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Abstract

For a singular perturbation problem in infinite dimensional

w_ spaces with an hysteresis operator of Krasnosel’skii-Pokrovskii

type we provide conditions ensuring the existence of periodic so-
lutions for small values of the perturbation parameter ¢ > 0 and
we study their behavior as ¢ — 0. The problem is modelled by
a system of semilinear equations whose linear parts are infinitesi-
mal generators of Cp-semigroups and the nonlinear operators are
of high frequency with respect to time. The approach is based on
the topological degree theory for condensing operators together
with the averaging method.
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1. Introduction

Some of the authors have treated in [10] the problem of @m .mucmaobmm ...‘Eam
of the dependence on & small parameter € > 0 of gm. vmdo&.n mofa%ﬂm. o~H
a singularly perturbed system of semilinear parabolic equation wit ig
frequency nonlinear inputs containing the output w(-) of an wwmam_mmm%
operator I' of Krasnosel’skii-Pokrovskii type, see €.g. Z> 58:8% skii
et al. [19] and Macki et al. [25], acting on the slow variable z. Hrw inear
parts were represented by infinitesimal generators of .mu&v&o semigroups
whose inverse were assumed to be completely continuous. The aim of
this paper is to deal with the same problem in the case when ﬁzuu linear
operators are the infinitesimal generators of Co-semigroups. Specifically,
the system under consideration has the form

2(7) + Arz(r) = fulr /e, 2(7),y(7), (7))
w(r) =T[0, Pxy, wol Px(T) , (S)
ey (r) + Agy(7) = fo(r/e, 2(r),y(r), w(7)) ,

where ¢ is a small positive parameter, —A, and —A; are Emm;am:wm._
generators of Cop-semigroups of linear operators e~A1t and e™#%", acting
in the Banach spaces E; and Ep, I is an hysteresis operator of Krasno-
sel’skii-Pokrovskii type whose output w(t) belongs to a WPESW space E3
for every t > 0 and (Pzo, wp) € Ey x Es, represents the .E:um._ state of
the hysteresis operator, where P : E, — Eyis a bounded _Emw_. o.vm.uwaoa.
The nonlinear operators fi,i = 1,2, are assumed to be .H.-vozombo in the
first variable and satisfying suitable conditions that will be Uu.mo—maa later.

Although the approach in this paper closely follows that in [10], woﬁr
the assumptions and the proofs of the relevant results are substantially
different. In fact, in the present case due to the lack o.m ooE@mbgo&m. of
A7li=1,2, we are led to conditions on =4 and f;,1 H.H.N ensuring
the continuity and the condensivity, with respect to a suitably defined
measure of compactness, of an operator VI . EixK x m.un. — E x.~.m x Es,
K C E, compact, whose fixed points represent the _ES@_. ooua;powm wm
periodic solutions to (S). In fact, firstly the problem of .mu&_bm ,H..vwﬂo&o
solutions to (S) is converted into the problem of m.n&cm mx%a points of
VZ,e > 0. Then to show the existence of fixed points of V', for & > 0
sufficiently small, we introduce for system (S) when € = 0 an averaging
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operator ¥ : QN (B, x K) — E; x K, which turns out to be continuous
and condensing. Here Q is a nonempty, open set of E; x E3. Moreover,
for € > 0 sufficiently small, we prove that there exist linear admissible
homotopies between VT and the averaging operator V. Finally, under
the assumption that the topological degree of I — ¥ is different from
zero, we infer the existence of a fixed point (zg,wy, yo) of VI represent-
ing the initial condition of a T-periodic solution (z.,w,,y.) of system
(S). Furthermore, we prove that for any sequence €, — 0 there exists a
subsequence of (z.,,, w.,, Ye,) converging to some (z.,w,,y*) a8 n — oo,
where (z.,w,) is a fixed point of the averaging operator and y* is a T-
periodic solution of the third equation of (S) corresponding to € = 1 and
(T4, wy).

A similar approach was employed in Kamenskii et al. [11] and [12] to
established the existence and the behavior of periodic solutions for singu-
larly perturbed systems of semilinear differential inclusions with analytic
and Coy-semigroups respectively. Topological approaches based on the
averaging method are widely employed to deal with singularly perturbed
inclusions in finite dimensional spaces: Dontchev et al. [4]; Grammel [8];
Kamenskii et al. [14]; Quincampoix et al. [28] and some related optimal
periodic control problems: Gaitsgory [6], [7] and Grammel [9]. Several
papers are also devoted to the study of the existence of periodic and
almost periodic solutions for ordinary and partial differential equations
with hysteresis of various type, we cite among many others: Brokate et
al. [2], [3]; Fe¢kan [5]; Kopfova [15]; A.M. Krasnosel’skii [16] and A.M.
Krasnosel'skii et al. [17]; M.A. Krasnosel'skii et al. [18]; Krejéi [21], [22],
[23], [24]; Macki et al. [26]; Rachinskii [29]; Visintin [30] and Zubov [31].

The paper is organized as follows. In Section 2 we state the problem,
we formulate the assumptions and we give some definitions and prelim-

inary results. In Section 3 we formulate and we prove our main result:
Theorem 1.
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9. Formulation of the problem, assumptions

and definitions
In this paper we consider the following system

2(7) + A(r) = filr /e, (1), y(r),0(T))
w(r) = T(0, Pzo, wol PZ(7) , (5)
mQRﬂv + \»NQ?.V = \»Aﬂ\m‘sﬁﬂvuﬁﬁﬂv.SAﬂvv ’

where ¢ is a small positive parameter, —A, and —A, are generators of
C,-semigroups of linear operators e—At and e~47, acting in the Banach
spaces E; and E» respectively, see for instance Pazy [27], T is an hystere-
sis nonlinearity of Krasnosel'skii-Pokrovskii type, (PZo, wp) is the initial
state of the hysteresis operator belonging to Ey x Es, Eg and E3 Ba-
nach spaces, P : By — Egis a bounded linear operator. The nonlinear
operators f;,i = 1,2 are assumed T-periodic in the first variable.

We aim at solving the following problem.

Problem: to give conditions under which, for € > 0 sufficiently m.Sazﬁ
system (S) admits eT-periodic solutions and to study their behavior as

e—0.
Our main result: Theorem 1 of Section 3 provides the solution of this
problem under the following conditions:
Fy) The nonlinear operators fi : Ry x By x By Ey — E;, i = 1,2,
are continuous and satisfy a Lipschitz condition with respect to the
variables (z,y,w) € Ey X E2 X E3, that is for any R >0 there exists

L(R) > 0 such that
it @y, w1) — fi(t, z2, g2, wa) ||
< L(R)(llas — zall + llgn = wa2ll + [lwr — wal)),
i=1,2 ol <R, lusl <R lwl <R, j=12 t€ 0T
F,) For every R > 0 there exists a positive constant pr such that
£t z, g, )| < pr(1+ lizll + Ny,

where |jw|| < R,z € Ey,y € B, 1=1,2, and t € [0, T].
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F3) There Bnmﬁ nonnegative constants my;, 1,7 = 1,2, such that for
any pair of bounded sets () C E;, Q3 C E; and any compact set
K C E; the following inequalities hold

x& (£:(10, T, 1, Qs, K)) < max xg, (1) + miz X2 (Q2),

i_ouw XE;,t = 1,2, denotes the Hausdorff measure of noncompact-
ness in the space E;, ¢ = 1,2, respectively.

A) There exist positive constants 7;, ¢ = 1,2, such that
__mlkm«__chv < mldo.n. t>0,i=12,

and

m 0 mun My

M) p(A-1M) <1, with A~ = M=
0 7 ma Mg

Here and in the following p (H) denotes the spectral radius of the matrix
H and ||L||% := x(LS), where L is a bounded linear operator from a
Banach space E into itself and S is the unit sphere in E.

The operator T : Ry x By x B3 x C([to, t], Bg) — C([to,t}, Es) is a
Krasnosel’skii-Pokrovskii hysteresis operator. For every fixed t, > 0 the
operator '[ty, -, ](-) is defined on the set
Dy, (1) = {(z., wo,2*) € Eo x E3 x C([to, t], Eo) :
(z.,wo) € Or,z* () = 7.},
where § is the domain of all the possible states of the hysteresis oper-

ator. For the structure of the set Qr we refer to M.A. Krasnosel’skii et
al. [19].

We assume that the operator I satisfies the following conditions:

C:) For any t; > O the operator I'[to,-,”](-) acts from Eo x E3 x
C([to, t), Eo) to C([to, ], Es), t 2 to, and it is constant on constant
functions.

Cs) For any ty > 0 and any (2., wo,z*) € Dy,(I') we have that

o, z., wo)z* (to) = wo.
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C3) The nonlinearity I satisfies, for tg < t; < t, the semigroup property
H._Hﬁo, Ty .E&Hu@v = H,—ﬁf S*Aﬁuv. H;T? Ty, ‘EO_H»QHV.._H*QV.
Q»v Let to > C. AS.J.E?HJ € .USA..—.JV. GQV = H*Q +ﬁc - ﬁnv for t > 1.
Then (., wo,v) € Dy, (T') and
H,TQ,H_JS&&»QV = H.T?&_.;S&QQ —to+ swv. t > to.
Cs) Let t >0, 8> 0, (%, w0, =) € Dyy(T), v(t) = z*(Bt + (1 — B)to)
for t > to. Then (., wo,v) € Dy(T) and
T[to, T+, wolv(t) = Tlto, ., wolz* (Bt + (1 — B)to), t 2 to-

Cs) For any to > 0, the operator T' satisfies the following Lipschitz

condition: there exists k > 0 such that
max ||D[to, 21, wr]z*(8) — Tlto, 22, walz?(s)l| < k(llza — 2l g
s€lto,t]
+lws — wallg + 2" — lloon B>

whenever t > 1. P

C~) There exist a nonempty convex compact set K C F3, a nonempty
open set Q C E; x E3 such that for any (zo, wo) €QN m@;ﬂ x K),
to € Ry , we have (Pzo,wo) € Qr and T[ty, PZo, wo] P (t) € K,
t > to, for any z° € C([to, t], Er), such that 2%(to) = %o-

By the change of variable 7/e =t system (S) takes the form
2 (t) + eAZ(t) = efi(t, 2(2), 5(1), B(2)),
@(t) = T'[0, Pzo, wo] PZ(?), (3"
7(t) + Agfi(t) = falt, Z(t), 5(2), B(2))-

Denoting (Z, 0, J) again by (x,w,y) we can write
(1) + eArz(t) = ehilt,(0), 50, w(O),
SAS = H.mc‘ Pz, \EQ_WHQY A:
¥ () + Agy(t) = falt, 2(t), y(t), w(t))-
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Following M.A. Krasnosel'skii et al. [20}, we say that (2., w., y.) is a mild
solution of (1) on the interval [0,T] with the initial conditions

2(0) = 7o, w(0) =wo, y(0) =10 (2)

if Z., w,, Y are continuous functions, defined on the interval [0, 7] with
values in E,, E3, E; respectively, satisfying the equations

amsnmnn?nao+ \. » muﬁﬁ?.vmb?am?vén?v..sn@v&.w,va
0

we(t) = ['|0, Pz, wo] Pz.(t), o . 4)
Ye(t) = e~ 4tyg + \o. €409 fo(s, 7e(3), Ye (), we(s)) ds.  (5)

By a T-periodic solution of (1) we mean a continuous T-periodic function
(Zer e, i) satistying (3), (4) and ()

Definition 1. (The quasitranslation operator) Let K C E;3 be
the nonempty convex compact set of Cy). For any zo € E;, wy € K,
yo € Ey and any € > 0 we assume that there exists an unique solu-
tion (e, We,¥e) on [0,T] of system (3), (4), (5) with initial condition
(zo, wo, Yo)- The quasitranslation operator VX : Eyx KxE; — Eyx K xE,
is defined as follows

_\M.Aa? Wo, Yo) =
T

= AAN - mln\»p%vlu mlﬁfﬁ.luvm.\m (8, Te(8), Ye(3), we(s))ds,
0

T
w(T), (I — e~ 4T)! \. ml;»ﬁ..av.\m?,an?v.@n?v.ekmvv&uv.
0

Observe that, without loss of generality, we can assume that the semi-
groups of linear operators e~ ¢ > 0, satisfy the estimates

le || < ce™®, t>0, i=1,2, (6)

for some d > 0. In fact, it is possible to reduce ourselves to this case
by adding and subtracting suitable linear operators to A, and Az, and
observing that the resulting nonlinearities still satisfy Fy) — F3). This
also shows that the linear operators (I —e~*417)~! and (I —e~43T)~! are
defined.
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Remark 1 In Proposition 2 we will prove that our assumptions
quarantee that system (3),(4) and (5) has ¢ unique solution defined on
[0, T} for every o € En, wo € K, yo € Ep and € > 0.

The following result holds true.

Proposition 1 Any fized point (xo0, wo, Yo) of the operator VT rep-
resents the initial conditions z(0) = %o, w(0) = wo and y(0) = Yo of a
T-periodic solution (e, We, Ye) Of system (1).

Proof. Let (zo, wo, %) = V2 (20, w0, o), then

T
zo= (I — alm?ﬂvL .\- mlmbpﬁ.lbmbﬁ.w, Hnﬁ.wv.@m?v. we(s))ds,
0
Wy = HJE, muHc, ‘Eo_wanﬁ._v,
T
w={I- ml>un.v|~ .\ nl.»»ﬁ.luv.\n?. ze(8), QnAmV.SmAmvv&m.
0

where (&, We, Ye) satisfy (3), (4) and (5). Therefore,
q‘ ”

To = ®|m>uu.8c + \ nlnhpﬁ.l.&mb?. amhuv, Qmﬁmv, SmA.wvv&.w = Hmﬁ..v.

0
wo = I'[0, Pz, wp)Pze(T) = we(T),

T
yo =€ 4Ty + \ 4T f,(s, 7(5), Ye(5), we(3))ds = Ye(T)-

0

Denote by T¢, @, Je the T-periodic extensions of the functions z., We, Ye
respectively. Let t € [T, 2T, then by C3) we have

T'[0, Pxo, wo} PZc(t) =TT, P%(T),T0, Pxo, wo) PE(T)) PZ<(t)
= D[T, Pxo, wo] PTe(t) = T'[0, Pzo, wol Pze(t — TY=w(t—T)= we(t).

By repeating the same arguments fort € [(n+1)T,(n+ 2)T|,n € N, we
obtain ~

w,(t) = I'(0, Pxo, wo) PZe(t)
for all t > 0. Now, by using standard E..chmHm.,m‘ see e.g. M.A. Kras-
nosel’skii et al. [20], it is easy to show that 7., 7. satisfy (3) and (5) for
all t > 0.
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Remark 2 The viceversa is also true. In fact, let (z., we, yc) be @
T-periodic solution of (1). Let z.(0) = Zo, we(0) = wo, Ye(0) = yo, then
(zo, Wo, Yo) 8 @ fized point of the operator V.. Hence, the problem of
finding T-periodic solutions of system (1) is equivalent to that of finding
fized points of the operator VI .

Let us consider the measure of noncompactness X in E; X E3 X Fy
defined by

X(Q) = (x&, (), x5 (), X8:(Q2)),

with Q C E; x E3 x E; bounded, €; = pr;(Q2) and pr; : By x E3x E; — E,
i =1,2,3, are the natural projections. We have the following result.

Proposition 2 Assume that A), M), F;) — F3),C1) — C7) are satis-
fied. Then, for € > 0, the operator VT is well-defined, continuous and
condensing with respect to the measure of noncompactness X.

Proof. We first show that V7 is X— condensing. For this, let
Q) C E; x K x E; be a bounded set for which

X(@Q) < X(VI Q). )

We will show that € is a relatively compact set. Let Z.(§2) be the set of
solutions of (3), (4), (5) with initial conditions (o, wo, yo) € (2. Let

(308 0a(t),2(®) = (e (oD, X ({wlO)), xXBa (161D

where (T¢, W, ¥e) € Ze(£2). Then from A), and F3) we obtain the esti-
maftes

t
p1() < e Tx () + \ MO e(maupr(s) + muzpals)) s (8)
0

@a(t) < e 'xg, () + \o e~ =9 (g 01 (8) + mazipa(s)) ds,  (9)

where ; = pr;(Q) C E;,i =1,2. Let

0 ~ Q
A, = &M , NAQN xm% Hv

0 7 xEa(Q2)
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V1 Qv _ €M1 €M
p(t) = » Me = ’
pa(t) M2 M
0 miy Mmya
A= n ’ M=
0 7 ma1 Mo

Then (8), and (9) can be rewritten as
t
o(t) < e Mt X(0) + \ e A=) M. (s) ds. (10)
0

By the Gronwall inequality we get
P(t) < eCAFMI(Q), (11)
Furthermore, we have that
X(VI(@) = .
= O@:Q i \. e U T=e £, (5,2 (5), Ue(5), we(5)) ds}),
0
xes({we(T)}), i
X (0 =) [ e 1), 4(6), (5 i)

Since w,(t) € K for all ¢ € [0,T], then xEs ({we(T)}) = 0 and from (7) it
follows that xg,(£23) = 0. Moreover, from A) and F3) it follows

T

xe,({({ - mlm?ﬂvlu mlm}ﬁ?&m.} (8, 2e(8), e (s), we(s)) ds})

1
(1 - ememT)

0

T
\ e~ Te(myyp1(s) + M12pa(s)) ds,
0

IA

and

xe,({(I - m|>un.v..H .\o% mib&ﬂl&\w?.&%&y ¥e(s), we(s)) ds})

1
(1—e=nT)

T
< \ e 2Ty, 0, (8) + mazpa(s)) ds.
0
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Denote the left hand sides of these two inequalities by & and &3 respec-
tively and let ¢ = (é1,&) thus

T
§<(I—e T \o e T 01 () ds.

Using inequality (11) we get

T ,
£ < (I-eTy1 \ @,Efgm?is%ﬁ@ ds
0
= (I- m..?JLAmT?LwELﬂ -e AN X Q). (12)

We now show that all the elements of the matrix e(~Ae+Mo)T _ AT
nonnegative. For this consider

are

T
mAl>«+gnvﬂ. p— Q'?H._ = \» Nl?ﬂelhvgmmA,?.Tgmvb &.wv AHWV
0

since the elements of the matrix e AT-)pr are nonnegative, it is suf-
ficient to prove that eCActMeyt 4 0, is a matrix with nonnegative
elements.

To this aim, let 2z, = (1,0) € R? and define sequence of functions
zn(t),n > 1, as follows

»

ﬁ
N:SHmLENc.T .\. au?@l&gmuanl& &m. (14)
0

Since the elements of 2, eAelt=9) 514 M, are nonnegative, then the
components of z,(t) are nonnegative for all t € [0,7). Passing to the
limit as n — o0 in (14) we obtain

s
) =Mt [N an ve o
0

where 2z = lim,,_, . 2,. Then
NQV = mT?iSL“No.

Since 2z = (1,0), the right hand side of this equality is the first col-
umn of the matrix e(-A+Mt. Oy the other hand, the components of
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2a(t) are nonnegative, hence the first column of the matrix el-Ac+Me)t i g

vector with nonnegative elements. The nonnegativity of the second col-
umn of e(-A<+Me)t can be proved as before by replacing z by the vector
29 = (0,1). Thus, from (13) it follows that the elements of the matrix
e(~AetMe)T _. g~AcT gre nonnegative. .
From (7) it follows that X (2) < €. Since the elements of the matrix

= mt?HVLAQT?iSLH - ml?n.v

are nonnegative, we have

£< Q - ml?ﬂvla ?T?t&.vﬂ —_ ml?n.vm. Aumv

‘We now show that

p(I- mn?JLAaT?+F§ —e A7) < 1. (16)

Let
Cot=(I —eAT)™!, D, = el TAHMIT — g™AT,
€ ?

Proposition 5 of Kamenskii et al. [12] shows that condition (16) is equi-
valent to the exponential stability of —C, + D,, where

G, + D, = (—I + &M 4 el AAMAT _ gAT) = (-AHMIT .

Since A;'M, = A~'M, by condition M) the spectral radius of AJ'M,
satisfies the following inequality

p(ATM,) < 1.

Hence, the matrix —A, + M, is exponentially stable. Furthermore,

q?T?+§J = f((-AAMT) . cTa(-AetMe)

where o(H) denotes the spectrum of the matrix H. Let A be an element
of o(el~A+MIT) then A = eT*i+%), where )y + i)y € o(—Ac + Me).
Since A; < 0, we have

M =™ <1,
thus p(e-A*MIT) < 1 and so Re(o(et~A+MIT — I)) < 0, namely the
matrix —C. + D, is exponentially stable and inequality (16) is proved.

1
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Let Te = (I — e AT)1((-Ac+Mo)T _ ¢-AcT) thug the vector £ = (£;,£;)
with nonnegative coordinates satisfies the inequality

§<TL. (17)

From (16) we have that the eigenvalues of T, belongs to the unit circle.
Therefore, (17) implies that £ = 0 and from (7) it follows that X(Q) =0
that is Q is relatively compact.

Finally, the continuity of the operator VI follows from the Lipschitz
conditions F), Cg) and the estimate (6). This completes the proof.

In Theorem 1 of Section 3 we will formulate conditions which ensure
the existence of T—periodic solutions for system (1) in terms of the aver-
aging operator introduced by Definition 2 below. In order to define the
averaging operator we need the following conditions.

D,) For any z € F,, w € K and )X € [0, 1] there exists an unique solution
72 of the integral equation
T
y(t) = eI —e4T) 1A \ e #T=9 f,(s, 2, y(s), w) ds
0
t
+A \ e~ A=) fo(s, 7, y(s), w) ds, ¢ > 0.
0

D,) Let G C E; x E3 be a bounded set and let
g9 = Cr(Ea) N { i, : (z,w,)) € G x [0,1]}.

For any nonempty, bounded set G C E; x E3 the set @%_: is
bounded.

Here and in the sequel Cr(E;) denotes the Banach space of the T-
periodic functions with values in the Banach space E;.

Definition 2. (The averaging operator) Given a nonempty open
set Q C Ey x E;, the averaging operator ¥ : QN (Ey x K) - E; x K is
defined as follows

¥(z,w) = (F(z, w), w),
where

1 T
%._AH. Sv = xéwluw....\o. \HA%. r, QAWV.EV ds, y= %“,8.
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Let Q C E, x K be a bounded set. We define the measure of noncom-
pactness 3 in E; X K, as follows

EADV = Aan AQL, XmuASwvv.
where €; = pr;(Q),1=1,3.
We can prove the following result.

Proposition 3 Assume that conditions A), M ), Fi) — F3), b.Hv, UNV
are satisfied. Then the operator ¥ is continuous and condensing with
respect to the measure of noncompactness B.

Proof. Let Q C E; x K be a bounded set for which
B(R) < B(E(Q))- (18)
We will show that Q is a relatively compact set. For this, let

m = xg (), ¥() = x5, ({v(),y € &a}), R = ﬁmmwl_ (). -

Since
v@ = (4% [ Alszuw)dsw) @w) €0, €db)
0

from F3) and A) we have

T
X (A7 [ ils,2,3(0),w) do)

IA

1 T
1AL [ manx (@) + muxe((u(e))) ds
0

IA

1
—(mum + M1atR).
it

Hence, by using inequality (18), we get

miy 35
< —m+—mn (19)
L)1 " T -

WA

i

§ e R S S e 5 R

AR ] Ly

AR e g R G

el

ke

£

St oy

S
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Moreover, from F3) and A) we have

T
P(t) < e™™(1 - mlSJL \ auiﬁiXSﬁS + maary) ds
0

t | may Ma2
+ \ e 2 (maymy + maym) ds = —= 1 + —1;
0 Y2 T2
and then
may Ma2
S—m+—n 20
™ Y2 n 72 " A v

From (19) and (20) we get that the vector = (7, 7,) with nonnegative
coordinates satisfies the inequality

n <A™ Mn. (21)
From M) it follows that the eigenvalues of A~'M belong to the unit
circle. Therefore (21) implies that 7 = 0 and so ; = xg,(S4) = 0,

that is (), is relatively compact. The relative compactness of the set {3
follows from the compactness of K.

3. Main result

In order to prove our main result we need a stronger condition on the
semigroup ettt > 0. Specifically, we assume that

A) et <e™t, £20, 1> 0.
That is the semigroup e~41* is contractive.

Given € > 0 and any bounded set 2 C Ey x K x Ej, we recall that the
solution set Z.(2) is defined as follows

Z.(Q) = {(ze, we, ¥e) € C(I0, T, Exx E3x E3) : (2c, We, ¥e) is a solution
of system (3),(4),(5) with initial conditions (z,, wo, yo) € 2}

We are now in the position to prove the main result of this paper.
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Theorem 1. Assume that x&vv \&Hv, .muuv - muwv, qu |Qﬂv. .UL. UNV.
M) are satisfied and assume also that for every nonemply bounded set
Q C E, x K x E; the set Z.(Q) is bounded by a constant independent of
. Assume that there exists an open ball B C Q, such that the equation
T(z,w) = (z,w) has no solution on 3(B N (Ey x K)) and

deg(I — ¥, BN (Ey x K),0) #0.

Then, for sufficiently small € > 0, system (1) has at least one T-periodic
solution (., We,¥e) € Cr(Eyr) x Cr(E3) X Cr(E;). Moreover, for every
sequence €, — 0, as n — 00, the sequence {(Zep> Wen> Yen)} 18 Telatively
compact and the limit points (4, ws,y*) of this sequence are such that
(z.,w.) is a fized point of the operator ¥ and y* = L, u.-

Proof. Define the auxiliary operator F; : E; x K x E; —» B3 as

follows
’ mﬂuﬁn\.vgu @v = @AH..V.

where 7(-) is the solution of

t
y(t) = ey + A \ e~ 439 £ (s, z,y(s), w) ds, (22)
(1]

corresponding to A = 1.

From D,) it follows that there exists r > 0 such that ||yllep(s,) < T for
ally € ‘,@Mlma. Let Bg,(0,r) = {y € B : |ylle <}

As shown in Borisovich et al. [1], there exists a continuous compact
operator ¥ : (BN (E; x K)) — By X K which is linearly homotopic to
¥ on (BN (Ey x K)).

Consider the operator ¥* : (BN (Ey x K)) x Bg,(0,7) = Ey x K x Ey
defined by

euAHu w, @v = A@:A.‘Hg Sv, ‘M\NA.‘N. .Ev- N.NAH, w, QVV‘
where ¥, (z, w), ¥,(z,w), are the projections of ¥(z,w) on the spaces
E, and E; respectively.

We now prove that, for € > 0 sufficiently small, VT and ¥* are linearly
homotopic on 8((B N (E; x K)) x Bg,(0,7)).

S

s, g

it o

T T,
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Assume the contrary, then there exist sequences €, — 0, An — )y,
An € [0,1] and {(zn, wn,yn)} € (B N (E1 X K)) X Bg,(0,7)) such that

T
Tn = Ap(I — e~ 1T)-1 \ e~ AT=9)g 40 (5) ds
0
+AH - \/SV.HHAH‘: .Eav- Awwv
Wy = ya\E:Aﬂv + AU_. - yav@uﬁ.‘ﬂ:. Sav. Awhv

T
Yo = D(l — ~4T)? \ e AT-Dy(5) ds

T
+(1 - y:XalEu_@: + \ ml;iqr&aw?v ds), (25)
0
where

em-A.wv = .\.;.A.m_ HaAmvyﬁc:A.mv.\S:A.wvv, i =1,2, @WAMV = .%NA%, Ha.@aﬁmv‘e.:v.

and
(z"(s), w"(s), y™(s)), s € [0, T},

is the solution of (3), (4), (5) with initial condition (z,,wn,¥s) corre-
sponding to &, and §*(s) is the solution of (22), corresponding to A =1,
T=2Tp, W= Wny, Y = Yn-

Since the sequence {(zn, s, Yn)} is bounded in E; X E3 X Es, the sequence
of functions {(z",w",y")} is bounded in C([0,T1], E1) x C([0,T), E3) x
C([0,T}, Ez). Assumption F3) implies that the sequences {v7'}, {v3} and
{93} are also bounded. Note that from the boundedness of the sequence
{(Zn, wn)} it follows that the set ¥(z,,w,) is relatively compact.

We are now able to prove the relative compactness of {(z", w",y")} in

Cr(E;) x Cr(Es) x Cr(E,). Firstly we consider xg, ({z"(t)}), from F3)
we have

xe ({v7(®)}) < muxe ({z"(6)}) + muaxe({y"(1)})

< my “Mww‘_ xe({z"(1)}) +mi2 nd xe({y" ()} (26)

By cmmum the results of Kamenskii et al. [13] we have that for any § > 0
there exist a set e5 C [0, T, a compact set K; C E; and a sequence {g"}
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in L>([0, T, E;) such that meas (e;5) < 4, g*(s) € K3, s € [0, T}, and

o7 (t) — g™ (D) < mn Sup xe ({z"(#)}) + ma S xe({y"(®)}) LM Md

for t € [0, T]\es.
We define now a sequence {Z,} C E; as follows

T
Fn =M — mt?}evL\. e~ T g™(s)ds + (1 — An) W1 (2, w,),
0

whenever n > 1.

Let us prove the relative compactness of the sequence {%,} in E;. For
this we consider the set

T
Ki={ \ e~ AT=s)gn(5) ds}.
0

Since the semigroup e~ is of class C; then the set

S = C C mlmaiﬁ,lnvwﬂa

n s€(0,T)

is relatively compact in E,;. Furthermore
T
\ e~ M T-)gn(5)ds c TE S, n € N,
0

hence the set K7 is relatively compact. By means of Theorem 4.1.5 in
Kamenskii et al. [13] we have that

1
T

en(l — e T) g o — AT

for all z € E; and thus

C m-..AN _ mlmaxfﬂ.vlm.w‘w

is a relatively compact set. In conclusion

{Za} € M| JenlI — €75 A7) K 4 (1 - M) 012, w2)

Sl ke SO R B

Tviasel

o P
S, 2

B 4 e g

G A,
S o
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is a relatively compact sequence in E;.

Now we want to estimate ||z, — Za||- By using (27) for n sufficiently large
we obtain

T
~ En - _
lzn — Z,|| < . mnmsﬁﬂ\o. e~ m(T=a) |yn(g) _ g"(s)|| ds

IA

T ememr | T(mas 0 x5, ("))

+Ssm%x$:@=3$+3+ .im_

tefo,T]
1

el GG 1 e, ({2"(0))

Fmuz sup xe, ({47(8)}) +6) + M)
tefo,T)
- L [mu n
= L i xe ({z"()})

IA

+22 gp x@:.e:SC_ + %QA

1 4 M
N tefo,1

Mmoo nT”
Since d > 0 is arbitrary we have

xg ({za}) < %Mww,_ xe ({z"(t)}) + %mww_ xe({y"(H)}). (28)

Moreover, since e~41* is a Cy-semigroup and
t
I \. e~ 12(s) ds|| < e,MT — 0
0

asm — 0o, we obtain x g, ({z"(t)}) = xg, ({za}) and

xe: ({z"()}) < %mﬁ xe({z"®)}) + wmwmuy x5 ({y"(®)}). (29)

Consider now xg,({y"(t)}), we have that
xe({8"(0}) < e x5, ({va})

+ \ e 0 (m X, ({8n}) + Mazxe, ({47(5)})) ds.
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Using the Gronwall inequality we get

xe({y"®}) < e (v
+,\v mAI4n+3»nVQI&SwHX@~Amﬂsvv ds. chv
0

Analogously, for xg, ({7"(t)}) we get

xe({7"®)}) < mrEiyg ({ya))
+ \ el-mtma)t-m, v o ({z.})ds.  (31)
0

Let us now estimate the measure of noncompactness of the right side of
(25). Consider the first term, by using (30) we obtain

A= xeU - [ et iuge)ash

< (=) [ i, ()

+ Smnmﬁlaw;uuvuxmn AA—Q‘-WV
+ TR () mtmala)y o ((3,))) ds

Y2 — My
= (e (g = e e )

+ (etatma)T _ nusn.vxm»:eatv.

For the second term of the right side of (25) by using (31) we obtain

T
Pr= xe({e Tt [ e T5(s)ds))
0
™ xm, ({10 })
T
+ [T (max (za}) + maa(el e ()
0

+ (1 — Ty ({2,)) ) ds
Y2 — Ma2

e (L= ey () 4 € g (3.
2 — 122

IA

Il

g
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From the inequality (25) it follows that xE;({yn}) < maz{P;, P}. Sup-
pose that xz,({ys}) < P,. In this case

Xt} < (=) (T )y (0,)

HET T — Ty (1)),

If we multiply this inequality by (1-e™7), we get
xea({n}) < Hgﬁ_?z,
xe:({wm}) < ﬁﬁ_?c + %E?: (32)

Analogously, assuming that XE:({¥n}) < P, we have

XEx({#0}) < (1 - T (3,)) 4 el Ty )

(1= e ({n}) < o (1 - T (),

Thus x5, ({yn}) satisfies again (32). By (30), (32) we obtain
X @) < domimm Ty ()
M

4+ H —_ Qﬁlsgwuvn
I s (za)),

WO < T —xa (o).

Consequently, we have

22 X (" (9)) < .@W%w_ xe({z"®)}) + .ﬁwﬁm_ﬁw_ xe{y"(®)}).
(33)

Condition M) and inequalities (29) and (33) produce

xe:({z"(®)}) = 0, x&.({y"(®)}) =0, t [0, 7). (34)

Since w™(T) € K, then {w,} is relatively compact. Thus, all the se-
quences {z,}, {w,}, {yn} are relatively compact. Without loss of gener-

ality we can assume that z,, — To, Wn — Wo, Yn — Yo. Then z" converges
to z uniformly on [0, 7). In fact,

12°(¢) = zo|| < le™* 1%, — e~endityg| 4 |le=sntitgy — zo|| + &, MT.
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Since e~41t is a Cp—semigroup, the right side of this inequality converges
to zero uniformly with respect to ¢.

Consider now the sequence {w"} C Cr(Es). We have
lw™(t) — woll < k(|| Pzn — Pxollg, + |lwo — walle + || P2 ~ Pzo|lcr(Eo)-

Since " — Zg and Wy — W then w™ converges to wp uniformly on
H 0

Finally, consider the sequences {y"} and {7"}. From F3) and (34) it
follows that Xz, ({v2(t)}) = 0, for any t € [0, T]. Then, Corollary 5.1.1 of
Kamenskii et al. {13] implies that the sequence {y™} is relatively compact
in C([0, T, Ey), i.e. y* — y°. Since the function f; satisfy Lipschitz
condition, we get

t
yO(t) = e 4tyo + \. e~ 42(t=2) £ (5, 20, 3°(), wo) ds.
0
Analogously, §* — y*, with

y*(t) = e Myo + h e~A2(t-9) f,(3, g, y*(8), wo) ds. The Lipschitz condi-
tion F;) imply that y° = y*. Therefore, from (25) as n — 0o we obtain.

T
Yo = YOA.N - NI\»nﬂ.vlw\ NI\»»G..I.&.\.NA.mu .\Nc.ﬁcoAmngOv ds+
0

+(1 = o) (e Ayo + \o ' e~43(T=9) f, (s, 29, ¥°(8), wo) ds).
Replacing hw. e~41T-9) f(s, T, 3(8), wo) ds by y°(T) —e~*Typ we obtain
v = 3°(T), i.e. ¥°= @ms.ea.
Consider now (23), Theotem 4.1.5 of Kamenskii et al. [13] ensures that

T T
mQIaA}JL \ munkﬁlae?v%l \»HHW \ e?v%mmmlc
o o

for every v € C([0, T}, Ey). Since f; is a Lipschitz function, v converges
uniformly to 9, where v}(s) = f1(3, Zo,4°(8), o). Hence,

T T
(I — e—snT)"1 \. e~ (T=2)g o (s)ds — \»H_mw. v)(s) ds.
0 0
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Since y° = §}, ., it follows that

a1 [T
}wﬂ\. v}(s) ds = F(zo, wo)-
0

Furthermore, from (23) as n — oo we get
o = Mo F (2o, wo) + (1 — Ao)¥1(zo, wo), (35)
Finally, from (24), as n — oo, we obtain
wo = Agwo + (1 — Ao)¥a(zo, wo). - (36)

Since the set d((B N (Ey x K)) x Bg,(0,r)) is closed then (zq,wp, o)
belongs to 8((BN(E; x K)) x Bg,(0,7)). On the other hand, by our choice
of r it follows that yo & 8(Bg,(0,)). Therefore (2o, wp) € I(BN(E1 x K))
which is a contradiction with (35), (36) and the choice of B.

Consider now the homotopy on 8((B N (E; x K)) x Bg,(0,1)) defined as
follows

X A T
(2, w,3) = (¥1(z, w), Fa(z, w), e 4Ty + A \ e~ 42(T-2)5,(5) ds),
()}
where 75(s) = fa(s, z, §(3), w) and F(s) is the solution of (22).
For A = 0 we have
‘H\MAH, w, Qv = A@H?f .Sv. ‘M\NAH, GY ml>uu,\..\v
and for A = 1 we have

(5 w,y) = ¥(z,0,9).

Define the auxiliary operators ¥9 : (BN (Ey x K)) x E; — Ey x K x E
and D : E; x E3 x Ey = E; x E3 x E; as follows

G”A.ﬂ.v w, @v = A@ﬂﬁﬁ. Sv. @wAS' \Evu Ov. .NUAS- w, QV = Acu O. mI\—nﬂ,Qv.

Observing that
I-¥5=(I~-%)(I-D),
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by the properties of the topological degree for condensing operators , (see
e.g. [13]), we have
| deg( — 5, (B N (Ey X K)) x Bg,(0,7),0) |
=| deg(I — 93, (BN (Ex x K)) X Bg,(0,7),0) |
-| deg(I = D, (BN (E1 x K)) % Bg,(0,7),0) | .
By the reduction property of the topological degree we obtain that
| deg(I—¥3, (BN(E1x K))x B, (0,7),0) |=| deg(I—¥, BN(E; x K),0) |
=| deg(I — ¥, BN (E; x K),0) |#0,
and
| deg(I — D, (BN (E; x K)) x Bg,(0,7),0) |
=| deg(I - e #T Bgp(0,7),0) |# 0.
Consequently,
| deg(I — W3, (BN (By x K)) x Bg,(0,7),0) |#0.
Since W5, U*, and V7 are homotopic on ((B N (B x K)) x Bg,(0,7))
we finally obtain
| deg(I — VT, (BN (Ey x K)) x Bg,(0, r),0) |# 0. -

Hence, for sufficiently small ¢ > 0 there exists at least one T-periodic
solution (ze, e, ¥e) of (1). Now, to conclude the proof we consider a se-
quence &, — 0. Let {(Ze,, We,, Ye,) } be the sequence of the corresponding
T-periodic solutions of system (1). Letting z., (0) = zp, We,(0) = Wa,
Ye, (0) = Yn, We have

T
Tp = e~y 4 \. e~ T=0)g, 11 (3, Zc, (3), Yen (3)s Wen (s))ds,
0
wy, = ['[0, Pz, wn) Pz, (T),
T
t=e 00t \ AT (5, 7., (5), Yeu (5), e (5)) ds.
0

By repeating the arguments of the first part of this proof we show the
existence of a subsequence of {(Ze,, We,,Ye,)} converging to (z.,ws,y*),
where (z,,w,) is a fixed point of the operator ¥ and y* = @w:s..
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