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T =1(z) +ep(t,z, ) (PS)

with € > 0 small. The main goal of the paper is to provide conditions ensuring the existence of T-periodic
solutions to (PS) belonging to a given open set W C C([0,T],R™). This problem is considered in the case
when the boundary W of W contains at most a finite number of nondegenerate 7'-periodic solutions of the
autonomous system & = t(x). The starting point of our approach is the following property due to Malkin:
if for any T-periodic limit cycle 2 of & = 1(x) belonging to OW the so-called bifurcation function f5,(6),
0 € [0, T, associated to xo, see (1.11), satisfies the condition f,,(0) # O then the integral operator

ot t
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NHLHOIMHOVN



Math. Nachr. 281, No. 1, 42-61 (2008) / DOI 10.1002/mana.200610586

A continuation principle for a class of periodically perturbed autonomous
systems

Mikhail Kamenskii*', Oleg Makarenkov**2, and Paolo Nistri***3

! Department of Mathematics, Voronezh State University, Voronezh, Russia
2 Research Institute of Mathematics, Voronezh State University, Voronezh, Russia
2 Dipartimento di Ingegneria dell’ Informazione, Universita di Siena, 53100 Siena, Italy

Received 13 March 2006, accepted 9 October 2006
Published online 14 December 2007

Key words Autonomous systems, periodic perturbations, limit cycles, topological degree, periodic solutions
MSC (2000) 34C25,34A34,34D10,47H11,47H14

The paper deals with a T-periodically perturbed autonomous system in R™ of the form
& =P(x) +ed(t, z,¢€) (PS)

with € > 0 small. The main goal of the paper is to provide conditions ensuring the existence of I'-periodic
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does not have fixed points on OW for all € > 0 sufficiently small. By means of the Malkin’s bifurcation
function we then establish a formula to evaluate the Leray—Schauder topological degree of I — Q. on W. This
formula permits to state existence results that generalize or improve several results of the existing literature. In
particular, we extend a continuation principle due to Capietto, Mawhin and Zanolin where it is assumed that
OW does not contain any T-periodic solutions of the unperturbed system. Moreover, we obtain generalizations
or improvements of some existence results due to Malkin and Loud.
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1 Introduction

The aim of this paper is to provide conditions ensuring the existence of T'-periodic solutions to the T-periodically
perturbed system of the form

T =1(x) +ep(t,z,€) (1.1)
belonging to a given set W C C([0,T],R™). Here we assume that
Y€ CHR™,R") and ¢ : R x R™ x [0,1] — R" satisfies Carathéodory type conditions, (1.2)

i.e., ¢(-,x,¢€) is (Lebesgue) measurable for each (x, ), ¢(t, -, -) is continuous for almost all (a.a.) ¢t and, for each
r > 0 there exists b, € L'([0,T],R,) such that |¢(¢, x,¢)| < b,(t) fora.a. t € [0,T] and all |z| < r, e € [0, 1].
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Moreover, ¢ is T-periodic in time and any solution z € C([0, T], R™) to (1.1) satisfying the boundary condition
x(0) = z(T) (1.3)

will be called a T-periodic solution to (1.1). Any T-periodic function z € C([0, T'], R™) is considered as extended
from [0, T] to R by T-periodicity. Moreover, any constant function z € C([0,T], R™) is identified with the vector
z(0) of R™. Let Q. : C([0,T],R™) — C(]0,T],R"™) be the integral operator given by

t t
Qa)(t) = (1) + [ wla(r)dr+e [ olna(re)dr, teDT) >0
0 0
whose fixed points are 7'-periodic solutions to (1.1). In the case when

Qox #x for any z € W (1.4)
and
dgn (0, W NR"™) #£ 0, (1.5)

where dg~ (1), W N R™) is the Brouwer topological degree of ¢ in W NR", the existence problem of T-periodic
solutions to (1.1) has been solved by Capietto, Mawhin and Zanolin in [3]. In fact, they proved ([3, Corollary 1]),
that under conditions (1.4) and (1.5) the following formula holds

d(I = Qo, W) = (—1)"dgn (1, W NR"), (1.6)
where d(I — Qo, W) is the Leray—Schauder topological degree of I — Qo in W. It follows from (1.6) that

for any € > 0 sufficiently small. Therefore under conditions (1.4) and (1.5) system (1.1) has a T'-periodic solution
in W for any perturbation term ¢ and any sufficiently small € > 0. Observe that the assumption (1.5) implies that
the set W contains a constant solution of

= (x). (1.8)

In [3] many relevant examples satisfying conditions (1.4) and (1.5) are provided. Moreover, the authors have
focused several results due to Berstein and Halanay, Cronin, Lando, Muhamadiev and others, which have been
generalized or improved.

The main goal of this paper is to provide conditions on the perturbation term ¢ in such a way that, fore > 0
sufficiently small, d(I — Q., W) is defined and different from zero for a wider class of sets W. Indeed, through
the paper we will not require (1.4), i.e., we will allow OW to contain fixed point of Qy. Under this more general
condition, we will establish a formula for d(I — Q., W) that guarantees, under suitable conditions on ¢, that
d(I — Q., W) # 0 even in the case when dg~ (), W NR™) = 0. Precisely, we assume that

the set Sy = {& € OW : Qox = x} is finite, (1.9)
and for any x(y € Gy the linearized system
g =1 (zo(t))y (1.10)

has the characteristic multiplier 1 of multiplicity 1, i.e., any 29 € Gy is a nondegenerate limit cycle of (1.8). Itis
clear that, under assumption (1.9), the topological degree d(I — Qo, W) is not necessarily defined. The approach
proposed in this paper to overcome this difficulty consists in introducing the Malkin’s bifurcation function

T
Frol6) = sign 30(0),20(0)) [ (ao(r), (7  6,20(r), 0)) dr, (111)
0
where z( is a nontrivial 7-periodic solution of the adjoint system

2=~ (wo(t)))" 2 (1.12)
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From [14] (or [13, Theorem p. 387]) we have that if

fz(0) #£0 for any z € Gy (1.13)
then

for every e > 0 sufficiently small the topological degree d(I — Q., W) is defined. (1.14)

In this paper we prove in Theorem 2.4 that if (1.13) is satisfied then, for all ¢ > 0 sufficiently small, we have

d(I = QW) = (=1)"dgn (, WNR") = Y (=1)°Ddg (fs, (0, min{Ow(2)})), (1.15)
zESw: Ow (z)#0

where
Ow(z) = {0 € (0,T): So, v € OW, Syx € W for any 0 € (0,6p)}, for any z € Gy,
(Sox)(t) =xz(t+6) and

B(xo) is the sum of the multiplicities of the characteristic multipliers greater than 1 of (1.10).

Therefore it follows that for any perturbation term ¢ satisfying conditions (1.9), (1.13) if

(=1)"dgn (¢, WNR") — > (—1)"@dg (f5, (0, min{Ow (2)})) # 0 (1.16)

z€Sw: Ow (z)#0

then, for any € > 0 sufficiently small, system (1.1) has a T-periodic solution in W. Observe that if (1.5) is not
satisfied, but there exist at least one x € Gy such that Oy (z) # 0 then assumption (1.16) can be fulfilled by a
suitable choice of the perturbation term ¢. In this sense assumption (1.16) is weaker than (1.5).

The second term on the right-hand side of (1.15) is similar to that of the Krasnosel’skii—Zabreyko’s formula
for computing the index of a degenerate fixed point of ()9 by means of a reduction to a subspace (in our case one-
dimensional), see ([9, formula 24.13]). However, the related Krasnosel’skii—Zabreyko result ([9, Theorem 24.1])
can be applied only in the case when the operator ()¢ has a particular form ensuring that ()¢ has only isolated
fixed points. This is not our case since any 7'-periodic cycle of (1.8) is a non-isolated fixed point of Q.

Furthermore, observe that the case when Gyy is nonempty was already treated in the literature. For instance,
if ©» = 0 then any solution of (1.8) is T-periodic, Sy = OW and d(I — Q., W) can be evaluated by means of
the following formula due to Mawhin, see ([15] and [16])

T
d(I — Qe, W) = dgn (/ o(r,-,0) dT,WﬁR"). (1.17)
0

Mawhin proved (1.17) in the case when € > 0 is not necessarily small. The same formula can be also used when
1 # 0, but any solution of (1.8) in W is T-periodic (see [21, formulas 3.1-3.3]). This assumption has been
considerably weakened by the authors in [7] for a wide class of sets W. Specifically, in [7] it was assumed that
there exists U C R™ such that W is the set of all continuous functions from [0, 7] to U and any point of OU is
the initial condition of a T'-periodic solution to (1.8), namely it was still assumed that Gy is an infinite subset of
OW . For € > 0 sufficiently small formula (1.17) was expressed as follows, see also ([6, formula 46]),

d(I — Q., W) = dgn (/O (2 (r,)) " b(7 (7, ), 0) U> : (1.18)

where (-, ) is the solution of (1.8) satisfying x(0,&) = . Hence, if dgn (¢, W N R™) = 0 then (1.15) can
be considered as a further development of (1.17) for the special case when Gyy is finite. In fact, the following
formula

fuo (0) = sign (d0(0), 20(0)) </0 (:c’(Q) (7, .))—1¢(T,x(7, ),0)dr, 2o (9)> for any 6 €[0,T]
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holds (see (2.33) in the proof of the next Theorem 2.1).

The paper is organized as follows. Section 2 is devoted to the proof of formula (1.15) and its variants. In
Section 3 by different choices of the set I/ we obtain several existence results for T'-periodic solutions to (1.1).
In particular, we generalize or improve some existence results due to Loud and Malkin proved in [12] and [14]
respectively.

2 Main results

Let 27 1(¢, -) be the inverse of x(t, -), that is, 2(¢, 271 (¢,£)) = £ for any t € R and any £ € R™. For any set V of
R™, define the set Wy of C([0,T],R™) by

Wy ={z€C([0,T],R") : 2~ (t,Z(t)) € V, foranyt € [0,T]}.

Clearly, Wy is open in C([0, T], R™) provided that V is open in R™. In the sequel by Bs(A) we denote the §-
neighborhood of the set A with respect to the norm of the space containing A. The following result is crucial for
the proof of our Theorem 2.4, but it has also an independent interest for some applications as shown in Section 3.

Theorem 2.1 Let xg be a nondegenerate T-periodic limit cycle of system (1.8). Let 0 < 61 < 65 < 61 + %,
where p € N and % is the least period of xo. Assume that fy,(01) # 0 and fy,(02) # 0. Then, for a given o > 0,
there exist 09 > 0 and a family of open sets {‘/5}66(0760] satisfying the properties

1) 2o((01,62)) C Vs C Bs(zo((01,62))),

2) OVs Nao([01,02]) = {zo(61), z0(62)},
and such that for any 6 € (0,0¢] and any € € (0, 51+0‘} the degree d(I — Q., Wvy,) is defined and it can be
evaluated by the following formula

d(l — Qe, WVJ) = = (_1)ﬁ(zo)dR(fmoa (915 92))

Now we introduce some preliminary notions and results necessary for the proof of the theorem. Let zy be a
nondegenerate limit cycle of (1.8), then there exists, see e.g. ([4, Lemma 1, Chap. IV, §20]), a fundamental matrix
Y (¢) of system (1.10) having the form

At

Y(t)=<1>(t)( ¢ 0”’11“ ) @2.1)

O1xn—1

where @ is a T-periodic Floquet matrix and A is a constant (n — 1) X (n — 1)-matrix with eigenvalues different
from 0. In (2.1) it is denoted by 0; ; the ¢ X j zero matrix, in the sequel we will omit these subindexes when
confusion will not arise. For any 4 > 0 define the set C5 C R"™ as follows

05 = {C € Rn : HP’ﬂflcn < 55 Cn S (7%7 92—;61)}7

where

Pnflcz C":_l )
0

¢ is the k-th component of the vector ¢ and 1, 0, are as in Theorem 2.1. Let I : Ba(Cs) — T'(Ba(Cs)),
A > 0, be as follows

Y(¢h+0 7
F(C) = Mpn—lc + :CO(CTI + 9)’
1Y a7
where
- 0,+06
=227 and |V = e [Y @O

We have the following preliminary properties.
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Lemma 2.2 (Y (0)P,-1(,20(0)) = 0 forany 0 € [0,T] and any { € R™. Moreover; if (£, z0(0)) = 0 for any
0 € [0, T, then there exists ( € R™ such that (Y (0)P,—1(, z0(0)) = 0 for any 0 € [0, T].

Proof. Let ( € R™ and define

a ( (I—erT)™" 0 )C-

0 0

By Perron’s lemma [19] we have

<Y(9 L T)PiC, 20(9)> - <Y(9)Pn_12, 20(9)> for any 6 € [0, 7).

Therefore

< 9+T))Pn715,20(9)>
(704 2
b6 (e” ) Paia®)

= (Y (0)P,_1¢,20(0)) for any 6 € [0,T].

To prove the second assertion define

Le={¢€R™: (§,20(0)) =0}, Lc= |J Y(0)Puorl.

CERn

L¢ and L are linear subspaces of R and dimLe = n — 1. Since, for any § € [0,T], Y (0)P,—1 is a linear
nonsingular map acting from P,_1R" to Y (#)P,,_1R", then dimL; = dimP,_1R"™ = n — 1. But by the first
assertion of the lemma L¢ D L. and thus we can conclude that L = L. O

Lemma 2.3 For any A € (0, Ag] and any § € (0, 0] we have that T is a homeomorphism of Ba(Cs) onto
T'(Ba(Cs)) provided that Ay > 0 and 69 > 0 are sufficiently small. Moreover, the set T'(Ba(Cs)) is open in R™
and T~ is continuously differentiable in T'(Ba (Cy)).

Proof. Obviously I is continuous. Let us show that T : Ba(Cs) — T'(Ba(Cys)) is injective for A > 0
and § > 0 sufficiently small. For this assume the contrary, thus there exist {ax }ken, {0k }ren C R", ar # bk,
ar — ag, by — by as k — o0,

P,_1a0 = P,_1by = 0, (2.2)
such that

Y (ag)
[Rglpyes

Without loss of generality we may assume that either a} = b} for any k € N or a}! # b} for any k € N. Assume
that a} = b for any k € N, thus

Y (by)
[hglpres

P,_1ai + zo(ay) = Po_1bi + 20 (b)). (2.3)

Y(ag)(Pn-1ax — Pp-1by) =0 for any k€N,
and so
P,_1ax = P,_1b, for any k€N,

contradicting the property that ay, # by, for any & € N. Consider now the case when a}} 7# b} forany k € N, from
(2.3) we have zo(afy) = xo(by). Moreover, since 0 < 61 < 0 < 61 + %, by our choice of 6; and 6, for A > 0
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and § > O sufficiently small we have that |afy — bfj| < %, where % is the least period of zg, thus afy = bfy =: 6.
By using Lemma 2.2, from (2.3) we have

Y (by)
[Rglpyes

Y(bp) — Y(ag)
[Rglpves

(an(a) = o8, ofa)) = (TATE- P o)) = Pacib20(a) ).

or equivalently, by dividing by a}’ — b}

<M,zo(a2)> - 1 <Y(a2) = Y(bZ)Pnlbz’ZO(aZ)> .

ay, — by Y lae ay, — by

By passing to the limit as ¥ — oo in the previous equality and by taking into account that P,,_1b} — Oas k — oo
we obtain

(20(60),20(60)) =0

which is a contradiction, see e.g. ([13, formula 12.9, Chap. III]). Therefore, there exist Ay > 0 and dg > 0 such
that T' : Ba(Cs) — I'(Ba(Cs)) is injective for A € (0,Ap] and § € (0, dp]. Let us show that Ay > 0 and
do > 0 can be chosen also in such a way that

I'(Ba(Cs)) is open in R™ for any A € (0, Ag] and any § € (0, do]. 2.4
Observe that for any ¢ € R” satisfying P,_1{ = 0 we have

eA(<"+§) 0

. 0>+(o...0¢0(§"+§))

PO = [ ”)(

and so for any ¢ € R”™ such that P,,_1¢ = 0 the derivative I'({) is invertible. Therefore, without loss of
generality, we may consider Ay > 0 and dp > O sufficiently small to have that I({) is invertible for any
¢ € Ba(Cs) with A € (0,Ap] and § € (0, dp]. By the inverse map theorem, see e.g. ([20, Theorem 9.17]) we
have that I" is locally invertible in Ba(Cs) with A € (0,Aq] and § € (0, §p], which implies that it maps any
sufficiently small neighborhood of { in R™ into an open set of R™, which in turn implies (2.4). Moreover, from
the inverse map theorem we have also that I'~! is continuously differentiable in I'( Ba (Cs)). O

We can now prove Theorem 2.1.

Proof of Theorem 2.1. First of all observe that if z is a solution of the equation z = Q.x then u(t) =
x71(t, z(t)) is a solution of the equation u = G.u, see e.g. ([6, formulas (13)—(19)]), where G, : C ([0, T],R") —
C(]0,T),R™) is defined as follows

(Geu)(t) = (T, u(T)) + 6/0 (SC/(Q)(T,U(T))) 1(;5(7', x(r,u(r)),e) dr.

Moreover, since for any open set V' C R™ the homeomorphism (Mx)(t) = 2~ 1(¢,x(t)) maps every neighbor-
hood of Wy, onto a neighborhood of the set

Wy = {u e C([0,T],R") : u(t) € V, forany ¢t € [0,T]},
then by ([9, Theorem 26.4]) we have that
d(I = Qz, Wr(cy)) = d(I — G€7/V[7F(Cg))

provided that d([ - Ge, WF(CS)) is defined. To show that d([ - Gq, W\r(cg)) is defined and to evaluate it, we
introduce the vector field A, : I'(Ba(Cs)) — R™ as follows

AL = wloy (T = £ ([T71€)") o ([P74()" +8) ) (€~ 20 ([T €))" +7))
+ Cﬂo([r_l(f)]n +0—cf ([F_l(g)]")) ’
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where ', A, § > 0 are given by Lemma 2.3 and f : R — R is defined as

|t|7 if fxo(el) < 0 and fzo (92) <0,
f@®) =< —lt, if fz,(01) > 0and f,,(62) > 0, (2.5)
—dRr (fzq, (01,62)) - t, otherwise.

We now prove that there exists 6y > 0 such that for any 6 € (0,0 and any e € (0,5'*“] both the topological
degrees d(I — G, /Wr(cé)) and dgn (I — A, T(Cys)) are defined and

d(I — Ge, Wr(cy)) = den (I — Ac,T(Cy)). (2.6)

To do this we introduce an auxiliary vector field A. : C([0,T],R") — C([0,T],R") by letting (A.u)(t) =
Ac(u(T)) for any ¢ € [0,7] and any v € C([0,T],R™). Since /W\F(C(;) N R" = I'(Cs), by the reduction
theorem for the topological degree, see e.g. ([9, Theorem 27.1]), dg~ (I — A-,T'(Cs)) is defined provided that
d(I — /Ala, /Wr(cg)) is defined, moreover dgn (I — A, F(Cg)) = d(I — /Ala, /WF(CJ)). Hence, we now show that
there exists do > 0 such that for any § € (0, 8] and any ¢ € (0,5'"*] both the Leray—Schauder topological
degrees d(I — G, /Wr(cé)) and d(I — A, /Wr(cé)) are defined and

d(I = Ge,Wrey)) = d(I — Ae, Wrey))- 2.7
To prove (2.7) let F. : C([0,T],R™) — C([0,T],R™) be the operator given by

(Fou)(t) = /O t (2l (r,u(r))) " 6(r, 2(r,u(r)), ) dr forany t € [0, 7],
and introduce the linear deformation
D. (A u)(t) = A(u(t) — &(T,u(T)) — e(Fou) (1)) + (1 = X (u(t) — (Au)(t)),
where A € [0,1], u € 9Wp(c,), 6 € (0,8). Equivalently,
De (A u)(t) = Mu(t) — z(T,u(T))) + (1 = Au(?t)
= (1= Nafy (T = of ([P @T))]")  Pay (@) ) (lT) = Py (u(T)))
“Ae(Fa)(t) = (1= N o ([0 (@) +0—ef ([P @m)]"))
where A € [0,1], u € 9Wp(c,), 6 € (0,8) and
Puo(€) = a0 ([[71(6)]" +7).

We show that for all sufficiently small § € (0,80] and e € (0,5'T*] we have that D_ (X, u) # 0 for any A € [0, 1]
and any u € 8WF(CS). Assume the contrary, thus there exist {Jx }xen C Ry, 6 — 0 as k — oo, {ek }ken,
€k € (0,5i+a), {uk}keN, U € 6Wp(cék), {)\k}keN C [0, 1] such that

0 = Ae(ur(t) — a(T, ue(T))) + (1 = Ap)ur(t)
— (1= M)l (T = e ([0 @r()]") P (ua(T)) ) (ua(T) = Par (us(T))) 2.8)
— APy () — (1= Mo ([P (ui(T)]" +8 = exf ([T (T))]"))

From (2.8) we have

uk(t) = )\k:C(T, uk(T))
+ (1= MJafay (T = enf ([T el)]")  Pay (a(T)) ) (un(T) = Pay (un(T)))
+ )\kak(nguk)(t) + (1 - )\k)xo([r_l(uk(T))]n +§ —erf ([F_l(uk(T))] n))
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and therefore

() = Mner (@) (tur (1) 7 ot 2t (), ex). (2.9)
It follows from (2.9) that without loss of generality we may assume that there exists £, € R"™ such that

up(t) — & as k— o0

uniformly with respect to ¢ € [0, T]. Since ux(0) € I'(Cs,) € Bs, (zo([01,602])) then &y € zo([01, 62]). Now, to
get a contradiction, take ¢ = 1" and rewrite (2.8) as follows

0= i (up(T) — (T, ug(T))) + (1 — A Jur(T)

— (1= M)l (T = enf ([0 (™))" ) s P (e(T)) ) (a(T) = Pa (s (1))
— Aer(Feyug) (T) = (1= Ao ([T (un(T)] " + 0 = e f ([0 (ui(T)]")

= Ny (u(T) = (T, un () + (1= M) (1= (o (T = enf ([0 @k (@))]") , Pry (ur(T))))
(uk(T) = Pao (ur(T))) = Aren(Fepur)(T) + (1 = Ak)Pao (ur(T)) (2.10)
— (1= Ap)zo ([F’l(uk(T))}n YO —enf ([r*l(uk(T))]”))

= A (un(T) = (T, u(T)))
(1= M) (1= oy (T = eif ([P (T)]") s Pay (ui(T))) ) (ua(T) = Par (us(T)))

Now, observing that
2(T,€) = & = af ) -
= (T, Pry (€ ) (€ = Puo(€))) = Pug (&) + P (§) = €
( E P (§)) = (€ = Py (§)) + 0(€ = Pay (€))
)(6 Eo(g)) +0(€_7)$0(€))7

I
8

|
—
g\
=
—
=
gﬁ
c
\_/ ~~
~

from (2.10) we obtain
N (1 = (o) (T, Py (wr(T)))) (s () = P (w (7)) = A o(us(T) = P (u (7))
(1= 2) (I = afy (T = enf ([T @n(@N]")  Prg (@i(D))) ) (ur(T) = Pay () @11

= Mer(Foug) (T) + (1 = Mo ([P ()] +8) £ ([0 (@n(T))]") + oler) = 0.

We may assume that the sequences { )\ }ren and {I converge, let A\g = limg_o0 Ak

and [y = limp_ 00 ”Z'zgg:zzzgxgg%“ Since up € 3/1/[7“(;%) then there exists ¢t € [0, 7] such that u(ty) €

up (T)=Pag (ur (T)) }
|uk(T)_Pm0(uk(T))|| keN

OT(Cs,.). Let ¢, = T~ (ug(tx)), without loss of generality we may assume that either

r+0¢€(01,02) forany keN (2.12)
or
r4+0e€ {0,y U{} for any keN. (2.13)

Let us show that (2.12) cannot occur. By Lemma 2.3, I" is a homeomorphism of Ba (Cs,,) onto I'(Ba (Cs, )) for
sufficiently small A > 0 and uy(tx) € OT'(Cs,, ) then we have

G = D (ug(ty)) € OCs,. (2.14)
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Hence (2.12) and (2.14) imply

|Pn—1Ck|| = 6x for any k € N. (2.15)
Since

1Pa1Cell = [|[Y 1 O)Y () Por G| < [|[YHO)||||Y (8) PG|
then there exists ¢ > 0 such that

1Y (0)Po—1Gill = c|[Pa—1Ckl = 0k
for any 6 € [0, T, and so we have

[ (tx) — Pag (ur(tx)) ]| = |T(Ck) — 20 (¢ +0)|| = [V (¢ +0) Pa—1Cr|| = 6 (2.16)
for any k € N. On the other hand from (2.9) we have that there exists ¢; > 0 such that

lug(T) — up(te)|| < crer  for any ke N. (2.17)

Finally, from Lemma 2.3 we have that xg ( [Ffl ()] "+ 9) is continuously differentiable and so by taking into
account (2.17) there exists co > 0 such that

[P (un(T)) = Puo (ur(tr)) |

zo([rfl(uk(T))]” n 5) - xo([rfl(uk(tk))}" " 5) H (2.18)
< collug(T) — ug(te)|| < crcoer  for any k € N.

We are now in a position to estimate ||uy(T") — Py, (ui(T))|| from below. We have

wk(T) — Py (ur(T))]|
= ||k (tr) — Pao (ur (tr)) + un(T) — uk(tr) — (Pao (ur(T)) — Pag (ur ()l (2.19)
> [ lug (tr) = Pag (ur ()| = Nlur(T) — ur(tr) — (Puo (ur(T)) = Pag (ur ()]l | -

Since ¢, € (0, 5,?0‘) there exists kg € N such that ¢iex + c1c0er < ¢y, for all k£ > kg. Therefore, from (2.17)
and (2.18) we have

Jun(T) = un(tr) = (Pao (ur(T)) = Pao (ur(tr))) || < crex + crcaek < e, (2.20)

for any k > k. By using (2.16) and (2.20) we may rewrite (2.19) as follows
[k (T') = Pag (ur(T))

(2.21)
> ug(tr) = Puo (wr ()| = Nlur(T) — ug(tr) — (Puo (ur (1)) — P (ur ()|
and so
lug(T) — Py (u(T))|| > o — crer — c1coe,  for any &k > ko.
By using this inequality we obtain for any k > kg
Ek < Ek
| (T) — Puo (ur(T))|| ~ cor — cr6x — crcaey
51+O¢ s (222)
< k _ k

~ el — 016i+0‘ — 01026,1€+0‘ c— 108 — crea0
Using (2.22) and passing to the limit as k — oo in (2.11) divided by ||ug(T) — Pa, (ur(T))|| we get

(I = @{o) (T, 20 (S5 +6)))lo =0. (2.23)
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In order to prove that (2.23) leads to a contradiction we now show that

<(I — &y (T, €0)) o, zo([rfl(go)}" + §)> —0. (2.24)
Indeed

20 ([0 (ue(1))])" +9)
(P ) = 2o ([T D" +7) 20 (07" (D] +7) )
<Y ([F‘l(we(T))]” +§) Po T~ (uk(T)), 20 ([r—l(uk(T))]n +§)> 7

< u(T) = Py (ur(T))
[ (T) = Py (ur (T I’
1

" Tur(T) = Pay (urn(D))]]
1

= Tur(T) = Pay (urn(1))]]

and so by Lemma 2.2 we can conclude that

< u(T) — Puy (us(T))
|k (T) = Puy (ur(T))

By the definition of the vector [y from (2.25), passing to the limit as kK — oo, we obtain

{lo, 20 (¢4 +0)) =0. (2.26)

Since ||[lo|| = 1 and so Iy # 0, from Lemma 2.2 we have that there exists /. 7 0 such that

720 ([F‘l(uk(T))]" +5)> =0 for any ke N. (2.25)

lo=Y(( +0)P.1ly and P, 1l =1, (2.27)
observing that, see e.g. ([10, Theorem 2.1]),
:1:22) (t,xo(1)) =Y (t +7)Y ' (1), for any t,7€R (2.28)
we have
(I = @loy (Toao (G5 +0)))lo = (I =Y(T+ ¢ +0)Y (¢ +0))lo
=(Y(@G+0)=Y(T+¢+0)) Pl

— (Co +9) (( e A(CH+0) (1) ) B ( A(T+CT+0) (1) )) Pl (2.29)

€
0
_ (e +0)
o +0) (o P ) R,

contradicting (2.23).

Let us now show that (2.13) also cannot occur. Firstly observe that if, passing to a subsequence if necessary,
we have that — 0 then we can proceed as before to obtain again (2.23) and so a contradiction.

ek
lug (T)=Pug (ur (T))]|

3 Ek 3 _
Therefore, consider the case when T (T =P Car T [, with [ > 0 or [ = +o00. From (2.11) we have that

€k

) =Pt $2+ ) (Do ([P )" +7)) 2.30)

= (@) (@), 20 ([0 ue(@))]" +7) ).

where
= 0) ()= Me(Foya) (T) = (1 = Moo ([T ()" +) £( [0 (7)) ") + 2,
, UR(T') — Pao (ur (T’ o(ur(T") — Py (ur(T
Ti(wo)(T) = Ne(I — () (T, Pao (ur(T)))) |ukk((T)) — Pmo((ui((;))))| — Ak ||(u:((T))— Pre ((u:((T))))|)

+ (1= M)

||Z:g§ ‘ii:ﬁZ’;E?iiH (1=l (T = e ([0 n(D]") P (7)) )
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By using (2.27), (2.29) and Lemma 2.2 we obtain

(T = afy) (oo (66 +0)) Yo 20 (65 +8)) = (V (¢ +8) (T =) Pacilis 20 (G5 +))

(G +0) Pas (1= M) 120 (G5 +))

Therefore
<Tk(x0)(T),z0 ([F_l(uk(T))]n +§)> —0 as k— o0
and from (2.30) we conclude that
<Ek(:c0)(T), 2 ([r—l(uk(T))}" + §)> —0 as k— o0
which imply
(MoF (w0 (5 +8)) = (1= Xo)ao (G +9) £ (G3) 20 (¢ +8)) =0, 2:31)

where

~ T —1
F©) = [ (oly(r.©) olra(r.€).0)dr
0
By Perron’s lemma we have

(0 (¢5+0) f(C) 20 (¢ +0)) = (d0(0), 20(0)) f (¢F)

and so (2.31) can be rewritten as

Xossign (i:0(0), z0(0)) { F (o (G5 +8)) ,20(G5 +8) ) = (1= Mo [{&0(0), 20(0))| £ (G5) = 0, (232)

let us show that

~

sign {0(0), 20(0)) (F (20 (6)) 20 (6)) = £ (6) for any 6 € [0,T]. 233)

Denote by Z(t) and Zy(t) the fundamental matrixes of the adjoint system (1.12) such that Z(0) = I and Zy(¢t) =
(Zn-1(t) z0(t)), where Z,,_1(t) is an x n — 1 matrix whose columns are (not T'-periodic) linearly independent
solutions of (1.12). Since

(2o (1, 20(0))) ToyOY Yr+0) = (Z7X0)" Z*(r+0) = (2,1(0))" Zg (1 +6),

0
o) then we have

see e.g. ([4, Chap. IIL, §12]), and zo(0) = (Z,,—1(0) z0(9)) <
1

(F (w0 (6 Zg(T +6) ¢, wo(7 + 0),0) dr, 2 (9)>

T+9 0
< ZO 7_()7-) ) o(1 — 0,20(7),0) dr, ((1)>>
f

—0,20(7),0)) dr
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and so (2.33) holds. By taking into account (2.33) we can finally rewrite (2.32) as follows
Mo fro (G5 +8) — (1= o) (#0(0), 20(0))] f (&) =0,
where either i’ + 0 =0, or ¢y + 6 = 0. This can be rewritten as

Xofao (0:) — (1= Xo) [{d0(0), 20(0))| £ ((=1)"|¢8]) =0, (2.34)

where either ¢ = 1 ori = 2. If dg(fs,, (61,02)) = 0, then, see ([9, §3.2]) for the definition of Brouwer degree in
R, forany i = 1,2 and any @ > 0 we have

f((=1)'a) = —asign(fs,(01)) = —asign(fx,(02))
and so if dg(f.,, (61,62)) = 0 then (2.34) can be rewritten as

A0 fao (0:) + (1 = o) [(£0(0), 20(0))| [¢o'| sign (£, (6:)) = 0, (2.35)

where either ¢ = 1 or i = 2. If dgr(fz,, (f1,02)) # 0, then for i = 1,2 and any ¢ > 0 we have

F((=1)'a) = (=1)"adr(fa,, (01,02)) = (1) a (~1)'sign(fx, (6:)) = —asign(fo, (0:))

and so (2.34) can be rewritten again as (2.35). But (2.35) contradicts either the assumption that f,,(61) # 0 (in
the case when ¢ = 1) or the assumption that f,,(f2) # 0 (in the case when i = 2).

Therefore, neither (2.13) nor (2.12) can occur and so there exists dp > 0 such that for any 6 € (0, §p] and any
e € (0,6'"] we have that D_(\,u) # 0 for any A € [0,1] and any v € OWr(c;). Thus for any & € (0, &

and € € (O, 5”0‘} both the Leray—Schauder degrees d([ — Ge, WF(CS)) and d(I — /Ala, WF(CS)) are defined
and (2.7) holds. As already noticed (2.7) implies (2.6), hence to finish the proof it remains only to show that
d(I — Ac,T(Cy)) = (—1)P@)dg (fu,, (61,02)) for any § € (0,00] and e € (0,6'F*]. Let § € (0, 5] and
e € (0,611, since I is a homeomorphism of B (Cjs) onto I'(Ba (Cjs)) by ([9, Theorem 26.4]) we obtain

dpn (I — A, T(Cs)) = dpn (I —T7'A.T, Cs).
Let ¢ € Cs. Taking into account (2.28) and (2.29) we have

Y(¢"+90)

(= (MA@ = ¢~ (114,) ( VT

Pn_lc+:co(<;”+5)>
Y(("+90)
(hg(py
Y (7 ?7 n AT —
:g_r—1< ol p () 8)C+$0(Cn+9—€f@"))>
—c— M (C|Rn71)
" —ef(C™)

dpn (I —T7'AT, Cs) = dgn (I —e*7T) x ef, Cs)

=(-r! (% (T —ef(¢"), w0 (¢" +7)) PurGtao(¢" +0 —<f <C”>)>

and so

where (I — eAT) xef = (I — M ef ) . By the property of the Brouwer topological degree for the product of
vector fields, see e.g. ([9, Theorem 7.4]) we have

o e o555,
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where dgn (I — T, Bs5(0)) = (—1)°() by ([9, Theorem 6.1]), and by a direct computation we have that

d]R <€fa <_92 ;91’ 92 ; 91)) = _dR (fmoa(91’92))'

Thus, we finally have that
dgn (I =TT AT, Cs) = — (=1)P 00V dg (fuy, (61,62)) .-

In conclusion, we have proved that there exists 6 > 0 such that for any § € (0,o] and any e € (0,6'T] the
Leray—Schauder topological degree d([ - Qe, WF(C(S)) is defined and it can be calculated by the formula

d(I = Qe; Wricy)) = — (=1)7dg (fu,, (61,02)) -

To conclude the proof we have only to show that Vs := I'(C}) satisfies properties 1) and 2). To this end, let
& € I'(Cy), thus

_Y(+9)

§= YT Py 1C+ao(¢"+0)

for some ¢ € R™ satisfying || P,,—1(]| < § and [F_l(f)]n + 0 € [01, 02]. Therefore

Y(¢"+90)
(hglpy

Pnflc S HPnAC“ S ]

- (r-ror )] -

and so property 1) holds. By the definition of the set Cs we have that for any § € (0,dq) both the points
(O, .0, f%) and (0, .0, 92—;91) belong to the boundary of Cjs. Therefore, both the points xo(6;) and
x0(02) belong to the boundary of I'(Cj). On the other hand if { = x¢(6), where 6 € (61, 02), then

r-'(¢) =1(0,...,0,6 —0) C Cs. (2.36)
Thus £ € T'(Cs) and property 2) is also satisfied. The proof of Theorem 2.1 is now complete. |
Recall that
Ow(x) ={00 € (0,T): Sp, x € OW, Sgx € W for any 0 € (0,6p)}, where z € Gy,

(Sox)(t) =z(t+6) and
B(xo) is the sum of the multiplicities of the characteristic multipliers greater than 1 of (1.10).

We can prove the following result.

Theorem 2.4 Assume that Syy is finite and it contains only nondegenerate T'-periodic cycles of (1.8). Assume
that f,(0) # 0 for any x € Gy . Then for every ¢ > 0 sufficiently small the topological degree d(I — Q-, W) is
defined and the following formula holds

d(I = QW) = (=1)"dan (p, WNR") = 3" (=1)’Ddg (f,, (0, min{Ow(2)})). (2.37)
zEGSw: Ow (z)#£0

Proof. Forany x € Gy satisfying O () # 0 let do(x) and {V5(2)}s¢(0,50(x)) as given in Theorem 2.1,
where zg := x, 61 := 0 and 0> := min{Ow (x)}. Let 6y = min,ce,, .0, (2)20 do(x) > 0. Since f,(0) # 0 for
any x € Sy then by Malkin’s theorem, see [14] or ([13, Theorem p. 387]), there exists 0. € (0,d1) and e, > 0
such that

Q-7 £ for any T € Bs, (x) whenever z € Sy and ¢ € (0,¢,). (2.38)
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By the definition of Sy from (2.38) we have that

Q:T # x for any T € Bs, (x) U Bs, (Smin{@)w(m)}z) whenever © € Sy and ¢ € (0,¢.). (2.39)
Let 0.« € (0, d,) be sufficiently small in such a way that

(Bs, (x) U Bs, (Smin{ow @)}%) U Wy, (2)) \W C Bs, () U Bs, (Smin{ow (2)}2)
for any x € Gy, therefore by taking into account (2.39) we have

Q.x#% forany 7€ (Ba* (z) U Bs, (Smin{GW(;E)}x) U WVa**(E)) \W,

whenever © € Gy and ¢ € (0,¢,). Therefore by applying the coincidence degree formula given by Theorem
2.1 for any x € Gy such that Oy (z) # 0 and any € € (0, min {§'7* &, }) we have

d (I = Qe (Bs. () U Bs. (Sminfew @17) U Wy, () N W)
=d (I — Qc, Bs. () U Bs, (Sminfow ()32) U Wy;,, (2))
=d(I = Qe, Wy;, ()
= — (=1)"dg (f2, (0, min{Ow (2)})).

(2.40)

Let

&Y = {x € Gy : there exists 5y > 0 such that Ss(z) & OW forany § € (—8p,0) U (0,d0)} .
From (2.38) we have that

d(I —Qe,Bs.(x)NW) =0 for any 2 € G, and any ¢ € (0,&,). (2.41)

Since any point x € Gy is a limit cycle of (1.8) and, by assumption, they are in a finite number we may assume
without loss of generality that §, > 0 is sufficiently small to have that

Qo(Z) £ for any T € C([0,T],R™) such that Z(0) € Bs, (z([0,7]))\z([0,T]). (2.42)

Therefore we have that the boundary of the set W\ E'5, where

Es, =

*

(B(;* (z) U Bs, (S@W(I)ZE) U WVE** (I)) N W) U ( U Bs,(z)N W)

50
zeGy,

(zEG w:Ow () #0
does not contain 7'-periodic solutions of (1.8). This fact allows us to apply Corollary 1 of [3] to obtain

d(I — Qo, W\Es,) = (=1)"dr~ (¢, E5. NR™). (2.43)
But from (2.42) the function v is nondegenerate on the set £s, N R™ and from (2.43) we have that

d(I — Qo,W\Es,) = (=1)"dgn (¢p, W NR™). (2.44)
From (2.40), (2.41) and (2.44) the conclusion of the theorem easily follows. O

Remark 2.5 From (2.37) it follows that the points of Sy such that Spax ¢ Gy for all 6 € (0,7) do not
affect the value of d(I — Q., W) with € > 0 sufficiently small.

Let X = {x € C([0,T],R") : (0) = z(T)} and let L : dom L C X — L([0,T],R") be the linear
operator defined by (Lz)(-) = @(-) with dom L = {x € X : x(-) is absolutely continuous}. It is immediate to
see that L is a Fredholm operator of index zero. Let N, : X — L!([0,77],R") be the Nemitcky operator given
by (Nez)(-) = ¥(x(-)) + (-, 2(+), ). Thus the existence of T-periodic solutions for system (1.1) is equivalent
to the solvability of the equation

Lxr = N.x, x¢&domlL. (2.45)

We now provide for the coincidence degree Dy, (L — N, W N X) of L and N, see ([17, p. 19]), a formula
similar to that established in Theorem 2.1.
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Corollary 2.6 Assume all the conditions of Theorem 2.4. Then for € > 0 sufficiently small the coincidence
degree Di,(L — N, W N X) is defined and the following formula holds

Di(L— N, WNX)=(—1)"dgn (1), W NR")
— Y 1)@y (f,, (0, min{Ow (2)})) . (2.46)

TEGCW: Ow (z)#£0

Proof. Since d(I — Q., W) is defined for € > 0 sufficiently small then Dy, (L — N, W N X) is also defined
for € > 0 sufficiently small, see ([17, Chap. 2, §2]). To prove (2.46) we apply the duality principles developed in
([17, Chap. 3]). First, observe that the zeros of the operator R, : C([0,T],R") — C([0,T],R™) defined by

(Rex)(t) = 2(t) — 2(0) — / (W((r)) +ed(r, 2(r),<)) dr
t T
- / (W(e(r) + ed(r,a(r), &) dr +t / ((e(r)) + b(r, o(r),<)) dr
0 0

coincide with the fixed points of the operator Q)., hence d(R., W) is also defined for e > 0 sufficiently small.
Therefore by ([17, Theorem III.1] with @ = 1 and b = 0) and ([17, Theorem II1.4]) we have that

d(Re, W) = d(I — Q.,W).

Furthermore, by using the methods employed in ([17, Chap. I, §4]) for defining Dy, (L — N., W N X) and by
([17, Theorem III.7]) we obtain that

Dp(L—N,WnX)=d(R:,W),
which concludes the proof. |

Remark 2.7 If W = Wy for a suitable open set U C R™ then it is possible to rewrite (2.37) and (2.46) in a
different way by representing the sets Gy as follows

Sw = U (- €)
£€oU:x(0,6)=2(T.¢)
and
Ow(x) ={00 € (0,T) : x(6p) € OU, z(0) € U forany 6 € (0,6p)} .
Moreover, if

any Cauchy problem associated to (1.1) has an unique solution defined in [0, T, (2.47)

then we can introduce the Poincaré—Andronov operator 2. : R™ — R™ in the following way

Q (5) = Ze (T’ 6)5

where x.(+, §) is the solution of (1.1) satisfying z.(0, &) = . In this case we can provide an analogous result to
(2.37) for the Brouwer topological degree of I — ). on U.

Indeed, we can prove the following result.
Corollary 2.8 Assume that condition (2.47) is satisfied. Let

6V = U (-, €).

£€0U:2(0,§)=x(T.€)
Assume that GY is finite and any T-periodic solution o € GY is a nondegenerate limit cycle of (1.8). If
f(0) #0 forany x€&Y
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then for all € > 0 sufficiently small the topological degree dgn (I — Q).,U) is defined and it can be evaluated by
the formula

dpn (I — Q2 U) = (—=1)"dgn (), U) — > (—1)P@dg (fu, (0,min{0OY(z)})), (2.48)
zeGV: OV (z)#0

where, for any v € &Y, QY (x) = {0y € (0,7T) : x(6p) € OU, z(0) € U for any 0 € (0,00)} and B(z) is the
sum of the multiplicities of the characteristic multipliers greater than 1 of (1.10) with z¢ := x.

Proof. From Theorem 2.4, taking into account Remark 2.7 we have that there exists g > 0 such that for
every € € (0, gg] the degree d(I — Q., Wy) is defined and

d(I = Qe, Wy) = (—=1)"drn (¢, Wy NR")
— Y ()@ (fo. (0,min{0Y(2)})). (2.49)

z€GY: OU(z)#£0
Therefore, to prove the corollary we show that

d(I — Qe,Wy) =drn (I — Qc,U) for any ¢ € (0, g (2.50)
and
dgn (0, Wy NR™) = dga (1, U). 2.5

To prove (2.50) let us define W5 C C([0,T],R™) as
W5 ={z € C([0,T),R") : a7 (t,z(t)) € U, forany t € [0, T} .
We claim that there exists &g € (0, £o] such that
Qex # x for any z € (Wy\Wg) U (W5\Wy) and any e € (0,&). (2.52)

Assume the contrary, thus there exist sequences {ex } ren C (0, £0],ex — 0ask — oo, {x tren C C([0,T],R™),
such that

zr € (Wy\Wg) U (Wi \Wy), (2.53)
and
2 — To as k — oo where Q., xy = . (2.54)

It is easy to see that (2.53) implies 2:p € Wy . This fact together with (2.54) and the assumption that f,,(0) # 0
leads to a contradiction with the Malkin’s result (1.13)—(1.14). Therefore, we have proved that (2.52) holds and
thus

d(I — Qe,Wy) =d(I — Q.,Wg) for any e € (0,20).

Since for any € > 0 the sets U and W; have a common core with respect to the T'-periodic problem for system
(1.1), see ([9, §28.5]), then, by ([9, Theorem 28.5]), we have

d(I — Qe W§) =drn(I —Q.,U) for any &>0

and so (2.50) is proved. Finally, the proof of (2.51) is obtained by means of the Leray—Schauder continuation
principle. In fact, let

Uyn={¢eR": a7 (\t,{) € Uforany t € [0,T]}, A€ [0,1],
we now show that
0¢&(dU,) for any M€ [0,1]. (2.55)
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Assume the contrary, thus there exists A\g € [0,1] such that {§, € OU,, and () = 0. Observe, that
x71(\ot, &) € U forany t € [0, 7). Therefore, we have that there exists ¢y € [0, 7] such that 2= (\oto, &) €
AU and from the fact that 1)(&y) = 0 we have that 271 (\ot, &) is constant with respect to ¢ € [0, T']. Hence we
have 2=t (Aoto, &) = 271(0, &) = & and we obtain that £, € OU contradicting the fact that U contains only
initial conditions of nondegenerate limit cycles of (1.8). By using the Leray—Schauder continuation principle [11]
(see also [2, Theorem 10.7]) from (2.55) we now conclude that

dgn (1, Up) = dgn (30, Ur).
On the other hand Uy = U and U; = Wy N R™ and so the proof of (2.51) is also complete. O

Remark 2.9 From (2.48) it follows that if the limit cycle z € GY touches OU but it does not intersect OU
then this cycle does not have any influence in the evaluation of dgn (I — Q., Wyy) with € > 0 sufficiently small.

3 Existence of T-periodic solutions
By means of different choices of the set W C C([0, T], R™) we formulate in what follows some existence results
for T-periodic solutions to (1.1) in W.

Theorem 3.1 Assume that all the nonconstant T'-periodic solutions of (1.8) are nondegenerate limit cycles
of (1.8). Then for any open bounded set W C C([0,T),R™) containing all the constant solutions of (1.8) and
satisfying the conditions

Gw is finite, [.(0) £0 for any x € Sy

and

(—1)"den (o, WAR") = Y (=1 @y (£, (0, min{Ow ()})) # 0

xEGw: (‘)W(I)#@

there exists g > 0 such that for any € € (0, go] system (1.1) has a T-periodic solution belonging to W.

The assumptions of Theorem 3.1 implies that the set Gy contains only nondegenerate cycles of (1.8). There-
fore, Theorem 3.1 follows from Theorem 2.4 and the solution property of the Leray—Schauder topological degree,
see ([9, Theorem 20.5]). Observe that Theorem 3.1 is an extension of ([3, Corollary 4]).

The next result provides conditions under which the conclusion of ([3, Theorem 2]) remains valid also in the
case when OW contains T'-periodic solutions to (1.8).

Corollary 3.2 Assume that all the nonconstant T -periodic solutions of (1.8) are nondegenerate limit cycles
of (1.8). Assume that there exists an open bounded set W C C([0,T],R"™) containing all the constant solutions
of (1.8) and satisfying the conditions

Gw is finite, fr(0) - fo(min{Ow (z)}) >0 for any v € Sw with Ow(x) # 0 (3.1)
and

dg» (1, W N R™) # 0. (3.2)

Then for any € > 0 sufficiently small system (1.1) has a T-periodic solution belonging to W.
The proof of the Corollary 3.2 follows directly from the fact that (3.1) implies that

dg (fz, (0,min{Ow (z)})) =0 for any z € Sy with O (x) # 0

(see [9, §3.2]).

In what follows we give some applications of Theorem 2.1 to the problem of the existence of T-periodic
solutions to (1.1) near a nondegenerate limit cycle of (1.8). In the sequel p(, A) denotes the distance between
& € R™and A C R" given by p(&§, A) = infrc4||§ — (|| First, we state the following result.
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Theorem 3.3 Let x be a nondegenerate T-periodic limit cycle of (1.8). Let 0 < 07 < 05 < 67 + % where
p € Nand % is the least period of x(. Assume that

fmo(el) * fxo (92) <0. 3.3)

Let © be the set of all zeros of fr, on (01,02). Then, for any € > 0 sufficiently small, system (1.1) has a T-periodic
solution . such that for any t € [0,T] we have

p(xe(t),zo(t +©)) — 0 as ¢ —0. (3.4
Proof. Observe, that condition (3.3) implies that

feo(01) #0 and  fr,(02) # 0

and so the assumptions of Theorem 2.1 are satisfied. Let us fix & > 0, from Theorem 2.1 we have that there exists
0o > 0 such that for any € € (0, 53"’0‘) the topological degree d([ —Qe, WV&(E)) is defined with §(g) = /(1 +)
and

d(l - Q, WV&(E)) = = (_1)ﬁ(m0)dR(f$o’ (91792))'

From (3.3) we also have, see ([9, §3.2]), that |dgr (fz,, (01,02))| = 1 and so for any ¢ € (0, 5é+o‘) system (1.1)
has a T-periodic solution x. such that 2. (0) € Vj(.). Moreover, from property 1) of Theorem 2.1 we have that

p (=(0), z0([61,62])) < 8(e) = "/ 1+, (3.5)
Let uc(t) = 27 1(t, 2 (t)), then, see e.g. ([6, (13)=(19)]),

e (t) = e (o) (8, us (1))~ Bt 2(t, us(t), ).
Therefore there exists M7 > 0 such that

|us(0) — u(t)|| < Mye for any € € (0,5;7*) and any ¢ € [0, 7. (3.6)

On the other hand, u.(0) = x.(0) and so from (3.5) and (3.6) for any ¢ € (0,55*) and any ¢ € [0, 7] we have
that

pluc(t), zo([01,02])) < [luc(t) — z<(0)I] + p(x2(0), zo([01, 02]))

S 61/(14‘04) (1 + Mlga/(l-i-a)) ) (37)

Since for any 6 € [01,602] we have that ||z.(t) — 2o(t + 0)|| = ||x(¢, ue(t)) — 2(t, 2o(0))]|| and since, as it was
already observed, in the proof of Theorem 2.1, the function (-, -) is continuously differentiable with respect to
both variables we have that there exists M> > 0 such that

|2-(t) — zo(t + 0)|| < Ma|luc(t) — 2(0)|| for any e € (0,557), t€[0,7], 0 € [61,05]. (3.8)
Substituting (3.7) into (3.8) we obtain that
plae(t), zo(t + [61,05))) < /AT 0, (1 + Mlga/<1+a>) for any e€ (0,6%), t€[0,T]. (3.9)
Assume now that (3.4) is not true, thus there exist . > 0 and sequences {ej }ren C (0, 53"’0‘), er — 0O as
k — oo, and {tx }ren C [0, T] such that

xe, (tr) € Bs, (xo(ty + ©)) for any k€ N. (3.10)

Without loss of generality we may assume that {z } xen and {¢x }ren are converging. From (3.9) we have that
there exists 6, € [01, 62] such that

xp(t) — zo(t+0.) as k— o0 (3.11)

uniformly with respect to ¢ € [0,7T]. By using [14] or ([13, Theorem p. 387]) we can conclude from (3.11) that
fzo(0+) = 0. On the other hand, from (3.10) we have that 2¢(to + 0x) & Bs, j2(zo(to + ©)), where 1y =
limg oo tx, and thus zo(0x) & Bs, /2(20(0)). This contradiction proves (3.4) and thus the proof is complete. [J
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A topological degree approach to prove the existence of periodic solutions to some classes of autonomous
perturbed systems can be found in [1] and [8].

Remark 3.4 From the proof of Theorem 3.3 we see that Theorem 2.1 also provides information about the
rate of the convergence of T-periodic solutions of (1.1) to a limit cycle of (1.8). In fact, from (3.9) we have that
the distance between the graph of the T-periodic solution z. and the limit cycle zg is of order ¢'/(1+®) where
a > 0 is any positive constant.

We are now in a position to establish some existence results of T-periodic solutions to (1.1). First, by using
Theorem 3.3 we state in Corollary 3.5 a generalization of the following Malkin’s theorem, see ([14] and ([13,
Theorems pp. 387 and 392]), (the same result with a more rigorous proof is also given in ([12, Theorem 1])).
In fact, in Corollary 3.5 the Malkin’s regularity assumptions are weakened to conditions (1.2) and moreover
(fz0)'(6o) can be 0. Finally, we observe that Corollary 3.5 can be also deduced from the existence results estab-
lished by Feckan in [S]. However, unlike [5], we provide the value of the topological degree d(I - Q-, WV5<5>)
that, as pointed out in the sequel, could be employed to investigate the stability properties of the solution z..

Malkin’s theorem Let i) € C® and let ¢ € C?. Let xo be a nondegenerate T-periodic limit cycle of (1.8).
Assume that there exists 0y € [0, T such that f,(00) = 0 and

(f20)"(00) # 0. (3.12)

Then for all £ > 0 sufficiently small system (1.1) possesses a T-periodic solution x. satisfying

xe(t) — zo(t+6p) as e —0, te][0,T]. (3.13)

Corollary 3.5 Assume that 1 and ¢ satisfy conditions (1.2). Let xo be a nondegenerate T'-periodic limit cycle
of (1.8). Assume that there exists 6y € [0, T| such that

faoo(0o) =0 and fz, is strictly monotone at 6. (3.14)

Then for all € > 0 sufficiently small system (1.1) possesses a T-periodic solution x. satisfying (3.13).

The proof of Corollary 3.5 is a direct consequence of Theorem 3.3 with §; < 6y < 6 sufficiently close to .
We would like to observe that, under the regularity assumptions of the Malkin’s theorem, the asymptotic stability
of the resulting T-periodic solutions can be also established by means of the derivatives of the involved functions.
Clearly, under the weaker regularity assumptions (1.2) this approach is impossible. On the other hand as shown
in [18] some stability properties of the T-periodic solutions to (1.1) can be derived from the value of the degree
d(I — Qc, Wy (<)), where Vs(e) are the sets employed in the proof of Theorem 3.3.

The case when (3.12) is not satisfied was treated by Loud in [12], we show here that, by using Theorem 3.3,
the conditions of a related Loud’s existence result can be considerably simplified. Also for this case we do not
provide here any result about the stability of the resulting periodic solutions as it has been done in [12]. In order
to formulate the Loud’s existence result we introduce some preliminary notations. First of all we need to translate
and rotate the axes in such a way that 29(0) = 0 and @0(0) = ([z¢(0)]*,0,...,0) . Let (-, £, ) be the solution
of (1.1) satisfying z(0,&,¢) = £. Let F(€,¢e) = x(T,&,¢) — &, since the limit cycle ¢ is nondegenerate then
n — 1 equations of the system F'(¢, ) = 0 can be solved near 0 with respect to some ¥, where k € {1,2,...,n}
and as a result we obtain a scalar equation H (u,e) = 0. Let D,,, be the discriminant of the equation

1 03H 5 1 OPH 10°H
0)m* + = (0,0)m+ EW(

———F(0 — 0,0) =0.
2 Ou?0e (0,0) 2 Oude? »0)
We can now formulate the Loud’s existence result ([12, Theorem 2]).

Loud’s theorem Let ¢ € C° and let ¢ € C?. Let xy be a nondegenerate T-periodic limit cycle of (1.8).
Assume that for some 0y € [0, T satisfying fz,(00) = 0 we have (fz,) (6o) = 0. Finally, assume that

Dy, >0 and (fs,)"(60) = 0. (3.15)

Then, for all € > 0 sufficiently small, system (1.1) has a T-periodic solution x. satisfying (3.13).
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In the case when [, (+) is identically zero Loud in [12] has derived from the above theorem an important result
on the existence of T-periodic solutions to (1.1) near zo. But even in the case when (fy,)"”"(6y) # 0 to verify
(3.15) is not a feasible problem (here it is assumed ¢ € C?). This is the reason why it is of interest to state the
following result which is a particular case of Corollary 3.5.

Corollary 3.6 Let1) € C' andlet ¢ € C3. Let ¢ be a nondegenerate T-periodic limit cycle of (1.8). Assume
that for some 0y € [0, T] we have

fao(00) = fr,(00) = fr,(00) =0,  f.(60) #O.

Then for all £ > 0 sufficiently small system (1.1) has a T-periodic solution x. satisfying (3.13).
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