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Generalized Neural Network for Nonsmooth
Nonlinear Programming Problems

Mauro Forti, Paolo Nistri, and Marc Quincampoix

Abstract—In 1988 Kennedy and Chua introduced the dynamical
canonical nonlinear programming circuit (NPC) to solve in real
time nonlinear programming problems where the objective func-
tion and the constraints are smooth (twice continuously differen-
tiable) functions. In this paper, a generalized circuit is introduced
(G-NPC), which is aimed at solving in real time a much wider class
of nonsmooth nonlinear programming problems where the objec-
tive function and the constraints are assumed to satisfy only the
weak condition of being regular functions. G-NPC, which derives
from a natural extension of NPC, has a neural-like architecture and
also features the presence of constraint neurons modeled by ideal
diodes with infinite slope in the conducting region. By using the
Clarke’s generalized gradient of the involved functions, G-NPC is
shown to obey a gradient system of differential inclusions, and its
dynamical behavior and optimization capabilities, both for convex
and nonconvex problems, are rigorously analyzed in the frame-
work of nonsmooth analysis and the theory of differential inclu-
sions. In the special important case of linear and quadratic pro-
gramming problems, salient dynamical features of G-NPC, namely
the presence of sliding modes, trajectory convergence in finite time,
and the ability to compute the exact optimal solution of the problem
being modeled, are uncovered and explained in the developed an-
alytical framework.

Index Terms—Convergence in finite time, gradient inclusions,
neural networks, nonlinear programming, nonsmooth nonconvex
optimization, sliding modes.

NOTATION
R™ Real n space.
A = [A;;] € R™*", square matrix.
A’ Transpose of A.

T = (1, -, zyn)" € R™, column vector.

(z,y) = Y, w;y;, scalar product of z, y € R".

||z ||2 =>r, :L‘?]l/2 Euclidean norm of z € R™.

E Closure of set £ C R™.

int(E) Interior of E.

oF Boundary of F.

dist(z, £) = infyep ||z — y||2, distance of z € R™ from .

co(F) Convex hull of F.

b(0, R) = {y € R” : ||y|]|]2 < R}, ball with center 0 and
radius R.

) Empty set.

VV(x) Gradient of V(z) : R” — R.

oV (x) Clarke’s generalized gradient of V(z) : R — R.
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1. INTRODUCTION

HE analog circuit approach for solving nonlinear program-

ming problems has received a great deal of attention in
the last two decades, see [1]—[8], and references therein. The
idea is that of using a dedicated electrical circuit that simulates
both the objective and constraint functions, and is able to com-
pute the optimal solution during the analog transient motion
toward an equilibrium point which coincides with such an op-
timal solution. The approach is especially desirable for all those
on-line applications where computing the optimum in real time
is of fundamental importance, as in some signal processing and
robotic problems.

Beyond doubt, the dynamical canonical nonlinear program-
ming circuit (NPC) introduced by Kennedy and Chua in 1988
[1], is a cornerstone in the analog circuit approach to optimiza-
tion. Indeed, NPC has synthesized the research on this topic in
the circuit theory community, see [9]-[11] and their references,
with that in the emerging field of neural computation [12], [13].
Among the most desirable features of NPC is the simple and
realistic electronic implementation for the most common appli-
cations, as for example linear and quadratic programming prob-
lems.

NPC has a neural-like architecture and is conceived for
solving smooth programming problems where the objective
and constraint functions are supposed to be twice continuously
differentiable functions. As in a typical penalty method, NPC
implements the gradient of a smooth energy function that is the
sum of the objective function and a barrier function defined by
the constraints. It is of importance to observe that to guarantee
constraint satisfaction, and to approximately reconcile the
solution of the problem with that computed by the circuit,
the nonlinearities of the constraint neurons are required to be
diode-like functions with a very-high slope in the conducting
region, the slope playing the role of a penalty parameter [1,
Sec. IV].

There is the experimental evidence, from computer sim-
ulations and measurements on actual prototypes, that NPC
displays salient dynamical features, i.e., sliding modes on
the surfaces defined by the constraints, and convergence of
trajectories toward the optimal solution in finite time. These
phenomena, which are related to the simultaneous presence of
low and very high slopes in the diode-like nonlinearities in-
volved in NPC, cannot be satisfactorily explained by a standard
analysis of smooth dynamical systems of differential equations
as those considered in [1]. Rather, they are expected to find a
natural and rigorous explanation in the analysis of the limiting
case where the diode-like functions are modeled by ideal
diodes with infinite slope in the conducting region. Indeed,
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in this way a circuit is obtained whose dynamics is no longer
described by a standard differential equations, but instead by a
differential inclusion. Furthermore, there are well-established
mathematical tools, namely the theory of differential equations
with discontinuous right-hand side and differential inclusions
[14]-[16], which enable to rigourously analyze such an ideal
case and analytically predict sliding modes or the phenomenon
of trajectory convergence in finite time.

Itis also worth remarking that within the framework of analog
optimization circuits modeled by differential inclusions it is nat-
ural to deal with more general nonlinear programming prob-
lems where not only the constraint functions, but also the ob-
jective function, are allowed to be nonsmooth. In fact, this leads
to considering circuits whose dynamics is described by the (set-
valued) Clarke’s generalized gradient of such functions. Non-
smooth optimization is certainly of interest for the engineering
applications, consider as an example the widely employed class
of continuous piecewise affine functions [17], [18].

Motivated by the previous discussion, in this paper we intro-
duce a generalized circuit for nonsmooth programming prob-
lems [generalized NPC (G-NPC)], which derives from a natural
extension of NPC. The case is considered where the diodes are
ideal and possess infinite slope in the conducting region, which
corresponds to using a nonsmooth penalty approach. G-NPC has
a neural-like architecture and is aimed at solving in real time,
the really general class of nonsmooth programming problems
where the objective and constraint functions are assumed to sat-
isfy only the weak condition of being regular (see Section I-A-2
for the definition of regular functions).

G-NPC is designed to implement the Clarke’s generalized
gradient of the nonsmooth energy given by the objective plus the
barrier function defined by the constrains, and is analyzed in the
framework of nonsmooth analysis and the theory of inclusions
[14]-[16], [19]. The paper addresses the definition, existence,
uniqueness, boundedness and convergence toward equilibrium
points of the trajectories of G-NPC. Moreover, it studies the
optimization capabilities of G-NPG, both for convex and non-
convex problems. In particular, the issues are addressed of how
to exactly reconcile the solution of the programming problem
with that computed by G-NPC, and to guarantee convergence in
finite time by suitably exploiting the presence of sliding modes,
where the convergence time can be quantitatively estimated on
the basis of the relevant quantities defining the programming
problem. Special attention is devoted to the application to the
important case of linear and quadratic programming problems.

A. Preliminaries

Here, we present definitions and results concerning
set-valued maps and nonsmooth analysis, which are needed in
the remainder of the paper.

1) Set-Valued Maps: Suppose that to each point x of a set
E C R"™ there corresponds a nonempty set F'(z) C R™. Then,
x —o F(x) is a set-valued map from F to R". A set-valued map
F : E — R™ with nonempty values is said to be upper semi-
continuous at zo € F if for any open set )V containing F'(zy),
there exists a neighborhood U of ¢ such that F'(U/) C V.If E
is closed, F' has nonempty closed values, and it is bounded in a
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neighborhood of each point z € E, then, F' is upper semicontin-
uous on F if and only ifits graph {(z,y) € ExR" : y € F(z)}
is closed.

2) Locally Lipschitz and Regular Functions: Function f :
R™ — R is said to be Lipschitz near x € R™ if there exist
positive numbers x and e such that we obtain | f(z2) — f(z1)| <
K||z2 — z1]|2 for all 21, 22 € x+ €b(0, 1). If f is Lipschitz near
any point of its domain, then it is said to be locally Lipschitz.

We suppose henceforth that f is Lipschitz near x. The gener-
alized directional derivative of f at x in the direction v € R™ is
given by

. Jly+tv) — fy)
0 . — 1 f(y )
(3 v) Hglj;p T

The quantity fO(x;v) is well defined and finite. Furthermore,
the Clarke’s generalized gradient of f at z is defined as

Of(z) ={€ €R™: fOz;v) > (v,€) forallv € R"}.

By accounting for the properties of f0, it is possible to show
that 0 f(z) is a nonempty convex compact subset of R™. One
has, for any v € R", fO(z;v) = max{(£,v) : & € df(z)},
hence, knowing f° is equivalent to knowing df (z).

When f is a continuously differentiable (smooth) function at
x, 0f (x) reduces to the singleton V f(z), and when f is convex
Of(z) coincides with the classical subdifferential of convex
analysis, that is, O f(x) is the set of vectors £ € R" satisfying
flz4+u)— f(x) > (u,§), forall u € R™.

There are several equivalent definitions of the generalized
gradient. One of them, which is useful for the practical com-
putation of df(x), is based on the property that a locally Lips-
chitz function is differentiable almost everywhere (in the sense
of Lebesgue measure). Indeed, it can be proved that

Af(x) = E{nli_)n;on(a:n) Ty — T, T €N, T & Qf}
where ) is the set of points in & 4 €b(0, 1) where f fails to be
differentiable, AV is an arbitrary set of measure zero, and co{-}
denotes the convex hull.

Now, the concept of a regular function, which is relevant
throughout the paper, is defined.

Definition 1: A function f : R™ — R which is Lipschitz near
x is said to be regular at z provided the following conditions
hold.

1) For all v € R™, the usual one-sided directional derivative

f(xz;v) = limy_ o+ [f(z + tv) — f(x)]/t exists.

2) Forallv € R™, f'(x;v) = fO(x;v). [

Regular functions form a rather wide set, and several classes
of them are presented in [20, Prop. 2.3.6] and [21, App. A]. In
particular, a nonsmooth convex function on R is regular at any
2 € R™. Itis also worth remarking that the (possibly) nonconvex
locally Lipschitz functions involved in the most common engi-
neering applications are also regular. For example, this is true of
locally Lipschitz functions whose domain can be decomposed
in a finite number of closed sets such that the restriction of the
given function to each of them is smooth (C*).



FORTI et al.: GENERALIZED NEURAL NETWORK FOR NONSMOOTH NONLINEAR PROGRAMMING PROBLEMS

3) Differential Calculus for Regular Functions: In this
paper, a Lyapunov-like approach is employed to study trajec-
tory convergence for a general class of analog optimization
circuits whose dynamics is described by a differential inclusion.
At the core is the use of differential calculus for generalized
gradients, which enables to show among other facts that an
energy function is decreasing along the circuit trajectories. The
crucial point is that the rules of calculus assume a simple and
useful form for regular functions, namely, they are expressed in
terms of equalities, instead of inclusions as in the case where
f is only locally Lipschitz. Thus, in the regular case, the rules
appear in a form similar to that of the classical formulas for
differentiable functions.

For instance, for a finite family of functions f;,j = 1,---,n,
which are regular at z, we have (3 7_, fi)(z) =
Z?:l Ofj(xz). If f; were only Lipschitz near z, then
the previous equality must be replaced by the inclusion
Gy fi)(x) € 375, 9fj(x). An analogous situation
occurs in the calculus of the derivative of a composed function
(chain rule), which is of key importance in the Lyapunov-like
approach used in the paper. The following holds, see [20, Th.
2.3.9-(iii), Prop. 2.2.4].

Property 1 (Chain Rule): If W : R" — R is regular at z(t)
and z(-) : R — R™ is differentiable at ¢ and Lipschitz near ¢,
then

SW (n(1) = (€5(00)  VE€OW (a(1). ()

|

We stress the fact that if W is Lipschitz at z(t), but not nec-

essarily regular at z:(t), then, the time derivative would be ex-

pressed by the inclusion dW (x(t))/dt C {(&,@(t)) : € €

OW (x(t))}, which is not convenient in the applications of this
paper.

II. GENERALIZED CIRCUIT FOR NONLINEAR PROGRAMMING

Here, we introduce the nonlinear programming problem
which is dealt with in the paper. Moreover, in Section II-A we
briefly review the circuit proposed in [1] to solve the problem
under suitable smoothness assumptions on the nonlinear func-
tions involved. Then, in Section II-B we present the generalized
circuit introduced in this paper to solve the same problem under
less restrictive smoothness assumptions.

Let us consider the nonlinear programming problem

minimize ¢(x)
subject to f;(z) > 0, j=1,---,p )
where ¢ : RY — R, f; : R” > R,j =1,---,p,and p, g are
positive integers.

The region where the constraints are satisfied (feasibility re-
gion) is given by

S:{:L’ERq:fj(x)207j:17"'7p}'

Henceforth, we always assume that S is a nonempty, bounded
set, with nonempty interior. For a given z € R, let [~ (z) =
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Fig. 1.

{j e{l,---,p}: fi(z) < 0} be the set of constraints that are
violated at z. Moreover, let I%(z) = {j € {1,---,p} : f;(z) =
0}, and It (z) = {j € {1,---,p} : fj(z) > O}.

A. NPC

Kennedy and Chua [1] have proposed a dedicated electrical
circuit (NPC), which is aimed at solving problem (2), under the
following smoothness assumptions on ¢ and f;.

Assumption 1: The objective function ¢ € C?(R?). |
Assumption 2: The constraint functions f; € C%(R?), j =
]_7 SN ]

NPC, which is represented in Fig. 1, satisfies the system of
ordinary differential equations

p(x) <~ Ofi(x)
T ox; —ZV]' -

=1

where

vi = g; (fi(z)),

In writing these equations, we have assumed, without loss of
generality, normalized values of 1 F for the circuit capacitances
C;.

The nonlinear resistors g;, j = 1, - - -, p, are characterized by
the piecewise-linear function [1]

]:177]7

0, p>0
9i(p) = 9(p) = { 1, Z <. @

This corresponds to a transposed diode, where 1/r > 0 is the
slope in the conducting region p < 0. Note that g; is continuous
on R. Moreover, it is a passive nonlinearity, i.e., pg;(p) > 0 for
all p € R.

Consider the energy function

g(p)dp. ®)

Under the stated assumptions it follows that E” € C!(R?).
Moreover, accounting for (4), we have

B (a) = $la) + 1 Blw) ©
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where

0, €S
B(z) = { LY s [2@), weR\Ss. D
Clearly, E"(z) reduces to ¢(z) when « € S, and B is seen to
be a smooth (C') barrier function with respect to the feasibility
region S.
It is shown in [1] that NPC is a gradient system with respect
to ", i.e., we obtain

. Ip(x) <~ Ofi(x OE" (z
e ), 0 08

= 7 ax’l 8351» ’

Z‘:l;....,q.

()
If () is a solution of (3), then, dE" (x:(t)) /dt = —||i:(t)||3,i.e.,
E7 is strictly decreasing along nonstationary solutions of (3),
while it is constant on stationary (equilibrium) solutions. This
means that (3) can be employed to search for (local) minima of
function E7.

On the basis of (5)—(8), it is clear that NPC exploits a standard
smooth penalty approach to reduce the constrained optimization
problem (2), i.e., minimize ¢ over the set S, to the solution of
an unconstrained optimization problem, i.e., minimize £" over
the whole space R?. The latter problem is then solved through a
gradient method on the smooth energy E". The barrier function
B is employed to prevent trajectories of (3) from staying outside
the feasibility region S. Note that the slope 1/r of the diode-like
function g represents a penalty parameter: The larger is 1/r, the
stronger is the penalty (1/r)B(z) for violating the constraints.
In fact, it has been found through specific examples that large
values of 1/r are needed to approximatively reconcile the so-
lution computed by NPC with that of the original constrained
optimization problem (2) [1, Sec. IV].

B. Generalized NPC

Let us consider the nonlinear programming problem (2) under
the following assumptions.

Assumption 3: The objective function ¢ is regular on R?.

Assumption 4: The constraint functions f;,j = 1,---,p, are
regular on RY. u

The smoothness requirements in Assumption 3 and Assump-
tion 4 are much less restrictive than the corresponding ones
made in [1] (cf. Assumption 1 and Assumption 2, respectively).
To solve this more general problem, we introduce the circuit in
Fig. 2 (the G-NPC). The circuit contains linear capacitors (nor-
malized to C; = 1F), controlled current and voltage sources,
and nonlinear resistors d;. The current waveforms injected by
the controlled current sources are given by Z?:l v;0; f;(z) and
0;¢(x), where 9; denotes the ith component of the Clarke’s
generalized gradient. Finally, the nonlinear resistors d;, j =
1,---,q, are chosen in G-NPC as

0, p>0
dj(p) = d(p) = { [-0.0], p=0 )
—0, p <0

where o > 0 is a given parameter, see Fig. 3(a) and (b).
G-NPC represents a natural extension of NPC in [1]. In-
deed, in the special case where ¢ and f; are smooth, as in
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Fig.3. (a) Nonlinear resistor d used in G-NPC and its characteristics. (b) Hard

comparator function, or ideal diode with a negative saturation level —ao. (c)
Diode with nonideal behavior after negative saturation.

Assumption 1 and Assumption 2, respectively, it turns out that
0;¢(x) = O¢p(x)/O0x; and 0, f;(x) = Of;(x)/0z;, hence the
current sources in G-NPC reduce exactly to the corresponding
ones in NPC. Moreover, apart from the negative saturation level
—o, nonlinear resistor d in (9) may be thought of as the limit
for the slope 1/r — o0 of the diode-like function g of NPC
in (4).

Let us now discuss the dynamical circuit equations satisfied
by G-NPC. Consider the nonlinear resistor d in (9), see Fig. 3(b).
When p # 0 (suppose p is a voltage), the current flowing into the
resistor, d(p), is single-valued. However, when p = 0, d(0) can
assume all values between 0 and the negative saturation level
—o. From a mathematical point of view, d : R — R is thus
a set-valued map. Furthermore, when the objective function ¢
is smooth, 9;¢(x) = 0;¢(x)/dx; is single-valued. However,
for nonsmooth ¢, i.e., ¢ which are only regular, the generalized
gradient 0;¢(x) is a set-valued map. For example, if ¢(z) : R —

R is given by ¢(z) = |z|, we have
1, p>0
0(x) = 7 [sgn(z)] = {[—L 1 p=0  (10)
-1, p < 0.

Analogous considerations hold for the constraint functions f;.
The previous discussion makes it clear that the dynamics of
G-NPC is no longer described by a standard differential equa-
tion where the velocity vector field & is a single-valued map.
Rather, the dynamics obeys a differential inclusion where
turns out to be a set-valued map. Indeed, by explicitly writing
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the circuit equations of G-NPC, we get from Fig. 2 that it satis-
fies the system of differential inclusions

p
i € —0ip(x) = > v;0ifi(r),  i=1,-.q
7j=1
where

vj € d(f;(x)),

In a compact form, we obtain
p
i € FY (v) = =0;p(w) = > d (fi(w)) 9 (),
j=1

1=1,---,q (11)
where F°(z) = (Ff(z),---,F2(x)) : R — R" is the set-
valued map defining G-NPC.

The nonlinear resistor d in (9) corresponds to the familiar
input-output characteristic of a passive hard comparator with a
negative threshold —o [Fig. 3(b)], which can be realized using
the combination of an operational amplifier and a battery.! Oth-
erwise, function d may be thought of as being the characteristic
of an ideal passive transposed diode with a negative saturation
level —o. Such an ideal diode can be implemented by an oper-
ational amplifier with a p-n junction diode in its feedback path
[22].23 For an elementary nonsmooth ¢, there exist obvious im-
plementations of 9;¢(x). As an example, if ¢(z) : R — R is
given by ¢(z) = |z|, we have d¢(z) = To[sgu(z)] (see (10)),
which again corresponds to a hard comparator. For more com-
plex ¢, we need to resort to techniques to synthesize general
nonlinear resistive networks, see, e.g., [22] and the papers cited
in [1].

We conclude this section by presenting some results on the
dynamics of G-NPC, and the nonlinear programming problem
(2), which are needed for the development.

First of all, we need to explain what is meant by a solution
of a Cauchy problem associated to the system of differential
inclusions (11). Since F'7 is a set-valued map with nonempty
compact convex values, a possible definition, which we shall
adopt in this paper, is that of Filippov [14].

Definition 2 ([14]): A solution of (11) on an interval
[t1,t2] (t2 > t1), which satisfies the initial condition
x(t1) = o, is an absolutely continuous function z(¢) de-
fined in [¢1, to], such that z(¢;) = ¢, and for almost all (a.a.)
t € [t1,t2], we have ©(t) € F7(z(t)). ]

The importance for the engineering applications of the con-
cept of solutions in the sense of Filippov is due to the fact that
they are good approximations of solutions of actual systems
with very high slope nonlinearities [15], [23], [24].

Property 2: Suppose that ¢ satisfies Assumption 3, and f;,
7 = 1,---,p, satisfy Assumption 4. Then, for any 2o € R?

.7:177]7

IThe threshold —o will play an important role in the design of G-NPC to
solve specific optimization problems, see Section III.

2This corresponds to the realization proposed in [1, Fig. 5(b)] for the con-
straint neurons. Measurements we have conducted on the circuit in [1, Fig. 5(b)]
show that such a diode in fact closely approximates the considered function d
in Fig. 3(b) and (c).

31t is of interest to note that the theory developed in the paper continues to be
valid, with minor changes, if we substitute the third equation defining d in (9),
with the following one: d(p) < —o for o < 0, see Fig. 3(c). This modification
can account for nonideal effects in the actual realization of the diode.
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there is at least a local solution of (11) with initial condition
z(0) = zo. ]
Proof: Since F? is an upper semicontinuous set-valued
map with nonempty compact convex values, the local existence
of a solution x(¢) of (11) on [0, ¢1] (¢1 > 0), with z(0) = zo,
is a straightforward consequence of [14, Th. 1, p. 77]. [ |
An equilibrium point z¢ € R? of G-NPC is a stationary so-
lution of (11). Clearly, z° is an equilibrium point of (11) if and
only if we obtain 0 € F'?(z¢). The set of equilibrium points of
G-NPC is thus given by

E,={r€R':0€ F(x)}. (12)

Consider the nonlinear programming problem (2), and sup-
pose that ¢ satisfies Assumption 3 and f;(z),j =1,---,p, sat-
isfy Assumption 4. Under the stated hypotheses, S is a compact
set. Let

M = arg mig d(z) £ 0 (13)
TE
be the set of global minimizers of problem (2). Consider the set
of critical points of ¢ in &

C={zeS:0€0¢(z)+ Ns(z)}

where Ns(x) is the normal cone to S at z [16]. From [20, Corol-
lary p. 52], C is nonempty. Moreover, from standard results on
nonsmooth optimization we have M C C, and for a convex pro-
gramming problem, i.e., a problem where ¢ is convex on R¢, and
—fj» g =1,---,n, are convex on R?, we obtain M = C, see
Section III-C.

(14)

III. MAIN RESULTS

Here, the main results on trajectory convergence and opti-
mization capabilities of G-NPC are presented. Section III-A
considers the most general case where the objective function
¢ and the constraint functions — f; are nonconvex. Then, Sec-
tion III-B establishes additional results in the case where — f;
are assumed to be convex. Finally, Section III-C gives stronger
results for G-NPC when both ¢ and — f; are convex, i.e., in the
case of nonsmooth convex programming problems. Section IV
will cover the application of G-NPC to two convex program-
ming problems of special interest, i.e., linear and quadratic pro-
gramming problems.

A. General Nonconvex Programming Problems

Here, we suppose that the objective function ¢ satisfies As-
sumption 3, and the constraints f;, j = 1,---,p, satisfy As-
sumption 4, but we allow ¢ and — f; to be nonconvex functions.
Our goal is to show that G-NPC has optimization capabilities
analogous to those established for NPC in [1].

Let us introduce for G-NPC the energy function

p Ji®)
W (x) = p(x) + / d(p)dp (15)
j=1 0
where
. 0, >0
iwn={", 120
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Function W7 is nonsmooth, indeed it is only regular on R? [20,
Proposition 2.3.6-c]. Moreover

W (z) = ¢(z) + oB(x)
where

0, r €S

Blx) = {zje,_(w) (~fi(x)), @ €RI\S

is a nonsmooth barrier function.

The next basic result holds.

Property 3: Suppose that ¢ satisfies Assumption 3, and f;,
j=1,---,p, satisfy Assumption 4. Then, 0B(z) exists for any
z € R? and we obtain for (11)

(16)

i€ F(x) = —-0W7(z) = —0¢(x) — c0B(x) (17)
i.e., G-NPC is a circuit that implements the generalized gradient
of the energy function W°. [ |
Proof: The barrier function B in (16) can be rewritten as
B(x) = 330_; |hj(z)], for = € RY, where hj(z) = (| f;(x)] -
fi())/2:
For any = € R?\ S we have I~ (x) # 0. Hence, taking into
account that 9y, = > 9 [20, Corollary p. 40], we obtain from
(16)

OB(x)= Y (~fix)).

JET~(x)

Letx € 98, thus I~ (x) = () and 1°(x) # (). Hence

oBx)= 3 olhl(a)

JEI* ()

where hj(z) = 0. Since | - | is convex, then it is regular at

any point h;(z), see [20, Proposition 2.3.6]. Therefore, by [20,

Theorem 2.3.9-(i)] we obtain
Olhj|() = [0,1] - (~ £;)(x).

Finally, if 2 € int(S), then 9B(z) = 0. ]

It follows from (17) that the equilibrium points £, of G-NPC,

as given in (12), coincide with the critical points of the energy
W?e over R?, i.e.,

Esr={z€R":0€F(z)} ={z€eRT:0€ —0Wo(x)}.

The next result is a consequence of Property 3.

Property 4: Suppose that ¢ satisfies Assumption 3, and f;,
j=1,---, p,satisfy Assumption 4. Let z(t), t € [t1, 2], where
t1 < tg, be a solution of (11). Then, W (x(¢)) is differentiable
fora.a. t € [t1,ts] and

d

W (a(1) = = a(0)ll; <. (18)
In particular, if 2(¢t) & &,, then

3o (a(t)) < —m? (2(t)) < 0 (19)

dt
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where mq(z(t)) = minge_swe ) lI€ll2 > 0. If instead
x(t) € &y, then

d
—W? (z(t)) = 0. 20
Ly (o(r) o)
|
Proof: Since x(t), t € [t1,t2], is absolutely continuous
and W7 is regular, then z(¢) and W (x(¢)) are differentiable
for a.a. t € [t1,t2]. Moreover, from (1)

d

V@) =)  VEe W (x(1). 2D

From Property 3, #(t) € —0W 7 (x(t)), hence by choosing £ =
—i(t) € OW?(x(t)), we obtain (18).

Suppose that z(t) & &,, thus 0 ¢ —OW?(x(t)). Since the
set OW 7 (x(t)) is nonempty and compact, we have m?2 (z(t)) =
minge oo €]l2 > 0 and (a,a) = [lal3 > m(x(t)) for
any a € —OW?(x(t)). Therefore, since (t) € —OW (z(t)),
we have

%W" (z(t) = [lE(®)]3 < —mZ (x(t)) <0.

Finally, if 2(t) € &,, then 0 € OW7(x(t)). By choosing
& = 0in (21), we obtain (20). [ |

Property 4 simply states that the energy function W¢ is
strictly decreasing along nonstationary solutions of (11), while
it remains constant on stationary solutions. Property 3 and
Property 4 generalize to G-NPC the corresponding results of
NPC proved in [1], see Section II-A. In particular, it is seen that
G-NPC implements a nonsmooth penalty method to solve the
nonlinear programming problem (2), and it is suitable to search
for (local) minima of the nonsmooth energy function W?.

B. Convex Constraints

In Section III-A, the most general setting where the objective
and constraint functions are nonconvex has been studied. The
aim of this section is to establish basic results on trajectory con-
vergence of G-NPC under the next assumption.

Assumption 5: The constraint functions —f;, j = 1,---,p,
are convex on R?. Furthermore, there exists Z € int(S) such
that f;(z) > 0,forj=1,---,p. [ |

This assumption is not overly restrictive, since a large part
of all relevant applications involve programming problems
where the constraint functions —f; are convex and satisfy
Assumption 5. It is also noted that Assumption 5 implies
Assumption 4 (cf. [20, Proposition 2.3.6]). Under Assumption
5, the feasibility region S is convex. Furthermore, the barrier
function B defined in (16) is convex on RY.

Without loss of generality, we suppose henceforth that z =
0 € int(S). If not, we are brought back to this case by the
change of variables # — = — . Thus, we have f;(0) > 0 for
j = 17 s P

Let us consider a sufficiently large sphere centered at the
origin, b(0, R), such that

S C b(0, R).
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Our goal is to address convergence to the set C of the crit-
ical points of ¢ in S, as given in (14), of the trajectories of
G-NPC starting within (0, R). Consider the nonempty compact
set (0, R) \ S. Since the map & — 9J¢(x) is upper semi-con-
tinuous with nonempty, compact and convex values, we can in-
troduce the quantity

My(R) = max { max ||v||2} < +o0. (22)
z€b(0,R)\S (vE€Id(z)
Moreover, let
m = min i(0) >0 (23)
f je{1,-,p} £i0)
and
Mp(R) = max el < 4o00. (24)

2€b(0,R\S JSm + fm + B(@)

The next theorem is the main result in this section.

Theorem 1: Suppose that ¢ satisfies Assumption 3, and f;,
3 = 1,---,p, satisfy Assumption 5. If the negative saturation
level —o of the nonlinear function d in (9) is such that

o > I'(R) = My(R)Mp(R) (25)

then, the following are true.

a) The set C of critical points of ¢ in S coincides with the set
of equilibrium points of (11) in b(0, R), i.e., we have

C=&,Mb(0,R)# 0.

b) Givenany zo € b(0, R), any solution z(t) of (11) starting
from z¢ at £ = 0 is bounded and hence defined for all ¢ >
0, and in particular z(¢) € b(0, R) for ¢ > 0. Moreover,
x(t) converges to C as t — +o0, i.e.,

t_lgrnoo dist (z(¢),C) = 0. ]

Proof:
(@) LetusshowthatC = {x € S:0 € d¢(x) + Ns(z)} =
E-Nb0,R)={zx € b(0,R) : 0 € dp(x) + cOB(x)}.

From (38) of Lemma 2 in Appendix I, it is known that
[I€]l2 > 0 forany & € —OW°(z) = —9¢(x) — cOB(x)
and any z € b(0,R) \ S.

Furthermore, if z € 98, then for ¢ > I'(R) it
can be proved that 0 € 0J¢(z) + 0cdB(z) if and
only if 0 € 9¢(z) + Ns(x). To this end, we begin
by noting the following facts. For x € 95 we have
0B(x) > jero@0,1] - d(=f;)(z). Therefore, by
following an argument as in the proof of Property 6 in
Appendix I, we obtain

(z,2) > Z Ajfi(0) >0

€I (x)

for any z = Y cpu)Aiz € 9B(z), with
z; € O(—f;)(z), and \; € [0,1] forany j € I°(x). If
o > I'(R),and \; > 1 for some j € I°(z), then we
obtain ||{|]2 > M,(R) for any £ € —cdB(z) (see the
proof of Lemma 2 of Appendix I). Moreover, Ns(z) =
lin, e 00B(2)= 3 o0 00) -0~ ) () 20,
Theorem 2.4.7 and Corollary 1, pp. 55-56].

(b)
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Now, suppose that z is a critical point belonging to 9S,
ie,z € CNOAS, hence z € b(0,R) and 0 € Ip(zx) +
Ns(x). This implies that there exists u € Ng(z) such
that u € —0¢(x) and |Jull2 < Mg(R). Moreover, since
as seen before we obtain ||{||2 > My(R), £ € —00B(z),
foro > I'(R) and \; > 1 for j € I°(x), we obtain

_ U U
U= g )\jzj

JEI%(x)

for some 0 < \Y < 1,and 2§ € 9(—f;)(x), j € I°(x).
Therefore, u € 00B(z), i.e., 0 € IP(x) + cOB(z) and
hence, € £% N b(0, R). This implies that C N dS C
b(0, R) N &,. The converse, £, N b(0,R) C C N IS is
obvious.

Finally, if z is a critical point belonging to int(S), i.e.,
x € CNint(S), then dB(z) = Ns(z) = {0}.
Consider a solution xz(t) of (11) starting from
29 € b(0,R) att = 0. For a.a. ¢ > 0 such that
x(t) € b(0,R) \ S we obtain

5 dt Lol = (w(t). () = (a(t), ~0(t) - o2(0)

with v(t) € 0¢(x(t)) and z(t) € 9B(x(t)). Thus, from
(39) of Lemma 2 in Appendix I we obtain

1d
2dt

This implies that (t) € b(0, R) for all ¢ > 0.

It remains to prove that lim;_, 4, dist(z(¢),C) = 0.
First of all, observe that the energy W is continuous on
R? and hence bounded from below on the compact set
b(0, R). Hence, W (z(t)) is bounded from below for all
t > 0.

We argue by contradiction, i.e., we assume that
limsup,_,, ., dist(x(t),C) = 2a > 0. Therefore, there
exists a sequence of instants {¢,, } such that ¢,, — +o0 as
n — +o0 and lim,_, ;o dist(z(¢,),C) = 2a. Consider
the compact set

lz(t)]I3 < 0.

H=0b(0,R)\ (c + ’%b(m 1)>

where k9 > 2 can be chosen such that [C +
(a/k)b(0,1)] C b(0,R). The map z — {||w]|2

w € —OW?(z)} assumes the minimum m > 0 and the
maximum M > 0on H. In fact, the map z — —OW(z)
is upper semicontinuous with nonempty compact convex
values, thus the set —OW?(H) is compact [15, Propo-
sition 3, p. 42] and it does not contain the zero vector.
Then, the assertion follows from the continuity of the map
y — |lyl|]2 on —OW (H). Then, from (19) we obtain

d

W7 (@(t) < —m? <0

for a.a. ¢ > 0 such that 2(¢t) € H. Since, for suffi-
ciently large n, say n > 7, we have dist(z(t,),C) >
a(2kg — 1)/kg, it follows that z(t) € H for any ¢ €
(tn,tn + 0), and for all n > 7, provided 0 < § <
2a(kg — 1)/(rkoM). Hence, on any of the infinitely many
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time intervals (¢,,,t,, + 6), where n > 7, the energy W
undergoes a negative jump which is lower than —ém?. By
noting that, from Property 4, W? is nonincreasing along
x(t) for all ¢ > 0, we easily reach a contradiction to the
fact that W (z(t)) is bounded from below for all ¢ > 0.m

Remarks:

1y

2)

3)

4)

In many programming problems, the lower bound I'(R)
in (25) can be rather easily estimated. If needed, a simpler
estimate is obtained by noting that

I'(R) <I'(R) = %’(R).
The next example shows that if o < I'(R), then (a) and
(b) of Theorem 1 may no longer hold.

Example 1. We want to minimize the scalar function
¢(x) = —ux subject to the convex (regular) constraint
f(z) =1—]z| > 0,hence, S = [-1,1]. Iff welet R = 2,
we have S C b(0,2) and, from (25), I'(2) = 1. Suppose
to choose o = 1/2 < T'(2). For this choice, it is easily
seen that the differential inclusion (11) reduces to

1, z € (-1,1)
%, z>1
i=Fi(z)={ 3%, z< -1
[5.1], =1
[1,3], 2=-L

Then, it turns out that (11) has no equilibrium points, i.e.,
&, = (). Moreover, since & = F'/2(z) > 42 > 0 for all
x € R, all solutions z(t) of (11) are unbounded and tend
to 400 as t — 4o00. |
Theorem 1 guarantees convergence to C of each trajec-
tory x(¢) of (11) starting in b(0, R). When function ¢ is
nonconvex, the set of global minimizers M is in general
a strict subset of the set C of critical points. Therefore, it
is not always possible to guarantee convergence to M, as
shown in the next examples.

Example 2(a). Consider the problem of minimizing the
smooth nonconvex scalar function ¢(z) = x3 subject to
the convex (regular) constraint f(z) = 1 — |z| > 0. We
have S = [-1,1], M = {—1},and C = {—1,0}. If we
let R = 2, for sufficiently large o we have, for G-NPC in
(11), & N b(0,2) = {—1,0} = C. It is easy to verify
that the solution z(¢) of (11) starting from zo = 1/2
converges from the right to the unstable equilibrium point
0, ast — +o0. Hence, z(t) converges to C, in accordance
with Theorem 1, but it does not converge to M. ]

Example 2(b). Consider the same problem as in Ex-
ample 2(a) but with ¢(z) = —(x — 1/2)%. We have
S=[-1,1, M = {-1},and C = {-1,1/2,1}. By let-
ting R = 2, for sufficiently large ¢ we have, for G-NPC
in(11), &, Nb(0,2) = {—1,1/2,—1} = C. If we choose
xg = 2/3, itis seen that the corresponding trajectory z(t)
converges to las ¢t — +o0. Again, we have convergence
to C but not to M. Note that z = 1 is a stable equilibrium
point corresponding to a local minimum of ¢ in S. ]
Since (11) is a system of differential inclusions, the
uniqueness of the solution of a Cauchy problem associ-

5)

ated to G-NPC in (11) is in general not guaranteed [15],
see the next example.

Example 3. We wish to minimize ¢(z) =
|z1] — |z2| : R? — R, subject to the constraints
fl(:E) =1- |LL’1| Z 0, fz(l’) =1- |:E2| Z 0.
Function ¢ is regular but nonconvex, and the con-
straints are convex and therefore regular. We have
S = [-1,1] x [-1,1], M = {(0,1),(0,—-1)}, and
C = {(0,0),(0,1),(0,—1)'}. If we let R = 2, for
o sufficiently large we obtain, for G-NPC in (11),
&, Nb(0,2) = {(0,0)",(0,1),(0,-1)} =C.

Consider the absolutely continuous function z%(t) =
(x§(t), 2%(t))" : [0,+00) — R? defined as follows

1 1
s—t, 0<t<=
a:i‘(t)——{2 ’ 2

0, t>3%

0, 0<t<y
ag(t)=¢ 53—t 3<t<3

-1, t>3

and the absolutely continuous function z°(t) =
(28(t), 25(t)) : [0, +00) — R? defined as

xy(t) = a5 (t)

w3 (t) = — 25 (t).
It can be easily verified that both functions 2 (¢) and z*(¢)
are solutions of (11) on [0, 4+00) starting from the same
initial condition zog = (1/2,0)" at ¢ = 0. The first one
reaches (0,0)’ and then converges to (0,—1) € M as
t — 400, while the second reaches (0,0)’ but then con-
verges to (0,1)" € M ast — 4o0. Thus, the property of
uniqueness of solutions does not hold in this case. |
We observe that the proof of (b) in Theorem 1 states that
the positive w-limit set, w(x(+)), of any trajectory x(t) of
(11) starting from z¢ € b(0, R), is contained in the set C.

C. Convex Programming Problems

Here, we address convergence of the trajectories of G-NPC

under the following assumption.
Assumption 6: The objective function ¢ is convex on R?. H

The next theorem gives a condition under which the tra-

jectories of G-NPC starting in b(0, R) converge to the set of
global minimizers M, as in (13), of the nonlinear programming
problem (2).

Theorem 2: Suppose that ¢ satisfies Assumption 6, and f;,

j=1,--
is given in (25), then the following are true.

, D, satisfy Assumption 5. If o > T'(R), where I'(R)

a) The set M of global minimizers of problem (2) coincides

with the set of equilibrium points of (11) in b(0, R), i.e.,
we have

M =E,Nb(0,R) # 0.

b) Given any zo € b(0, R), there is a unique solution z(t)

of (11) starting from zg at ¢ = 0, which is defined for
all ¢ > 0, and is such that z(t) € b(0,R) fort > 0.
Moreover, x(t) converges to M as t — 400, i.e.,

, 1151_1 dist (z(t), M) = 0. ]
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Proof: Let us show that for a convex programming
problem we obtain C = M. For smooth functions, this is the
classical result of Kuhn—Tucker. In the following, we simply
adapt the argument employed in the proof of that result to the
present nonsmooth case.

From Theorem 1, we have C = &, N b(0, R). Let & € C,
hence 0 € —OW(&). If & € int(S), then Z is a minimizer of
¢ in S, see [15, Corollary 5, p. 33]. If £ € 9S, let A; € [0,1],
j € I°(), be such that

0€0p(@) +0o Y NO(—1)(&)
jEI (@)

Since the function

W§(z) = ¢(z) +0 Y A(=f)(x)
Jel’ (@)
is convex on R?, we have that 7 is a global minimizer of W
in R?. Therefore, W§(z) < W (x), for any z € R?. On the
other hand, for j € I°(%) and z € S we have —f;(z) < 0,
hence W§ (z) < ¢(z), for any 2 € S and W (z) = ¢(z). In
conclusion, ¢(z) = W () < W7 (&) < ¢(z), forany z € S.

On the basis of Theorem 1, to complete the proof, it suffices to
show the uniqueness of solutions. Under the stated assumptions
ongand f;,j =1,---,p, W7 is aconvex function on R?, while
from Property 3, (11) is a gradient system on W¥. Therefore,
the uniqueness of the solution of (11) starting from zy att = 0
follows from standard results on gradient differential inclusions
[15, Theorem 1, p. 159]. [ ]

We emphasize the fact that, in addition to the result in The-
orem 1, in Theorem 2 , we have convergence of each solution
of (11) to the set of global minimizers M (cf. Remark 3 in Sec-
tion II[-B). Furthermore, for each initial condition 2 € b(0, R),
there exists a unique solution of (11) starting from z( (cf. Re-
mark 4 in Section III-B).

In the case where ¢ is convex, we are also able to give a
condition ensuring convergence to M in finite time, as it is stated
in the next result.

Theorem 3: Suppose that, in addition to the hypotheses of
Theorem 2, there exists 177 > 0 such that

nw§>m.

Then, given any zo € b(0, R) \ S, there is a unique solution
x(t) of (11) starting from zy at ¢ = 0, which converges to M
in finite time, i.e., we obtain z(t) € M for all ¢ > #.., for some
t. > 0. Furthermore, the convergence time of z(t) to M, which
is defined as 7. = inf{t. > 0 : x(t) € M,t > t.}, can be
estimated by

min

inf { (26)
zeS\M (£€e—0W7 (x)

1
min {n?,n3}
where ¢, = ¢(z*), with z* € M, is the global minimum of ¢
in S; moreover

7. <t = (W7 (20) — ¢m)

27)

o—T(R)
=M, _
72 ¢(R> P(R) >0
where M, (R) is defined in (22) and I'(R) in (25). [ |

Proof: Let x(t) be a solution of (11) starting from
zo € b(0,R) at t = 0. From Theorem 2, it is known that
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xz(t) € b(0,R) fort > 0, and z(t) — M ast — +oo.
Hence, due to the continuity of W, lim;_, 4. W7 (z(t)) =
min, ooy We(z) = ¢m.

From (38) of Lemma 2 in Appendix I and (19), we obtain

d a

LW (5(1)) <~}

fora.a.t > 0 such that z(¢) € b(0, R) \ S. Furthermore, for a.a.
t > 0 such that z(t) € S\ C we obtain from (19) and (26)

Dw (1)) < .

Therefore, we easily conclude that W7 (x(t)) = ¢,, for t >
te, where t. is given in (27). This in turn implies that z:(t) € M
fort > t.. [ ]

Remarks:

1) Condition (26) of Theorem 3 is the crucial assumption
ensuring convergence in finite time to M of the solutions
of (11) starting in b(0, R). It is stressed that (26) is in
general not necessarily met, and there is not convergence
in finite time of the solutions of (11), see the next example.
In Section IV we will single out the important case of
linear programming (LP) problems, where condition (26)
is instead certainly satisfied and convergence in finite time
to M is always guaranteed.

Example 4. Consider the problem of minimizing the
convex scalar function ¢(z) = z2, subject to f(z) =
1—|z|] > 0. Wehave S = [-1,1] and M = {0}. It
can be verified that the solution z(¢) of (11) starting from
xp =1/2att = 0issuchthat |z(t)] < 1/2fort > 0,i.e.,
it satisfies the differential equations 4:(t) = —2(t) for
t > 0. As a consequence, x(t) converges asymptotically
to 0 ast — 400, i.e., there is not convergence in finite
time. It is also easily seen that in this case hypothesis (26)
of Theorem 3 is not satisfied. ]

2) Suppose, in addition to the assumptions of Theorem 2,
that ¢ is strictly convex on RY. In this case, there is a
unique global minimizer of ¢ in S, i.e.,, M = {z*} is
a singleton. It follows from Theorem 2 that, given zy €
b(0, R), there is a unique solution of (11) starting from
xg att = 0, which converges to z* as ¢ — +o0o. Under
conditions analogous to those of Theorem 3 we can also
guarantee global convergence in finite time to x*.

IV. LINEAR AND QUADRATIC PROGRAMMING PROBLEMS

Let us consider the following convex programming problem:
.. . / 1 /
minimize ¢(x) = o’z + 5% Qx

subject to f;(z) = (A, z) —¢;
q
=S Ajar—c; 20, j=1le-p.
k=1
(28)

wherea € R%, Q e R?”*%and A; e R%, ¢; eR, j=1,---,p.
Without loss of generality, suppose that Assumption 5 is satis-
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fied with £ = 0. This implies that —¢c; > 0,7 =1,---,p. If Q
is a symmetric positive definite matrix, (28) is a quadratic pro-
gramming (QP) problem, while in the special case () = 0, (28)
reduces to the LP problem

minimize ¢(x) = o’z

subject to f;(z) = (A, z) — ¢;

q
ZZAj,kHTk—CjZQ J=1--,p.
k=1

(29)

A. Quadratic Programming Problems

For QP problems the dynamical equations (11) of G-NPC can
be written as follows:

q
i € —a; — E QirTr
k=1

p q
_ZAi’jd (ZAj,kxk_cj>7 'L':L...,q_
Jj=1 k=1

From the definition of the nonlinearity d in (9), we
have d(3>i_, Ajrxr — ¢j) = —o for j € I (x),
d(Yhoy Ajrwe — ¢;) = —o[0,1] for j € I°(x), and
d> i Ajrzr — ¢j) = 0 for j € It(z). Hence, for
1t =1,---,q, we obtain

—a; = 3 hq Qi + 0 X e () Airj

; +0 3 jero@l0,1] - Aij, reRI\S
T; € q
—a; — Zk:1 QirTr
+0 3 jero@l0,1] - Aij, €S

and in vector form
—a—=Qr+0Y i) Aj
= +o Zje]o(m)[(); 1] ) Aj7 r € R? \8 (30)
—a— Q403 icron[0,1]-4;, T€S.

The next result holds.

Theorem 4: Suppose that ¢ > I'(R), where I'( R) is given in
(25). Then, given any zo € b(0, R), there is a unique solution of
the QP circuit (30) starting from x( at ¢ = 0, which converges
to 2* as t — 400, where z* is the unique global minimizer of
¢pinS. [ |

Proof: For the QP problem (28), ¢(z) = a’z+(1/2)2' Qx
is strictly convex, hence there is a unique global minimizer, z*,
of ¢ in S, i.e.,, M = {z*}. The result in the theorem is thus a
direct consequence of Theorem 2. [ |

B. Linear Programming Problems

Let us now consider the LP problem (29). The dynamical
equations reduce to

—a+0) jer-(x) A
= +0—Z]€IO(Z)[O71]AJ7 .Z'ER(I\S
_a+02]610(z)[0/1]AJ7 .Z'ES

€1y
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Moreover, the energy function (15) becomes

Wip(x)=d'z—o > ((Aj,7) —cj)
jeI~(z)
and from Property 3 we obtain & € F{p(z) = —0W{p(z), for
r € R1.
The next property shows that the threshold I'(R) as defined
in (25) assumes a particularly simple form for LP problems.
Property 5: For the LP problem (29), we obtain
_ Rlall
fm
for any R > R, where R = maxyeas|lyll2, and
Jm = minjegy . py(—cj) > 0. u
Proof: See Appendix II. ]
Now, we prove the lemma which is crucial to study trajectory
convergence for the LP circuit (31).
Lemma I: Consider the set-valued map FYp defining the LP
circuit (31). If a # 0 and 0 > T'rp, where I'p is given in (32),
we obtain

I'(R) = |la||2Mp(R) < I'Lp (32)

min

inf { (33)
z€IS\M | £€-0W ()

||f||2} = prp > 0.

|

Proof: Leto > I'yp. From Property 5 and (a) of Theorem

2, we have M = &, on RY. Furthermore, since a # 0 it follows

from standard results on LP problems that M C 0S. Let x €
08 \ M, hence I~ (x) = 0, I°(z) # 0 and consider the set

Fip(x) = —0W{p(z) = —a+o Z [0,1]- A,.
JEI’(2)

Since © € S\ M = 9§\ &, then 0 ¢ F/p(z).

Being F{p(z) a compact set, and 0 ¢ F{p(x), we obtain

minge _awe (x) l€l]l2 = m(I°(xz)) > 0. The family &y of

distinct sets of indexes I°(z) obtained by varying = in 9S \ M

is finite, hence we obtain

it {gegslal%,(@ ||£||2} poiin Am (I()) }

=purLp > 0. [ ]

The next theorem is the main result on the application of
G-NPC to solve LP problems.

Theorem 5: Suppose that o > 't p, where I'1,p is given in
(32). Then, given any z € RY, there is a unique solution z(t)
of the LP circuit (31) starting from x¢ at £ = 0, which converges
to M in finite time, i.e., we obtain x:(t) € M for all ¢ > ., for
some £, > 0.

If a # 0 the convergence time of z(t), which is defined as
7. = inf{t. > 0: 2(t) € M,t > {.}, can be estimated by

1
min {n?, 73}
where ¢,, = ¢(z*), with * € M, is the global minimum of
¢(z) = a’x in S; moreover

1. < te = (Wip(o) = dm) G4

m = min {||al|2, prp} > 0 (35)
where ppp is defined in (33) and
o—Tp  ofm
= ||aflp——28 = 22 0.
n2 = |lall2 oo 7~ llallz> (36)
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If instead @ = 0, we have

erP(wO) '
m

1. <t.= u

Proof: Suppose that a # 0. To prove the result stated in
the theorem it suffices to note that, on the basis of Lemma 1, the
hypotheses of Theorem 3 are satisfied with 7; as in (35).

Then, suppose that ¢ = 0. By an argument as in the proof
of Theorem 3, we have dW7p(z(t))/dt < —n3 < 0 for a.a.
t > 0 such that z:(¢) € b(0, R) \ S, where 7 is defined in (36).
For x(t) € b(0,R) \ S it also results Wp(z(t)) > 0, while
for z(t) € S, Wfp(z(t)) = 0. Therefore, it easily follows
that z(t) € S fort > t. = W¢p(xo)/n3. Finally, note that
#(t) = 0 fora.a. t > t. such that z(t) € S. Otherwise, W{p
would undergo a negative jump for ¢ > t., while we obtain
W{p(z(t)) = 0 fort > t.. Hence, z(t) = constant for ¢ >
te. |

Remarks:

1) Theorem 5 actually ensures that in the case of LP prob-
lems there is always convergence in finite time to M of
the trajectories of G-NPC starting everywhere in R?. This
is due to the fact that condition (26) in Theorem 3 is cer-
tainly satisfied for a # 0, see the proof of Theorem 5 and
Lemma 1, and compare Remark 1 in Section III-C.

2) As it was pointed out in Section II-A, the neural network
proposed by Kennedy and Chua [1], see NPC in (3), is
actually employed in the case where the slope 1/r of
the diode-like function ¢ in (4) is very high. As a con-
sequence, the result in Theorem 5 can be applied with
good approximation also to study the behavior of NPC.
In other words, the present study has justified from the
viewpoint of nonsmooth optimization the phenomena of
sliding modes, and convergence in finite time, which have
been observed by means of computer simulations in the
use of NPC for solving LP problems.

3) A previous paper [6] has introduced a different class of
neural networks to solve in finite time, via the use of a
sliding mode approach, LP problems which are given in
standard form. The neural network in [6] has significant
architectural differences with respect to NPC and G-NPC,
compare the block diagram in [6, Fig. 1] with Fig. 1 and
Fig. 2, and has not been investigated from the viewpoint
of implementation by an actual circuit. In fact, from [6,
Fig. 1] that neural network seems to need a more com-
plex electronic implementation with respect to NPC or
G-NPC. We refer the reader to [6] also for a comprehen-
sive review of previous approaches to LP problems based
on analog solvers.

4) The problem considered for the LP circuit (31) can be also
formulated as that of reaching a closed set of a finite di-
mensional space by the trajectories of a suitably defined
controlled system. Here, the closed set is the set M of
the global minimizers of the LP problem, and the control
is the penalty parameter o of the adopted penalty method
(cf. (9)). Other approaches, based on viability and invari-
ance theory, to solve the attainability problem of closed
sets are presented in [25], [26].
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(5.5 R 5.5

H—*

-7 a, x

Fig. 4. Phase-space trajectories starting at ten different initial conditions for
the LP circuit of Example 5 (¢ = 6). Each initial conditions x is represented
by an asterisk. The feasibility region S is delimited by dashed lines.

Example 5: To illustrate the result in Theorem 5, consider
the following LP problem studied in [12]. Minimize
d(r) = —x1 — 29
subject to the affine constraints
5 35
—pfitet 5 20
x1+5 >0
—x9+52>0
5 =

9]
- 22 >0,
23]‘1 9 + 9 =

The feasibility region S is shown in Fig. 4, and it is seen that
the global minimum of ¢ in S is reached at z* = (5,5)’, and
dm = ¢(a*) = —10.

Consider the application of the LP circuit (31) to solve this
problem. If we let R = 7.1, then S C b(0, R), hence from (32)

Iep < Rl|a)) _ TAx12x V2

fm 5
Therefore, the hypotheses of Theorem 5 are certainly satisfied
if we choose, for example, 0 = 6, and the trajectories of (31)
are globally convergent to (5,5)" in finite time.

Let us evaluate pypp as defined in (33) for ¢ = 6. The
boundary of & is made up of four segments and on each open
segment the quantity mingere () [|€][2 is constant. On the
basis of this observation, a straightforward though tedious
computation shows that ur,p = 0.557, hence 77 = 0.557 and
12 = 0.743. From (34) we conclude that for any zy € R? the
solution of (31) starting from z at ¢ = 0 converges in finite
time, 7., to z* = (5,5)', and 7. < t. where, on the basis of
Theorem 5, the estimated convergence time is

1 W (20) + 10
te < (W7, — bm = _LP
R e T ) SR KT

= 3.45.

(37

Fig. 4 shows the phase-space trajectories of (31), starting
from ten different initial conditions zg, as obtained with
MATLAB simulations (o = 6). It is seen that all trajectories
converge toward the optimal solution (5,5)". In particular
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Fig.5. (a) Time-domain evolution of the state variable x4 (). (b) Evolution of
x2(t), for the LP circuit of Example 5 (zo = (=2, —4.5)", 0 = 6).

TABLE 1
COMPARISON BETWEEN ESTIMATED (. ) AND TRUE (7. ) CONVERGENCE TIME
FOR TEN DIFFERENT INITIAL CONDITIONS

o te 7.
(—6,0) 70.97 | 10.1
(0,6) 32.26 | 5.0
(7,0) 9.67 | 9.67
(6,0) 12.9 | 9.0
(2,-2)y 32.26 | 9.67
(—3,0) 4193 | 8.0
(—4,—-4)" | 58.06 | 9.0
(—2,—4.5)" | 67.74 | 10.02
(—4,3) 3548 | 9.0
(7,2) 41.93 | 6.33

Fig. 5 depicts the time evolution of the state variables z (¢) and
x9(t) for the trajectory starting from z¢g = (—2, —4.5)". From
the figure it clearly emerges that z:(¢) converges to the exact
optimal solution in finite time. An analogous result has been
verified in all other simulations.

For the ten initial conditions considered in Fig. 4, Table I
compares the estimated convergence time ¢, in (37), and the true

IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—I: REGULAR PAPERS, VOL. 51, NO. 9, SEPTEMBER 2004

convergence time 7. as obtained with MATLAB. It is seen that
the estimate (37) is always satisfied. It is also noted that in some
cases (e.g., zo = (7,0)) the estimate is accurate, while in others
situations the estimate is quite conservative.*

V. CONCLUSION

The paper has proposed a programming circuit which gener-
alizes that introduced by Kennedy and Chua in [1], and is aimed
at solving in real time a large class of nonsmooth programming
problems of interest for the engineering applications. The pro-
posed circuit has a neural-like architecture and in particular it
possesses constraint neurons modeled by ideal diodes with in-
finite slope in the conducting region, which corresponds to the
use of a nonsmooth penalty approach.

The generalized circuit has been rigorously analyzed in the
framework of the theory of differential inclusions, and thorough
results on trajectory convergence toward equilibrium points and
optimization capabilities have been obtained. Moreover, the
paper has singled out classes of problems of special interest,
such as linear programming problems, where the circuit is able
to compute the exact global optimal solution in finite time, by
suitably exploiting the presence of sliding modes. Essentially,
the results here obtained mean that the NPC originally con-
ceived by Kennedy and Chua, once it has been extended in
the way discussed in the paper, can be rigorously justified also
from the viewpoint of nonsmooth optimization theory.

It is believed that the techniques developed in the paper, in
particular the Lyapunov-like approach used to analyze trajec-
tory convergence and optimization capabilities, are potentially
useful also to study other classes of nonlinear circuits containing
familiar nonsmooth nonlinearities, as ideal diodes or ideal op-
erational amplifiers used as hard comparators. Up to now, such
circuits have been mainly investigated from the static viewpoint
of existence and uniqueness of the equilibrium point, while the
relevant dynamical features seem to have received not much at-
tention.

The property of convergence in finite time, which is pecu-
liar to some classes of nonsmooth circuits considered in this
paper, is of interest in view of the applications requiring that
the programming problems be solved on-line. Future work aims
at obtaining less conservative estimates of the (finite) conver-
gence time, with respect to those established in Theorem 3 and
Theorem 5. Hopefully, this can be done by exploiting other ap-
proaches based on viability and invariance theory (cf. Remark
4 in Section IV), which are expected to enable to gain further
insight on the geometrical structure of the energy surface (ob-
jective function and constraints) of each specific class of pro-
gramming problems which is dealt with.

4The conservativeness of the estimate (34) can be explained by considering
that in the proof of Theorem 5 the worst-case situation is considered where
a trajectory is supposed to always move with the lowest possible velocity
min{n, N2}, which corresponds to the minimum derivative (in absolute value)
of the energy W It is believed that a more accurate estimate of 7. could
be obtained by exploiting more knowledge on the geometry of the energy
function W7, . This, however, goes beyond the scope of the present work, and
represents an interesting topic for future research.



FORTI et al.: GENERALIZED NEURAL NETWORK FOR NONSMOOTH NONLINEAR PROGRAMMING PROBLEMS

APPENDIX 1

Property 6: Suppose that f;, j =1, -, p, satisfy Assump-
tion 5. Then, we have

(@z2)> Y £+ D Ifi@)]>0
jeI—(x) JEI~(z)

forany z € 9B(z), and any x € R?\ S. ]
Proof: Since —f;, j = 1,---,p, are convex on R? and
fj(0) > 0forany j =1,---,p, wehave forz € R?\ S

0 < £(0) < =fi(@) + f;(0) < (x, 2)

for j € I~ (z), and z € —0f;(x). Thus, if z € 0B(xz), then
Z = jer-(x) %i» With z; € —0fj(x), and

<JZ72’>: Z <£E,Zj>
jGI_(z)
> 3 (—fi(@) + £5(0)
JEI~(x)
= Y 50+ Y @0
jel~ (x) JEI-(z)

Lemma 2: Suppose that ¢ satisfies Assumption 3, and f;,
j=1,---,p, satisfy Assumption 5. If o > I'(R), where I'( R)
is defined in (25), the following properties hold.

a) We have, for any { € —0W(x) and any = € b(0, R) \ S

I€lle > Mo(r) =55 (38)

b) We have

(z,v) + o(x,2) >0 39)
forany v € 9¢(z), any z € 9B(z),and any x € b(0, R)\
S. [ |

Proof:

a) Taking into account (16) and (23), from Property 6 we
obtain ||z||2||z|l2 > (z,2) > fm + B(z) > 0, for any
z € 0B(z) and any 2z € R?\ S. Then, being o > I'(R),
we get from (24) and (25)

lwll2 Zaf’n+—8(x)
(E41P
> ag
~ max [E2[B
z€b(0,R)\S fm+B(x)
ag
=My(R)=———.
a( )F(R)

Since o /I'(R) > 1 we canpute = o/I'(R) — 1 > 0 and
obtain that ||u|l2 > Ms(R)(1 + €), for any u € 00B(x)
and any z € R? \ S. Finally, since 0W 7 (z) = d¢(z) +
00B(x), we obtain from (22), ||{||2 > eMy(R) > 0, for
any £ € —0W?7(z) and any = € b(0, R) \ S, i.e., (38).
b) Equation (22) yields (z,v) < ||z]2||v]l2 < My(R)||z]|2,
for any v € 9¢(x), and any z € b(0, R) \ S. Moreover,
from Property 6 we have (x,z) > f, + B(z), for any
z € 0B(z) and any z € R? \ S. Thus, being o > I'(R),
we obtain o(x,z) > My(R)||z||2, for any z € 9B(x)
and any z € R?\ S, i.e., (39). [ |
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APPENDIX II

Proof of Property 5

Let us evaluate, for z € b(0, R) \ S, the quantity ||z||2/(fm+
B(z)). i

If 2 € 0§, then [[zl> < R and B(z) =
lzll2/(fm + B(z)) < R/ fm and from (24)

0. Hence,

]2 Rllall2
lallM(R) = llal mag =2 < ke,

Consider now the set of points z € [b(0, R) \ S]\ 9S. Recall
that S is a compact convex set and 0 € int(S). Let # € Cp,
where Cr = {x € R? : ||z|]|]2 = R}, and consider the half line
r = af, with @ > 0, and the segment r N [b(0, R) \ S]\ 9S =
{y = af : am (%) < a < 1}, where a,,, (%) > 0 is defined by
am(Z)Z € dS. Tt is clear all points z € [b(0, R) \ S]\ 9S can
be obtained by varying & on Cr and « on (a,,, (%), 1].

We want to show that

[l [l
() =

" fm A+ Blad)  fm - Zje[*(a.i) ((4j,az) —¢;)

is a nonincreasing function of « for 0 < v, () < a < 1. Note
that if j € I~ (a), then —(A;, aZ) > —c; > 0.

Choose a; and ap such that 0 < a,(2) < a1 <
ay < 1. Then, we obtain I~ (a1Z) C I (asZ). Indeed,
if j € I~ (1), then —(A;, anz) > —c¢; > 0, hence
—(Aj, %) > —(Aj,anZ) > —c; > 0,ie.,j € I (aaZ).
Now, we have

[1]

Z(as) = 2|2
Jm — Zje]*(agi) (<AJ'7 Q) — cj)
< |22
" fm— Zje]*(ali) (<Aj7a257> - cj)
_ Il
QL_ (fm + Zjer(mi) Cj) - Z]’er(mi)@‘lj;j)
while
= o ]2
E(a) = ~
fm — Zjef_(oq:i’) (<Aj7alw> - Cj)
[1]l2

al_l (fm + Zje]*(ali) cj) - Zje[*(ali't)(Aj?i’,)

Since (1/0‘1)(.fm + Zje]*(m.%) cj) < (1/0‘2)(fm +
> jel-(ari) ¢i) < 0, and the denominator of Z(av ) is positive,
it 1s easily seen that =(a1) > Z(az) > 0. Furthermore, as
a1 — Q(Z)T, then @17 — OS and B(a1Z) — 0, whenever
& € Cg. Therefore, for any o, (%) < a < 1 we obtain

Ela) < lim E(ay) < fﬂ

a;—at (%)

Hence
T R a
R L N T
€[b(0,NS]\0S fm + B(x) fm
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