < 1/4

for any ||¢|| < r(h) and any h € Bgk(h,7(R))NV.
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Since the family .\, Bge (h, 7(h)) covers the set V, we can extract from it a finite sub-
family covering V. This implies the existence of > 0 such that

I = (@n,0)' (€Il < 1/4

for any ||£]| < randany h € V.
By assumption 3 there is L > 0 such that

|(Pe(h,0) " cQ(h.&1.¢) —eQ(h,&2.€))| < €L
forany h € V, &1,& € Bg(0,1),¢ € [0,1].
Therefore, r > 0 can be considered sufficiently small to have
€1 — B e(€1) — &2 + Bre(E2)] < (1/2)]161 — & (5.4)

forany h € V,e € [0,7], [|&1]| < 7, [|1&2]] < 7.

Thus, there exists £ : V' x [0,r7] — FE satisfying b’) and ¢’). It remains to show that &
satisfies also (5.2) and d’). Indeed, by using b’) and (5.4) for any h1,he € V and € € [0, 7]
we have

[€(h1,e1) — &(he, e2)|| <

< [6(h,€1) = Phy ey (€, 21)) = &2, €2) + Dy ey (§(h2, £2))]| +
+H€I\)h2,52(£<h1751)) - Zﬁhl,ﬁz(f(h‘lvgl))” +
1By, (€01, 20)) = By ey (€ 21) | <
< (DN, 1) = €l 2) |+ [ B (€ (1,20)) = By (€0, 0)) | +
—, -1, ~
+le1 — 2 ’ (Pg(hho)) (Q(h1,§(h1,61),€2) - Q(hhf(hl,fl),&l)) H :
Finally the continuity assumptions 1, 2 and 3 imply that £ satisfies (5.2) and d’). O
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