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On the Dynamics of a Differential
Inclusion Built upon a Nonconvex
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Abstract. In this paper, we study the dynamics of a differential
inclusion built upon a nonsmooth, not necessarily convex, con-
strained minimization problem in finite-dimensional spaces. In partic-
ular, we are interested in the investigation of the asymptotic behavior
of the trajectories of the dynamical system represented by the differ-
ential inclusion. Under suitable assumptions on the constraint set and
the two involved functions (one defining the constraint set, the other
representing the functional to be minimized), it is proved that all the
trajectories converge to the set of the constrained critical points. We
present also a large class of constraint sets satisfying our assumptions.
As a simple consequence, in the case of a smooth convex minimi-
zation problem, we have that any trajectory converges to the set of
minimizers.

Key Words. Nonconvex nonsmooth constrained minimization prob-
lems, critical points, differential inclusions, viability theory.

1. Introduction

The main goal of this paper is to investigate the asymptotic behavior
of the trajectories of a suitably-defined differential inclusion associated to
a nonconvex, nonsmooth minimization problem. To be specific, let

S={x ∈Rn :V (x)≤0}
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gne Occidentale, Brest, France.

659
0022-3239/05/0300-0659/0 © 2005 Springer Science+Business Media, Inc.



660 JOTA: VOL. 124, NO. 3, MARCH 2005

be a nonempty compact set, where V : Rn→R is a locally Lipschitz map.
Let φ :Rn→R be a locally Lipschitz map. Consider the following problem:

min
S
φ. (1)

Clearly, the set of minimizers M is nonempty and contained in the set of
critical points of φ in S, which is given by

C={x ∈S : 0∈ ∂φ(x)+NS(x)},
where ∂φ(x) denotes the Clarke generalized gradient of φ at x and NS(x)
is the normal cone at x∈S. Then we associate to (1) a suitable differential
inclusion,

ẋ(t)∈ψσ (x(t)), for a.a. t ≥0, (2)

depending on a parameter σ >0; the form of the multivalued vector field
x→ψσ (x) will be given later on in (4); the abbreviation a.a. stands for
“almost all”.

In the case where φ and S are convex, if the function V defining S

is the indicator function of S, we have that M =C and the dynamics is
given by the following differential variational inequality:

ẋ(t)∈−∂φ(x(t))−NS(x(t)), x(t)∈S, for a.a. t ≥0. (3)

The problem of the asymptotic behavior of the trajectories of (3) has
been studied extensively in both finite-dimensional and infinite-dimen-
sional spaces, see for instance Refs. 1–5 and the extensive references
therein. In the convex case, it is well known that the solution of any
Cauchy problem associated to (3) with x0 ∈S is unique. Moreover, it is via-
ble in S[ i.e. x(t)∈S, for any t≥0]; see Refs. 1 and 6 for the study of (3)
in some nonconvex cases.

Under our general assumptions on the functions V and φ, the set S
and φ are not necessarily convex; thus, in particular, existence, uniqueness,
and invariance with respect to S of the solutions to (3) are not anymore
guaranteed. Therefore, in this paper, we introduce a different dynamics (2)
defined in all of Rn to overcome the problem of lack of invariance of the
set S with respect to the considered dynamics and the related problem of
lack of uniqueness of the solution.

Having this in mind, we consider the inclusion (2), where ψσ (x):Rn→
Rn is defined as follows:

ψσ (x)=






−∂φ(x)−σ∂V (x), if x ∈Rn \S,
−∂φ(x), if x ∈ int(S),
−∂φ(x)− [0, σ ]∂V (x), if x ∈ ∂S.

(4)
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Here, we denote by int(S) the interior of the set S. It turns out that x→
ψσ (x) is an upper semicontinuous map with nonempty compact convex
values. The parameter σ > 0 can be viewed as a penalty parameter when
the state x does not belong to S and it plays a crucial role throughout the
paper. In particular, we will provide conditions on S and V such that, for
σ >0 sufficiently large, the set C coincides with the set of equilibria4 of ψσ
in a suitable neighborhood of S in Rn. Therefore, to study the convergence
of the trajectories of (2) to C, it is equivalent to study the convergence
of the trajectories to the equilibria of (2). Furthermore, our assumptions
will allow us to show that any trajectory x(t) of (2), starting from any
point of a suitable neighborhood of S, reaches C either in finite time or
asymptotically. Moreover, S turns out to be invariant with respect to the
dynamics (2). A similar dynamics was introduced as a gradient differen-
tial equation in Ref. 7 in the smooth case and as a gradient inclusion in
Ref. 8 in the nonsmooth one. Specifically, in Ref. 7 Kennedy and Chua
introduced the so-called dynamic canonical nonlinear programming circuit
to implement the dynamics and to solve (1), when φ and V are twice con-
tinuously differentiable, via the convergence of the trajectories to the set
M.

In Ref. 8, under different assumptions on the nonsmooth functions φ
and V , a rigorous analysis, via a Lyapunov-like approach, of the qualita-
tive behavior of the trajectories of (2) as t→+∞ is presented. In partic-
ular, if φ and V are convex functions, we obtain the convergence of the
trajectory of (2), starting from any point x0 belonging to any bounded set
containing S, to a point x̂∈M. Furthermore, always in the convex case, a
precise study of the dynamics of (2) is presented in Ref. 9, where particu-
lar attention is devoted to the dynamics on ∂S, that is to the study of the
sliding modes.

Finally, we point out that, in the most part of the above cited papers,
the constraints are represented by functions fj : Rn→R, j =1, . . . , q, and

S={x ∈Rn :fj (x)≥0, j =1, . . . , q}.

In order to reduce these cases to the situation considered in this paper, it
is sufficient to define

V (x)=−
q∑

j=1

f−
j (x), where f−

j (x)=min(0, fj (x)), x ∈Rn.

4A point x is an equilibrium point of a vector field x→F(x) if and only if 0∈F(x).
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Other choices of V are possible; as we will see in Proposition 4.1 of the
Appendix (section 4), they depend on the properties that we require for
the dynamics (2) with ψσ given as in (4).

The paper is organized as follows. In Section 2, we provide conditions
on V under which the set S is invariant with respect to the dynamics (2).
In Section 3, under the same assumptions, we analyze the asymptotic
behavior of the trajectories of (2) and we exhibit a general class of func-
tions φ and V (the class of semiconvex functions) for which we have the
uniqueness of the solution of any Cauchy problem associated to (2). The
convex case is also considered. Finally, in the Appendix (Section 4), we
discuss a large class of sets S which satisfy the general assumptions under
which we have proved our results.

2. Invariance of the Set S with Respect to the Dynamics (2)

Let S={x∈Rn :V (x)≤0} where V :Rn→R is a locally Lipschitz map.
Assume the following condition:

(H1) There exist R>0 and m>0 such that

inf
x∈(S+RB)\S

min
v∈∂V (x)

‖v‖≥m.

Here, B = B(0,1) is the ball centered at the origin with
radius 1.

For σ >0, consider the differential inclusion

ẋ(t)∈ψσ (x(t)), for a.a. t ≥0, (5)

where

ψσ (x)=






−∂φ(x)−σ∂V (x), if x ∈Rn \S,
−∂φ(x), if x ∈ int (S),
−∂φ(x)− [0, σ ]∂V (x), if x ∈ ∂S.

(6)

Since φ and V are locally Lipschitz, we have that x → ∂φ(x) and x →
∂V (x) are uppersemicontinuous with nonempty compact convex values
(Ref. 10); thus, ψσ : Rn→Rn, σ >0, is uppersemicontinuous with nonemp-
ty compact convex values and so we have the local existence of a solution
of any Cauchy problem associated to (2).

The class of sets S satisfying (H1) is quite large and it will be dis-
cussed in the Appendix (Section 4). We mention here that it includes:
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(a) the class of the sets S satisfying the following condition:
(H2) for any x ∈ ∂S, we have 0 /∈ ∂V (x);

(b) the convex sets with V (·)= dist(·, S);
(c) the proximal retracts with V (·)= dist(·, S), i.e. sets S for which

there exists a neighborhood U ⊃S such that, for each x∈U , there
exists a unique y ∈S satisfying ‖x−y‖= dist(x, S);

(d) the sets S for which ∂S is a C1,1 manifold; these are particular
cases of proximal retracts;

(e) the epiLipschitz sets, i.e. sets S that locally are the epigraph of a
Lipschitz function.

We can formulate now the main result of this section.

Proposition 2.1. Assume (H1). Then, there exists σ̄ >0 such that, for
any σ > σ̄ , the set S is invariant with respect to (2).

To prove Proposition 2.1, we need the following preliminary result.

Lemma 2.1. Assume (H1). Then, there exists α > 0 such that any
solution of (2) has the property that the function t→V (x(t)) is decreasing
as long as x(t)∈Sα ={x ∈ (S+RB)\S : 0<V (x)<α}.

Proof. Since x → ∂φ(x) and x → ∂V (x) are upper-semicontinuous
maps with nonempty compact convex values, we have that:

there exists α>0 such that, for any x ∈Sα, dist(0, ∂V (x))>m/2. (7)

Let x(·) be a solution to (2). Since x → V (x) is a locally Lipschitz
functions and since t→ x(t) is almost everywhere (a.e.) differentiable, we
have that, for a.a. t ≥ 0, there exists (d/dt)V (x(t)). Furthermore, for a.a.
t ≥0 such that x(t)∈Sα, we have that

(d/dt)V (x(t))≤ max
ζ∈∂V (x(t))

〈ζ, ẋ(t)〉
= max
ζ∈∂V (x(t))

〈ζ,−η(t)−σµ(t)〉,

for some η(t)∈∂φ(x(t)) and µ(t)∈∂V (x(t)). Using the Schwarz inequality,
(7), and the compactness and convexity of ∂V (x(t)), we obtain

(d/dt)V (x(t))≤ l2 −σm2/4,

where l is an upper bound of the Lipschitz constant of both V and φ in
the compact set (S+RB)\S. Let

σ̄ =4l2/m2;
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thus, for σ > σ̄ , it results that

(d/dt)V (x(t))<0,

for a.a. t≥0 such that x(t)∈Sα. But t→V (x(t)) is locally Lipschitz; thus,
t→V (x(t)) is decreasing for such t and

V (x(t))≤V (x0)+ (l2 −σm2/4)t.

This concludes the proof of Lemma 2.1.

Proof of Proposition 2.1. Assume by contradiction that S is not
invariant with respect to (2); thus, there exists a solution x(t) of (2) start-
ing from x0 ∈S which leaves S in finite time. Let

θ = inf{t >0 : x(t) /∈S}<∞;

by the continuity of t→x(t), there exists h>0 such that

x ((θ, θ +h))⊂Sα,

and so,

0<V (x(s))<α, for any s ∈ (θ, θ +h).

On the other hand, by Lemma 2.1, for σ > σ̄ the function s→V (x(s)) is
decreasing on (θ, θ +h) and V (x(θ))=0; hence,

V (x(s))<0, for any s ∈ (θ, θ +h),

which is a contradiction with

0<V (x(s))<α, for any s ∈ (θ, θ +h).

The following result holds true.

Proposition 2.2. Assume (H1) and let σ > 4l2/m2. Then, for any
r >0 such that Sr = {x ∈ Rn : 0<V (x) < r} ⊂ (S +BR) \ S, any trajectory
of (2) starting from x0 ∈ Sr reaches S in a finite time less or equal to
r/(σm2/4− l2) and remains in S for all future times.
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Proof. Let x0 ∈ Sr and let x(·)∈ Sψσ (x0), the set of solutions to (2)
starting from x0. As in the proof of Lemma 2.1, for a.a. t ≥ 0 such that
x(t)∈Sr, we have

(d/dt)V (x(t)) ≤ l2 −σm2/4

<0,

and so,

V (x(t))≤V (x0)+ (l2 −σm2/4)t.

In conclusion,

V (x(t))≤0, for t ≥V (x0)/(σm
2/4− l2).

Remark 2.1. Proposition 2.2 can be viewed as an attainability result
of a closed set by the trajectories of a dynamical system; for related con-
trol problems, see Ref. 11.

3. Reachability of the Set of Critical Points

This section is devoted to the problem of the reachability of the set
C by all the trajectories of (2). We can prove the following main result.

Theorem 3.1. Assume that φ,V are locally Lipschitz maps and that
S = {x ∈ Rn : V (x)≤ 0} is a nonempty compact set satisfying (H1). Then,
for σ > 0 sufficiently large, there is r > 0 such that, for any x0 ∈ {x ∈ Rn :
V (x)<r}, any trajectory x(t) of (2) starting from x0 satisfies the following
properties:

(C1) x(t) reaches S in finite time τ ;
(C2) x(t)∈S for any t ≥ τ ;
(C3) x(t) reaches C either in finite time τ̄ or asymptotically; i.e.,

dist(x(t),C)→0 as t→+∞.

(C4) lim inf t→+∞ dist(x(t),C)=0.

Proof. (C1) and (C2) are direct consequences of Propositions 2.1
and 2.2.

Let us prove (C3): for this, consider x(·) ∈ Sψσ (x0), x0 ∈ S. Suppose
that x(t) does not reach C in finite time; thus, x(t)∈S \C, for any t ≥ 0;
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in fact, S is invariant with respect to (2) for σ > σ̄ , where σ̄ is given in
Lemma 2.1. Arguing by contradiction, assume that

lim sup
t→+∞

dist(x(t),C)=β >0. (8)

Define

V̄ (x)=
{
V (x), if x /∈S,
0, if x ∈S.

Let

Wσ(x)=φ(x)+σ V̄ (x).
Wσ is a locally Lipschitz single-valued function. Observe that, from σ >σ̄ ,

it results that

C={x ∈S : 0∈ ∂Wσ (x)}.
Let

H =S \ (C+ (β/4) int(B));
from (8), there exists a sequence tn→+∞ such that

dist(x(tn),C)>β/2 and lim
n→∞ dist(x(tn),C)=β.

For a.a. t ≥0 such that x(t) /∈C, we have that

(d/dt)Wσ (x(t))≤ max
ζ∈−∂Wσ (x(t))

〈ζ, ẋ(t)〉

≤− dist2 (0, ∂Wσ (x(t))) ; (9)

in fact, 0 /∈ ∂Wσ (x(t)) and ∂Wσ (x(t)) is a convex compact set. Let

mH =min
x∈H

min
v∈∂Wσ (x)

‖v‖>0,

MH =max
x∈H

max
v∈∂Wσ (x)

‖v‖>0,

MWσ =max
x∈H

Wσ (x).

For any s, t >0 for which x(s), x(t)∈H , we have

x(t)−x(s)∈
∫ t

s

∂Wσ (x(r))dr⊂ l|t− s|B.
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Thus,

‖x(t)−x(s)‖≤ l|t− s|.

Therefore, for x(t)∈H , it results that

dist(x(t),C)≥|dist(x(s),C)−‖x(t)−x(s)‖|
≥−l|t− s|+β/2>β/4, (10)

for any t ∈ [s, s + β/(4l)). From (9) one has that t →Wσ(x(t)) is nonin-
creasing for all t ≥0 and that

(d/dt)Wσ (x(t))≤−m2
H , for a.a. t ≥0 such that x(t)∈H.

In virtue of (10), we have

Wσ(x(t))≤MWσ −m2
H t,

for any t ∈ [tn, tn+β/(4l)), n∈N, and t→Wσ(x(t)) is nonincreasing. Thus,
we have that

lim
t→+∞Wσ(x(t))=−∞,

contradicting the fact that the locally Lipschitz function Wσ assumes the
minimum on S.

To conclude, let us now prove (C4). We argue once again by contra-
diction; hence, we assume that

lim inf t→+∞ dist(x(t),C)=γ >0.

By the same argument used before in the proof of (C3), for a.a. t ≥ 0 we
have

(d/dt)Wσ (x(t))≤−m2
H <0;

thus,

lim
t→+∞Wσ(x(t))=−∞,

obtaining a contradiction with the fact that Wσ assumes the minimum
on S.
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Remark 3.1. Observe that Theorem 3.1, for what it concerns the
reachability of the set C, can be reformulated as follows: either x(t)

reaches C and it remains there for all the future times or x(t) does not
belong to C for any t ≥ 0 sufficiently large or there exists a sequence
tn→+∞ with x(tn)∈C.

If we assume more regularity conditions on φ and V , then we can
establish a more precise result on the behavior of the trajectories of (2) as
t→+∞. Indeed, we can prove the following result.

Corollary 3.1. Assume all the conditions of Theorem 3.1. Moreover,
assume that φ and V are semiconvex5 functions in Rn. Then, for any
x0 ∈R

n with V (x0)<r, the unique trajectory x(t) starting from x0 is such
that either there exists τ >0 for which dist(x(t),C)=0 for any t ≥ τ or

lim
t→+∞ dist(x(t),C)=0.

Proof. One has only to remark that, under the stated assumptions,
Wσ is semiconvex and the differential inclusion (2) reduces to

ẋ(t)∈−∂Wσ (x(t)), for a.a. t ≥0. (11)

Moreover, this differential inclusion has only one solution starting from x0
with V (x0)<r. In fact, let λ>0 such that

x→Wσ(x)+2λ‖x‖2

is convex on the convex hull of Sr ; thus, the generalized gradient of this
function is monotone and so

〈ζ − ζ̄ , x− x̄〉≥−2λ‖x− x̄‖2,

for any x, x̄ and for any ζ ∈ ∂Wσ (x) and ζ̄ ∈ ∂Wσ (x̄).

Assume now that x(t) and x̄(t) are two solutions of (11) starting from
x0. Then, for a.a. t ≥0, we have

(d/dt) (1/2)‖x(t)− x̄(t)‖2 =〈x(t)− x̄(t),−γ (t)+ γ̄ (t)〉
≤ 2λ‖x(t)− x̄(t)‖2,

5A function u : Rn → R is said to be semiconvex if, for any open bounded convex set
V ⊂Rn

, there exists λ>0 such that x→u(x)+2λ‖x‖2 is convex in V ; see Ref. 12.
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where γ (t)∈ ∂Wσ (x(t)) and γ̄ (t)∈ ∂Wσ (x̄(t)). By the Gronwall inequality,
we have

x(t)= x̄(t), for any t ≥0.

We complete the proof by noticing that, if x(τ)∈C [i.e., 0 ∈ ∂Wσ(x(τ))] ,
then the constant function t→x(τ) is the unique solution of (11) starting
from x(τ).

Remark 3.2. Since both convex and C1,1 functions are semiconvex,
the previous result includes these relevant classes of functions.

We end this section by considering the convex case, i.e., the case when
φ and V are convex and so S is. We have the following result.

Corollary 3.2. Assume all the conditions of Theorem 3.1. If φ and V
are convex functions in Rn, then any trajectory of (2) starting from any
point x0 ∈Rn is such that either x(t)∈M for any t≥ τ , for some τ ≥0, or
limt→+∞ dist(x(t),M)=0.

4. Appendix

Let us first note that, if S satisfies (H2) with V locally Lipschitz, then
S= int(S). In fact, let x ∈∂S; if there exists a neighborhood U of x in Rn

for which V (y)≥0 for any y ∈ U, then x is a local minimum for V in Rn

and so 0∈∂V (x), contradicting (H2). Hence, any x ∈∂S is a cluster point
of int (S); thus, int (S) �=∅.

Moreover, recall that any proximate retract satisfies (H1) with V (·)=
dist(·, S); this class of sets has been studied extensively in Ref. 13.

A natural question occurs: how conditions (H2) and (H1) depend on
the particular choice of V ?

To answer this question, for the reader convenience, we collect in the
following proposition some known results from the literature together with
a result [(v)⇒ (ii)] for which we provide a proof.

Proposition 4.1. Let S be a compact set of Rn such that S= int (S).
We have the scheme

(i)⇐ (ii)⇐⇒ (iii)⇐⇒ (iv)⇐⇒ (v)

for the following statements:

(i) there exists a locally Lipschitz function V such that S={x∈Rn :
V (x)}≤0 and V,S satisfy (H1);
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(ii) S is epiLipschitz;
(iii) for any x ∈ ∂S, the Clarke cone CS(x) has the property that

intCS(x) �=∅;
(iv) there exists a neighborhood U of S with 0 �∈ ∂dist(x, S) for any

x ∈U \S; i.e., S satisfies (H1) with V (·)= dist(·, S);
(v) there exists a locally Lipschitz function V such that S={x∈Rn :

V (x)≤0} and V satisfies (H2).

Proof. Clearly, (iv)⇒ (v), (iv)⇒ (i), and (v)⇒ (i). Moreover, Theo-
rem B of Ref. 14. contains (ii)⇒ (v); the assertion (ii)⇒ (iv) can be found
in Ref. 15, Proposition 2.2; and (ii)⇔ (iii) is due to Rockafellar (Ref. 16).
If we prove that (v)⇒ (ii), then we obtain the scheme of the proposition.

Finally, we prove (v)⇒ (ii) for the reader convenience. First, we show
that the set Ŝ = Rn \S is epiLipschitz and so is S. Let x ∈ ∂S; thus,
V (x)=0. For ε>0, define

Aε= co




⋃

y∈B(x,ε)
∂V (y)



 .

Here, co(E) denotes the closure of the convex hull of the set E. We can
choose 0<ε<m in such a way that dist(0,Aε)>ε. From the Lebourg the-
orem (Ref. 17), for any t > 0, v �= 0, and x′ ∈B(x, ε)∩ ∂S, there exists s ∈
(0, t) and ζ ∈ ∂V (x′ + sv) such that

[V (x′ + tv)−V (x′)]/t=〈ζ, v〉.

Therefore, for any v ∈ z+ (ε/4)B, where z=�Aε(0) [i.e., z is the element
of Aε of smallest norm], we have

[V (x′ + tv)−V (x′)]/t >ε2/4.

Hence,

V (x′ + tv)>0 and x′ + tv∈ Ŝ.

Thus,

z+ (ε/4)B⊂T
Ŝ
(x′).

Consequently, by the Cornet theorem (Ref. 18, p. 130), we obtain

z+ (ε/8)B⊂ z+ (ε/4)B⊂ lim inf
x′→x

T
Ŝ
(x′)⊂C

Ŝ
(x).
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This means that

int(C
Ŝ
(x)) �=∅, for x ∈ ∂S,

and so Ŝ is epiLipschitz.
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