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Dynamical Analysis of Full-Range Cellular
Neural Networks by Exploiting Differential

Variational Inequalities
Guido De Sandre, Mauro Forti, Paolo Nistri, and Amedeo Premoli

Abstract—The paper considers the full-range (FR) model of
cellular neural networks (CNNs) in the case where the neuron
nonlinearities are ideal hard-comparator functions with two
vertical straight segments. The dynamics of FR-CNNs, which is
described by a differential inclusion, is rigorously analyzed by
means of theoretical tools from set-valued analysis and differential
inclusions. The fundamental property proved in the paper is that
FR-CNNs are equivalent to a special class of differential inclusions
termed differential variational inequalities. A sound foundation
to the dynamics of FR-CNNs is then given by establishing the
existence and uniqueness of the solution starting at a given point,
and the existence of equilibrium points. Moreover, a fundamental
result on trajectory convergence towards equilibrium points
(complete stability) for reciprocal standard CNNs is extended to
reciprocal FR-CNNs by using a generalized Lyapunov approach.
As a consequence, it is shown that the study of the ideal case with
vertical straight segments in the neuron nonlinearities is able to
give a clear picture and analytic characterization of the salient
features of motion, such as the sliding modes along the boundary
of the hypercube defined by the hard-comparator nonlinearities.
Finally, it is proved that the solutions of the ideal FR model are
the uniform limit as the slope tends to infinity of the solutions
of a model where the vertical segments in the nonlinearities are
approximated by segments with finite slope.

Index Terms—Cellular neural networks (CNNs), differential in-
clusions, full-range (FR) model, sliding modes, trajectory conver-
gence, variational inequalities.
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I. INTRODUCTION

THE standard (S) cellular neural networks (S-CNNs) intro-
duced by Chua and Yang [1] have been one of the most

investigated neural paradigms for real time signal processing.
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Fig. 1. Hard-comparator nonlinearity.

These networks have a number of advantages over other neural
architectures, with the most important one being that they admit
a simpler VLSI implementation because of the local and spa-
tially invariant neuron interconnecting structure.

A number of additional advantages in the VLSI implementa-
tion of chips with a large number of cells have been achieved by
the introduction of the so-called full-range (FR) model of CNNs
[2]. In a FR-CNN each neuron is characterized by a self-loss
hard-comparator nonlinearity where

and is the voltage at the neuron capacitor (see Fig. 1).
This nonlinearity is used to prevent the state variables of
FR-CNNs from exceeding the range and is different
from that used in S-CNNs, which involves a standard piece-
wise-linear input–output function with unity gain inside the
linearity region and saturation levels outside that region [1].

It is worth pointing out that almost all recently manufactured
chips [3]–[6] are based on the FR model. These include the
well-known ACE4k [4] and ACE16k [6] chips, which imple-
ment the CNN Universal Machine [7], i.e., a general purpose
vision device incorporating optical sensing and combining logic
operations and spatial-temporal dynamics generated within a
FR-CNN architecture. The same chips have been demonstrated
especially suitable for the implementation of a real-time pro-
grammable bifurcation testbed to experimentally uncover new
spatial-temporal patterns and complex dynamics [8].

The ideal nonlinearity exhibits two vertical straight seg-
ments for , and thus it corresponds mathematically to a
set-valued map. Therefore, FR-CNNs are described by a differ-
ential inclusion [9] unlike S-CNNs, where the dynamics obeys
a (conventional) differential equation. The goal of this paper
is to rigorously analyze FR-CNNs by using appropriate tools
from set-valued analysis and differential inclusions. The funda-
mental property established is that the dynamics of FR-CNNs
can be described by a special class of differential inclusions
named differential variational inequalities. The paper then gives
a sound theoretical foundation for the dynamics of FR-CNNs,
by addressing the questions of the definition, existence, and
uniqueness of the solution of FR-CNNs, and of the existence
of at least one stationary solution (an equilibrium point). The

analysis is valid in the general case where the neuron intercon-
nection matrix may be either symmetric or nonsymmetric.
Moreover, under the hypothesis of a symmetric , it is shown
that FR-CNNs obey a gradient differential inclusion, and a fun-
damental result on trajectory convergence towards equilibrium
points (complete stability) is obtained via a generalized Lya-
punov approach. This extends to reciprocal FR-CNNs previous
results on convergence for reciprocal S-CNNs [1].

To the authors’ knowledge, FR-CNNs have been analyzed
only by approximating the nonlinearity by a less-hard
single-valued comparator function where the vertical segments
in are replaced by segments with a very high but finite
slope , which leads to FR-CNNs described by a differential
equation. It would be more precise to use the name improved
signal-range CNN model for the case with finite slope [3],
since for this model the state variables exit the range .
For simplicity, we adopt the acronym FR-CNN also for the case
with finite slope. In particular, basic results on the complete
stability of FR-CNNs with finite-slope nonlinearities have been
established in [3], [10]. Moreover, in [3] it is demonstrated
that in the case of finite slope , FR-CNNs preserve most
functionalities of the original S-CNN model [1]. In this paper,
we thus aim to fill the gap in previous work by showing that
it is possible to give a rigorous mathematical treatment and
a proof of complete stability for the ideal FR-CNN model,
i.e., the model obtained when the slope is infinity. As it
usually happens in the framework of the theory of differential
inclusions [9], [11], we will find that the analysis of the ideal
case has also the following main advantages.

1) It is simpler and more direct than the approximation ap-
proach based on considering first the situation of finite
and then studying the limit as tends to infinity;

2) It is able to give a clear picture and analytic characteri-
zation of the salient features of motion, such as the pres-
ence of sliding modes along the boundary of the hypercube

defined
by the hard-comparator nonlinearities ( is the number of
neurons).

A different approach, which keeps exactly vertical straight
segments in the ideal nonlinearity , consists in an
event-based scheduling of a sequence of affine systems
describing the dynamics of the FR-CNN. As the state of the
network is confined in the hypercube , only a subset of the
state variables is active (i.e., unconstrained), for any affine
system in the sequence, while the remaining state variables are
saturated (i.e., constrained to ). The time-domain analysis
implied by this approach requires the determination of the time
instants when a state variable changes from being unconstrained
to being constrained, or vice versa. In correspondence with
these switching events, the system of differential equations gov-
erning the FR-CNN changes together with the subset of active
state variables. We are able to reformulate this system within
each inter-event time interval: at a given time instant, the order
of the affine system equals the number of active state variables,
and varies in the range . In this way, a solution to the
FR-CNN equations is constructed by piecing together solutions
of the different affine systems in the event-based sequence. An
analogous method was applied in [12] to a class of modified
Hopfield-type neural networks. This conventional approach
allows the implementation of computer simulator algorithms
by using standard numerical techniques [13]. However, it is our
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opinion that it does not easily allow the determination of gen-
eral information about trajectory convergence and other global
properties of FR-CNNs. Furthermore, such an approach suffers
from the fundamental shortcomings pointed out in [14]. Specif-
ically, there are difficulties in defining a solution in cases where
a trajectory switches infinitely often between different affine
systems during a finite time interval. This situation commonly
occurs in switching dynamical systems. The present paper aims
at formulating a unique equation system that incorporates the
inequality constraints due to the hypercube boundary, is valid in
the whole time interval of analysis and, hence, is independent
of the number of constraints actually limiting the trajectory
space. Moreover, by using tools from differential inclusions,
the noted problems in the definition of a solution are resolved.

The outline of the paper is as follows. In the remaining part
of this section we give the needed mathematical background
for the analysis to be developed. Section II describes the model
of FR-CNNs and discusses its analytic foundation. The main
results on trajectory convergence of FR-CNNs are given in
Section III. Finally, the conclusions drawn in the paper are
summarized in Section IV.

A. Preliminaries

In this section, we present the needed definitions and results
concerning set-valued maps and differential inclusions. We refer
the reader to [9], [15] for a more thorough treatment.

1) Set-Valued Maps: A set-valued map
is a map that associates to each point a set .
A set-valued map with nonempty values is said
to be upper semicontinuous at if for any open set
containing there exists a neighborhood of such that

. If is closed, has nonempty closed values and
is bounded in a neighborhood of each point , then is
termed upper semicontinuous on if and only if the graph of

is closed.
2) Tangent and Normal Cones to Closed Convex Sets: Given

a nonempty closed convex set , and a point , the
tangent cone to at is defined as follows [16]:

while the normal cone to at is

We observe that both and are nonempty closed
convex cones in . In particular, if , then

and so .
Some tangent and normal cones are shown in Fig. 2 for a

closed convex set . They are shown for points ,
and on , where the tangent line cannot be defined,
and to a point on where the tangent line exists. For
simplicity of representation, in the figure we have illustrated

and , i.e., the two cones translated at the
related point. Clearly, the use of the normal and tangent cones is
of interest mainly when they are referred to a point
where the tangent line cannot be defined.

Fig. 2. Closed and convex setK � with tangent and normal cones shown
at some points on bd(K).

To any we can associate a unique point
satisfying

The operator is called the projector of best approximation
on . In particular, we define by

the element with the smallest norm.
3) Differential Calculus for Extended-Valued Functions: In

this section, we consider extended-valued functions [9] which
are allowed to take the value , i.e., functions

.
Given , we denote the epigraph of by

We recall that a function is convex if and
only if its epigraph is convex [9, p. 22].

Definition 1 [9, p. 32]: Let be convex
in . Suppose that is finite at a point . We define the
generalized gradient of at to be the set

Fig. 3(a) shows the epigraph at a point and
the generalized gradient at for a nonsmooth convex
function . Fig. 3(b) depicts the epigraph and the gen-
eralized gradient in the case of a nonsmooth extended-valued
function , which is finite at and
assumes the value in a left neighborhood of .

If is convex and differentiable at , then
is single-valued. Moreover,

is the normal vector to , while is the
normal vector at the point to the graph of

. Definition 1 thus generalizes to nonsmooth extended-valued
functions the notion of the normal vector at a point of a graph.
We observe that is in general a (possibly empty) closed
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Fig. 3. Epigraph and generalized gradient of nonsmooth convex functions. (a)
Conventional function f : ! . (b) Extended-valued function f : !
[ f+1g.

convex set of . In particular, if is a nonsmooth locally Lip-
schitz function then is a nonempty set and it coincides
with the Clarke’s generalized gradient. This concept has been
already used in a number of engineering applications, see, e.g.,
[17], [18], and their references.

Let be the indicator of the nonempty
closed convex set , namely

The function is convex in and is a nonempty
closed convex set in .

We recall the following results.
Property 1: For any point , we have

Proof: See, e.g., [15, Prop. 2.4.12].
In this paper, we will encounter extended-valued Lyapunov

functions of the form

(1)

where is and
is the indicator of a nonempty closed convex set . The
calculus of the time derivative of along solutions of a
given differential inclusion is of key importance in the Lyapunov
approach used in this paper. To this end, the following rule will
play a crucial role.

Property 2 (Chain Rule): Consider the function defined
by (1). Suppose that is differentiable at and
Lipschitz near , and that is differentiable at . Then

(2)

where .
Proof: Since and are regular func-

tions at any [15, Cor. p. 32, Prop, 2.4.12], we have that
[15 , Th. 2.9.8] and, by Property

1, . Since is differentiable at
, and Lipschitz near , then is strictly differentiable at

[15, Prop. 2.2.4]. Moreover, it can be proved that all assump-
tions of [15, Th. 2.9.9] are satisfied. In fact, is finite at any

, it is directionally Lipschitz at , and regular at this
point. Therefore, the result directly follows by applying [15, Th.
2.9.9] .

4) Differential Variational Inequalities: Let be a
nonempty closed convex set and be a given func-
tion. Following [9, Ch. 5], a differential variational inequality is
a differential inclusion of the form

(3)

where is the normal cone to at . A solution
to (3), , with , is an absolutely continuous
function such that

for a.a.
(4)

where to simplify the notation we have used a.a. as an abbrevi-
ation of the term “almost all.” If in addition

(5)

for a.a. , then is said to be a slow solution of (3).
The following lemma summarizes results on differential vari-

ational inequalities established in [9, Ch. 5], which are useful for
the analysis in this paper.

Lemma 1: Suppose that is a nonempty compact convex set
and is continuous on . Then the following are
true.

1) For any there is at least a slow solution to the
differential variational inequality

for a.a.
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which is also a solution of the projected differential equa-
tion

for a.a. (6)

where is the tangent cone to at
and is the projection of on

.
2) There exists at least a solution to the inclusion

.
The above concept of a differential variational inequality has

been recently generalized in [19]. We refer the reader to that
paper also for a discussion on the importance of variational in-
equalities in modeling several physical systems that may also
involve inequalities and discontinuous nonlinearities.

II. THEORETICAL FOUNDATION OF FR MODEL

The goal of this section is to give a theoretical foundation to
the dynamics of FR-CNNs by exploiting tools from set-valued
analysis and differential inclusions. In Section II-A we intro-
duce the FR model of CNNs. In Section II-B we discuss the def-
inition, existence and uniqueness of the solution of such model.
Finally, in Section II-C we present results that are useful for the
understanding of FR-CNN dynamics, and we compare the so-
lutions of the ideal FR-CNN model with those of a modified
model where the vertical segments in the nonlinearities are ap-
proximated by segments with finite slope.

A. FR Model of CNNs

In this paper, we consider CNNs whose dynamics is described
by the differential inclusion

(6a)

where is the vector of neuron state variables,
is the set-valued vector field defining (6a),

and , is
a hypercube in . Furthermore, is the constant
neuron interconnection matrix, is the constant input,
and is a set-valued
map where is defined as

(7)

Neural network (6a) corresponds to the so-called FR model
of CNNs. This model significantly differs from that of S-CNNs
originally introduced by Chua and Yang [1]. The main differ-
ence is that in (6a) each neuron has a self-loss nonlinearity
which is represented by a hard-comparator function as in
(7), while a standard piecewise-linear input–output neuron non-
linearity with unity gain in the linear region, and saturation
levels, is employed for S-CNNs. FR-CNNs were introduced in
[3] with the aim of accelerating the operation of S-CNNs by re-
ducing the allowable range of variation of the neuron state vari-
ables . In fact, the hard-comparator nonlinearity is seen

Fig. 4. Circuit implementing a FR-CNN neuron.

to prevent from leaving the interval . FR-CNNs have
displayed a number of advantages in the VLSI implementation
with respect to S-CNNs, including smaller power consumption,
higher cell densities, and increased processing speed. Almost all
chips manufactured recently exploit an array dynamics which
can be modeled by (6a), see [2]–[6].

It is also worthy of note that the ACE4k chip described in [4]
features a nonlinear neuron conductance that closely approxi-
mates the ideal hard-comparator nonlinearity , with de-
noting the voltage at the neuron capacitor . In fact, as dis-
cussed in [4, Sec. 3.5], the neuron conductance can be consid-
ered an open circuit in the range (current
is zero except for leakage through or the switches ,
and diode-like clamps and ), while the voltage remains
clamped at a constant value or respectively for
any positive or negative current , as shown in Fig. 4. An
almost ideal voltage clamp is obtained by switching between
two circuit topologies. The topology change is implemented by
switches , and . When the voltage reaches the
limiting levels or is disconnected from
any input current and connected to the constant supply voltage
(high or low, according to ). Two clamping MOSFETs absorb
any current entering the input node, without affecting the neuron
voltage . As the voltage stays constant notwithstanding
the nonidealities of the switches, the clamp can be considered
ideal. Since the neuron can sink any positive current,
the current through the neuron conductance may actually
assume all positive values, i.e., is a set-valued map. This
is expressed mathematically by the inclusion .
An analogous situation occurs for . This discussion
justifies from a more physical viewpoint why the dynamics of
FR-CNNs is naturally described by a differential inclusion as in
(6a).

B. Existence and Uniqueness of Solution

Since (6a) is described by a differential inclusion, we consider
what is meant by a solution of a Cauchy problem associated with
(6a). Moreover, the issue of the existence and uniqueness of the
solution for such a Cauchy problem, and the existence of at least
one equilibrium point for (6a), must be addressed.

According to the theory of differential inclusions [9], a so-
lution of (6a) on , with initial condition

, is an absolutely continuous function on such
that for and for a.a. we have

.
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In particular, an equilibrium point is a stationary so-
lution of (6a), hence it satisfies the inclusion

.
To address the existence of solutions to a Cauchy problem

associated with (6a), and the existence of stationary solutions,
we begin by establishing a relationship between (6a) and a class
of differential variational inequalities [see Section I-A4)]. To
this end, note that

for any , i.e., coincides with the normal cone to
at . Hence, (6a) can be rewritten as

for . This means that the stated Cauchy problem associ-
ated with (6a) is equivalent to the following differential varia-
tional inequality

for a.a.
(8)

The next property holds.
Property 3: For any , there is at least a solution

of (6a) with initial condition , which is defined for
. Moreover, there is at least one equilibrium point

of (6a).
Proof: A Cauchy problem associated with (6a) is equiva-

lent to the differential variational inequality (8). Hence, the re-
sult is an immediate consequence of Lemma 1.

Let us now consider the issue of uniqueness of the solution for
a Cauchy problem associated with (6a). It is noted that the dif-
ferential variational inequality (8) is equivalent to the projected
differential equation (cf. (6) of
Lemma 1), whose right-hand side is a discontinuous function
of the state on . In general situations a discontin-
uous differential equation may possess multiple solutions to a
given Cauchy problem [20]. Nevertheless, in the next property
we show that since the affine vector field defining (6a) is
Lipschitz, the FR model enjoys the physically important prop-
erty of uniqueness of the solution starting at a given initial con-
dition.

Property 4: For any , there is a unique solution
, of (6a) with initial condition ,

which coincides with the slow solution

(9)

for a.a. .
Proof: We begin by establishing the uniqueness of the so-

lution starting at a given point. Pick . Let and
be two solutions of (6a) that are defined on a common interval

, for some , and are such that .
Since and are absolutely continuous in , then they
are differentiable for a.a. and we have

for some and .

Since is a Lipschitz vector field on , we obtain

where is the Lipschitz constant.
Now, from (7) it follows that is a maximal monotone op-

erator and thus (see [9, Prop. 1, p. 159]),
for any

and . Therefore

(10)

Let . By applying Gronwall’s inequality
to , we obtain on the basis of (10)

Therefore, since , we conclude
that , for any . Since this
argument holds for any choice of , it follows that there is
a unique solution of (6a) for , starting at at

.
Finally, the fact that is the slow solution to (6a),

and a solution to the projected differential equation
, follows from (1) of Lemma 1.

Remark:
• When treating differential systems with discontinuous

right-hand side, or differential inclusions, the concept
of uniqueness of the solution has to be linked with the
time direction of the solution evaluation, i.e., we have to
distinguish between forward uniqueness and backward
uniqueness (or right-side and left-side uniqueness, as in
[14]). According to Property 4, the slow solution to (6a)
possesses the former, but not necessarily the latter, as
shown in the next example.

Example 1: Let us consider the second-order FR-CNN

where . It is easily seen
that there are no equilibrium points on and that there
is an unstable focus at the origin. The constraint imposed by
the vector field on forces any nonstationary solution
to converge to a unique limit cycle. As shown in Fig. 5, the
solutions starting, respectively, at point and

at , become coincident at the “confluence
point” , at the time . Note that
since the vector field never vanishes along the solution starting
at point , there is convergence of the solution to the limit cycle
in finite time. Therefore, there is not backward uniqueness for
the solutions starting at point at . An analogous conclusion
holds for any point belonging to the intersection of the cycle
and . The lack of backward uniqueness, however, does
not pose any practical problem since we are interested in the
solution only for forward values of time.
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Fig. 5. Trajectories of the second-order FR-CNN in Example 1. TheP P -seg-
ment corresponds to one of the four sliding modes of the trajectories.

C. Approximation of Solutions

In model (6a), the ideal hard-comparator function may
assume arbitrarily large values at . This would cause
problems in the actual realization of this nonlinearity. In the next
property we give an analytic expression for the values assumed
by , along each solution of (6a), and show that these values
are bounded by an easily computable quantity.

Property 5: For any , let , be the
solution of (6a) with initial condition . Then, the
measurable function defined as

is such that and

for a.a. , i.e., corresponds to the values as-
sumed by nonlinearity for a.a. . Moreover, we
have

for and a.a. , where is any positive
quantity satisfying

(11)

Proof: Note that
, hence from Property 4 we have

for a.a. , where

is a measurable function from to , such that
, for a.a. .

Then, considering that is a compact set, we obtain

for and for a.a. .
Observe that the upper bound in (11) is independent of the

initial condition , i.e., it is valid for any solution
, of (6a). This result is useful for the electronic imple-

mentation of the nonlinearity [4]. In fact, the next property
shows that the dynamics of (6a) remains unchanged if we re-
place the unbounded nonlinearity in (7) with the bounded
function defined as

(12)

Property 6: For any , let , be the
solution of (6a) with initial condition . Then, is
the solution of the differential inclusion

(13)

satisfying , where
and is defined in (12). Conversely, if

, is the solution of (13) with , then
is the solution of (6a) satisfying .
Proof: Since the upper bound in (11) is independent of

the solution , of (6a) satisfying ,
whenever , then we obtain

for a.a. , i.e., is also the solution of (13) such
that . The converse is obvious. Observe that the
uniqueness of the solution to any Cauchy problem associated
with (13) easily follows from Property 4 and the definition of
in Property 5.

Finally, for any , let us consider the Lipschitz contin-
uous single-valued map

, where is defined as

Note the vertical segments of at have been approx-
imated in by segments with a very-high finite slope (
small). In the next property, it is shown that each solution of
the ideal model (6a) can be obtained as the limit as the slope

, of solutions of a modified model involving
nonlinearity .

Property 7: For any and any , let
be the solution of

(14)
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with initial condition , where . Then,
for and as ,

uniformly on any compact interval , where is
the solution of (6a) satisfying .

Proof: The validity of the property, when ,
follows from a general result [9, Th. 3, p. 98]. Nevertheless
for the reader convenience we outline the proof in the specific
case of system (14). First of all observe that if ,
for some and , then on the basis of
(11) we have and . There-
fore, for any . Furthermore, since

, and for any
, and any , we have that

, for any , and
, where is a compact subset of . In conclusion,

is a sequence of functions which are
equibounded and equicontinuous on . Thus, by [9, Th.
4, p. 13], there exists a subsequence of

, which converges to an absolutely continuous function
, uniformly on the compact subsets of , and

converges to weakly in . From the result
in [9, Th. p. 60], we have that

for a.a. and . Taking into account Prop-
erty 6, we conclude that , is a solution of (6a)
such that . Due to the property of uniqueness of the
solution of (6a) starting at any given point (Property 4), we con-
clude that the sequence converges to , uniformly on
the compact subsets of .

Remarks:
1) By the result in [9, Th. 3, p. 98], the same conclusion

as in Property 7 holds true for any sequence of locally
Lipschitz maps, , where

as , approximating the set-valued vector
field defining (6a) in the sense of the graph, namely

. The existence of
such approximating sequences is guaranteed by [9, Th. 1,
p. 84].

2) Property 4 and Property 5 admit a simple geometrical
interpretation. Consider the case . We first note
some properties of the vector field defining (6a). If

, then and , i.e.,
is single-valued and, obviously, (6a)

reduces to an affine system of differential equations, in a
small neighborhood of . Consider a point
on an edge of , with . Fig. 6(a)
depicts the cones and , the affine vector
field , and its projections on and .
The figure also depicts vectors belonging to the set-valued
map (dashed), and the vector with minimum norm

. On a vertex of ,
we have an analogous situation [Fig. 7(a)].
On the basis of Fig. 6(a) we can give the following interpre-
tation, which is valid for a.a. , to the velocity along a
solution of (6a). According to Property 4, on an edge
point as in Fig. 6(b) we have

, i.e., is the projection on
of the affine vector field shown in Fig. 6(b). This

Fig. 6. Representation of a second-order FR-CNN. (a) Tangent and normal
cones at a point x on an edge of bd(H), decomposition of the affine vector
field Tx + I on these cones, set-valued vector field F (x), and vector with
minimal norm m(F (x)). (b) Velocity vector _x(t) and value 
(t) assumed by
the nonlinearity S at point x = x(t), on an edge of bd(H).

corresponds to a sliding of along the surface .
On the other hand, the projection on of
gives the value assumed by the nonlinearity at point

, see Property 5. A similar interpretation can be given
for a vertex of [Fig. 7(b)].

III. TRAJECTORY CONVERGENCE

In the previous section we have established dynamical proper-
ties of (6a) in the general case where the neuron interconnection
matrix may be symmetric or nonsymmetric. In Section III-A,
under the hypothesis of symmetry for , we address the con-
vergence of the trajectories of (6a) towards equilibrium points
by exploiting a Lyapunov approach. In Section III-B, we obtain
further results on trajectory convergence towards minima of the
Lyapunov function.

A. Convergence for Symmetric Interconnection Matrices

Let us recall some standard definitions. Property 3 showed
that there is at least an equilibrium point of (6a). Let

be the set of equilibrium points of (6a).
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Fig. 7. Representation of a second-order FR-CNN. (a) Tangent and normal
cones at a vertex x of bd(H), decomposition of the affine vector field Tx+ I
on these cones, set-valued vector field F (x), and vector with minimal norm
m(F (x)), in a case where x is an equilibrium point of (6a). (b) Velocity vector
_x(t) and value 
(t) assumed by the nonlinearity S at point x = x(t), on a
vertex x = x(t) of bd(H).

Definition 2 ([21]): A neural network (6a) is said to be quasi-
convergent if and only if, for any , the solution of
(6a) with initial condition satisfies

Equivalently, (6a) is quasi-convergent if and only if the -limit
set of any trajectory of (6a) is contained within .

Definition 3 ([21]): A neural network (6a) is said to be con-
vergent (or completely stable) if and only if, for any ,
the solution of (6a) with initial condition satis-
fies

for some equilibrium point .
Equivalently, (6a) is convergent if and only if the -limit set

of any trajectory of (6a) is a singleton.

Suppose that the matrix is symmetric, i.e., . To
address trajectory convergence of (6a) we introduce the (candi-
date) extended-valued Lyapunov function
given by

(15)

where is the indicator of .
We then observe:
Property 8: Suppose that the neuron interconnection matrix
is symmetric. Then, (6a) is described by the gradient differ-

ential inclusion

for any .
Proof: Since is a nonempty compact convex set, we have

, for any (cf. Property 1). The result
in the property follows by noting that for a symmetric , we
have and .

Property 9: Suppose that the neuron interconnection matrix
is symmetric. Let , be the solution of (6a)

starting at . Then, is differentiable for
a.a. , and

(16)

Proof: Since , is absolutely continuous
and is bounded on by as given in (11),
then is differentiable for a.a. and is Lipschitz
near . Furthermore, as in the Proof of Property 2 it turns out that

is regular, since and are
regular functions. Therefore, is differentiable for a.a.

, and Property 2 ensures that for a.a.

(17)

From Property 8 we obtain for a.a.
. Since the scalar product is independent of the

choice of in , we can choose and obtain
. Finally, by recalling that is the

slow solution of (6a), and using (9), we have
.

Remarks:
1) Property 9 simply states that the function is nonin-

creasing along the trajectories of (6a). Moreover it is
strictly decreasing along nonstationary trajectories.

2) There is a simple geometric interpretation that explains
why the scalar product in the chain rule (17) is indepen-
dent of the choice of . Indeed, as can be
seen from Fig. 6(a), in the case where a trajectory of (6a)
passes at an edge point , the set of vectors

has the same component in the
direction of .

On the basis of Properties 8 and 9, we are in a position to
prove the main result on trajectory convergence of (6a).
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Theorem 1: If the neuron interconnection matrix is sym-
metric, then (6a) is quasi-convergent. If, in addition, the equi-
librium points of (6a) are isolated then (6a) is convergent.

Proof: Pick , and let , be the
trajectory of (6a) with . Since for

, it follows that is bounded from below on the compact
set . This implies that is bounded from below for

.
Assume to the contrary, that does not converge to as

. Then there exists such that for any
there is a with . We conclude that
there exist and a strictly increasing sequence ,
such that as , and for
all .

Let us consider the compact set

with chosen such that . We wish to evaluate
for . To this end, consider the map

defined by

Since the set-valued map has nonempty
closed convex values for and is upper semicontinuous
on , then is lower semicontinuous on . Hence, its min-
imum exists in any compact set contained in [16, Lemma
9.3.1, p. 361]. In particular, since , we have
for any and any . We obtain

Therefore, from (16) we have

(18)

for a.a. such that .
On the basis of (18), it is easy to reach a contradiction to

the fact that is bounded from below for .
Indeed, since for all we have

, it follows that for any , and for
all , provided , where

On any of the time intervals the function
undergoes a negative jump which is lower than . We
reach a contradiction to the fact that is bounded from
below for all since by Property 9, is nonincreasing
along for all . This contradiction implies that

, hence that (6a) is quasi-conver-
gent.

Suppose that the equilibrium points of (6a) are isolated. The
-limit set of each trajectory , of (6a) is a nonempty

closed connected set. Hence, the fact that as
, immediately implies that as , for some

.
Remarks:

1) Theorem 1 extends to the FR model the classical result
on complete stability for symmetric S-CNNs established
in [1]. Moreover, Theorem 1 can also be thought of as
the extension of previous results on complete stability of
FR-CNNs obtained in the case where the slope is finite [3],
[10].

2) Next we give a simple condition ensuring that the equilib-
rium points of (6a) are isolated (cf. Theorem 1).

Property 10: If matrix and all its principal submatrices are
nonsingular then the equilibrium points of (6a) are isolated.

Proof: The set of equilibrium points of (6a) is given by

. Since in the region we have , then
(6a) has at most the equilibrium point in .
Now, consider a generic partial saturation region

, where
. If is an equilibrium point of (6a) in such a region

then satisfies the algebraic equation , for some
. Equivalently we have

(19)

where for and ,
are the canonical basis vectors of . Since

, we observe that (19) is
equivalent to

This in turn is equivalent to the systems of equations

where and . Since by assumption
, the first equation is uniquely solvable with

respect to . By substituting in the second system,
we obtain a unique vector solving the system. In
conclusion, there is at most one equilibrium point in the con-
sidered region, with a corresponding , such that
for any and for any .

B. Further Results on Trajectory Convergence

When the neuron interconnection matrix is symmetric, (6a)
admits the Lyapunov function , given in
(15), which can be rewritten as follows:
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where is given by

and is the indicator of .
Observe that for any , while

for by the definition of . Thus, it follows that the
constrained minima of in coincide with the unconstrained
minima of on . Moreover, if , is a tra-
jectory of (6a), we have for . As a
consequence of Property 9, the function is monoton-
ically nonincreasing along the trajectories of (6a), while
along nonstationary trajectories is strictly decreasing.
This means that the neural network (6a) is suitable for finding
constrained minima of in . This is intuitively clear when re-
alizing that plays the role of a barrier function, which pre-
vents the trajectories of (6a) from leaving the hypercube , see
(15).

We consider this issue in detail. Denote by the set of con-
strained minima of in , and by the set of strictly con-
strained minima of in . Note that , where

is the set of critical points of in [15, Prop. 2.4.11]. By
definition we have

Moreover, the set of equilibrium points of (6a) is

Since for any we have , and
, it follows that

(20)

We obtain the following result from Theorem 1.
Corollary 1: Suppose that the neuron interconnection matrix
is symmetric. Then each solution of (6a) converges to

the set of critical points of in , as .
Example 2: Consider the second-order symmetric FR-CNN

where . A straight-
forward computation shows that we have

. We ob-
serve that: is an unstable and completely repelling
equilibrium point; and are
unstable saddle-type equilibrium points belonging to edges of

; and are asymptotically
stable equilibrium points on vertexes of . It follows that

.
Fig. 8 displays two trajectories of the neural network starting

at points and , and converging towards the equilibria and
, respectively, which are strict local minima of in . The

figure also shows a trajectory starting near to , and converging
to , which is a saddle point for constrained to .

Fig. 8. Trajectories of a second-order convergent FR-CNN as in Example 2,
and graph of the Lyapunov function V (x) = �(x) for x 2 H . For simplicity,
we have added to � a constant value, so that the minimum of � inH is equal to
0 at both points E and E .

Example 2 shows that in the general case there are trajecto-
ries of (6a) that converge to , but not to . However, it can
be argued that the equilibrium points in the subset are un-
stable and hence unobservable for the dynamics of (6a). This is
proved in the next result.

Theorem 2: Suppose that the neuron interconnection matrix
is symmetric. Then coincides with the set of stable equilib-

rium points of (6a), while coincides with the set of asymp-
totically stable equilibrium points of (6a).

Proof: Suppose that , or . If
then the result of the theorem is trivial, since (6a) reduces in
a sufficiently small neighborhood of to an affine system of
differential equations which is the negative gradient of .

Suppose that . Since is a critical point of in
, from (20) it is also an equilibrium point of (6a). We have

where .
Consider now the equations describing the dynamics of (6a)

where . The change of variables yields

(21)

where . Note that has been translated into the
equilibrium point of (21).

The next property, whose proof is given in Appendix I, holds.
Property 11: If then for sufficiently small we

have

(22)

for any . If then the strict
inequality holds in (22) for any .
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From (22) it immediately follows that the squared distance
is nonincreasing along any trajectory of (21), for

any such that belongs to a sufficiently small neighborhood
of , for . Moreover,

is strictly decreasing when , if
. This implies that the equilibrium point of (21) is

stable if , and that it is asymptotically stable for .
Hence, this is true also of the equilibrium point of (6a).

In general the set of equilibrium points of (6a) is not con-
nected. A connected component of is a maximal connected
set of equilibria. Assume now that is a stable equilib-
rium point of (6a). We want to prove that . To this end,
let be the connected component of containing , and as-
sume that is not a local minimum of in . Thus, for any

, there is a point such that
. Since is constant on , we have that

and as . Let be a neighborhood of such
that . Observe that such a neighborhood always
exists, since the number of connected components of is finite
for a quadratic function constrained to the hypercube . Let

, be the trajectory of (6a) such that .
Since , and
is monotonically nonincreasing along , we have that
eventually leaves for any sufficiently large, contradicting
the assumption that is a stable equilibrium point of (6a).

Finally, assume that is an asymptotically stable equilibrium
point of (6a). Then there exists a neighborhood of such that

, and for any , the trajectory
of (6a) with is such that .

Assume to the contrary that is not a strictly constrained min-
imum of in H. Then, there exists a sequence ,
with and as , such that

. Let , be the trajectory of (6a) such
that . From Property 9, is
nonincreasing for , moreover for a.a.

such that . This observation, together
with the property , for ,
yields a contradiction to the fact that as .

IV. CONCLUSION

By using theoretical tools from set-valued analysis and differ-
ential variational inequalities, the paper has developed a method
to give a rigorous analytic foundation to the FR-CNN model
where the neuron self-loss nonlinearities are ideal hard-com-
parator functions with two vertical straight segments. In partic-
ular, a fundamental result on complete stability for reciprocal
S-CNNs has been extended to reciprocal FR-CNNs by using a
Lyapunov approach generalized to a class of set-valued maps.

The method employed has advantages with respect to using
event-based approaches for numerical simulation. First of all, it
has allowed the incorporation of the constraints representing the
nonlinearities in a unique equation system valid for the whole
time domain. Moreover, it has permitted to overcome the prob-
lems encountered in trying to define a solution to the FR-CNN
equations by piecing together solutions of the different affine
systems among which a trajectory switches.

The analysis of the ideal case with vertical segments has
proven simpler and more direct than the approach based on
considering the case where the slope of the nonlinearities is
finite and then studying the limit as the slope tends to infinity.
Furthermore, the analysis has supplied a clear portrait of the

salient dynamical features of FR-CNNs, including the presence
of sliding modes on the boundary of the hypercube defined by
the hard-comparator functions. This in turn has yielded simple
expressions for the velocity vector and the time derivative of
the Lyapunov function (symmetric case), which have a clear
geometrical interpretation and are easy enough for use in engi-
neering applications. It is worth noting that these results have
been previously accepted without a formal mathematical proof,
or have been justified only on the basis of heuristic arguments.

APPENDIX I
PROOF OF PROPERTY 11

We begin by noting that for any we have
that . In fact, if belongs to the interior of , then

. If , it can be verified that
is orthogonal to the set , whence we have .
From the above observation it follows that

for any .
Now, let , where

. If , i.e.: , then the result follows
from Property 12 in Appendix II. Assume that . Without
loss of generality and to simplify notation, suppose that

for some , and for all . If for
some index , we have , we can repeat an analogous
argument.

Let , where , is the
canonical basis of , and let be the subspace of orthog-
onal to . Any vector can be decomposed
as

First suppose that . We have

where is the maximum eigenvalue of the symmetric matrix
. Since , and , it follows that

, for any . If , we immediately get the
result in the property. Suppose that . Let us denote by

, and assume that
for some . We obtain

If is sufficiently small we have that
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where . Hence

Suppose next that . Since we have ,
from Property 12 in Appendix II we obtain

and if in addition , we have that

for .
Finally, let . If is chosen

sufficiently small, we obtain that

where and is the eigenvalue with maximum
absolute value of . For sufficiently small we have

In conclusion, there exists such that for any
we obtain

Moreover, the strict inequality holds for , when .
This completes the proof of the property.

APPENDIX II

Property 12: If , then for sufficiently small we
have

(23)

for any , or equivalently

(24)

for any .
If , then the strict inequality holds in (23) for any

and in (24) for any
.

Proof: For sufficiently small we have for

(25)

By the symmetry of we have that

Since , we thus obtain

By comparing this expression with (25) we obtain (23). The
change of variables yields (24).

The proof is the same in the case .
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