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A Result on the Existence of Infinitely Many Solutions
of a Nonlinear Elliptic Boundary Value Problem
at Resonance.

T. MAsSABO - P. NISTRI (Cosenza)
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Sunte. — 8i dimostra che un problema ellittico non lineare in risonanza rap-
presentato da una equazione del tipo Lu — I(u), dove L: K —F (B, F
spazi di Banach reali) & un operatore di Fredholm di indice i, >0 ed
h: B —F & un operatore continuo non lineare uniformemente limitato,
ha, se i, >0, una componente connessa non limitata di soluzioni che inter-
seca la varietd affine & 4 (W @D L), ove B, @ E, = Ker I, dim Ky =1i,,
§eBye W é un qualsiasi complemento topologico di Ker I in E.

Introduction.
In this paper we deal with an equation of the form
(%) Ly = k(u)

where L: E - F (B, F real Banach spaces) is a Fredholm operator
with nonnegative index ¢, and h: ¥ —F ig an uniformly bounded
continuous nonlinearity. In our case, equation (%) corresponds to
an elliptic boundary value problem at resonance,

Our purpose is to show that () has an unbounded connected
set of solutions if i,> 0. More precisely we prove that, under
suitable assumptions, there exists a subspace ¥, of the kernel of
L(Ker L) and an i,-dimensional complement F, of ¥, in Ker L
such that, for any £e F, and any topological complement W of
Ker L in B, equation (%) has an unbounded connected component
of solutions whiech meets the affine manifold &+ (W& E,).

Our results are in the same direction of those of Amann-
Ambrosetti-Mancini in [2] and the proofs are based on the abstract
Theorem 1.1 which is related with the theory of 0-regularizable maps
introduced by Furi-Pera in [6,7] (see also [5]).
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1. — Definitions and preliminary results.

Tet E, F be real Banach spaces. A continuous map f: K-> F
is said to be compact it it maps bounded subsets of IZ into relatively
compact subsets of F; f is said to be proper if f7HE) is compact
for every compact set K c . Observe that if f: -1 is proper
on bounded eclosed sots of E and h: K-~ I is compact, then f -~ h
is proper on bounded closed sets. Moreover, let f, g: £/ — I be con-
tinuous; we say that a continuous map H: Ex[0,1]1-+1 is a
O-homotopy joining f with g if

iy H(-,0) = fy H(-, 1) = g;
i) H(-, 0)—H(-,): Ex<[0,1]->TF is compacet;

Furthermore, we recall (see [6]) that a continuous map f: K-> 1
is said to be O-regular if @) () is bounded and the equation
flu) = h(u) has a solution in B for any compact maph: E—F
with bounded support; b) f is proper on bounded closed subsets of K.

Tet F: E— F be continuous and assume that there exists a
continuous map ¢: & —6G, where G is a real Banach space, such
that ¢ maps bounded sets into bounded sets and the mayp (f, ¢):
B 1< G defined by (f, ¢)(u) == (f(w), g(u)) is U-regular. Then we
say (cfr. [6]) that f is O-reqularizable by ¢ (or, equivalently, that
¢ U-regularizes f).

Finally, recall that a linear operator L:E-+F is called a
Fredholm  operator, if dim Ker L < +4- co, Tm L is closed and
codim Tm I < - co. The index of L is the integer i == dim Ker L —
— codim T L. It is not hard to see that a bounded Fredholm
operator is proper on bounded closed sets. Moreover it is known
that if L: B —F is a bounded Fredholm operator with k-codi-
mensional image, there exists a bounded operator Q: I —> RE
(unigue up to o linear isomorphisin of R¥ into itself) such that
Ker() = Im L. In the sequel we always denote by ¢ such an
operator.

In the next section we give an application of the abstract
Theorem 1.1 below, to the solvability of boundary value problem
at resenance. The proof of Th. 1.1 is a direct consequence of
6, Th. 2.1} and of the results contained in [7]. We would like
to remark that the proofs of such results are essentially based on
some homotopy arguments avoiding topological degrece.

Trcorint 1.1, — Let Li B~ F be o bounded Fredholm operato”
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of index iy >0 and h: F —F be compact. Let 87 = {uc E: Lu == }l(u)
for some 210,11} and let P E - E be a bounded lincar projeetion
onto Ker L. Assume that

i) there crists a h-dimensional subspace K| of Ker L (I -
= codim Im L) such that QhiE,: E, - R* {s 0-homotopic to a hoinco-
morphism ¢: B, — R¥;

i) the set S¥N P-U(E,) is bounded;

1i) ¢f Py Ker L—»Ker L is any lincar projection such thet

for some wel0,1]} is bounded.

Then L~ h is O-regulavizable by the affine map o B -»Tm P,
defined by g(u) == P, Pu—&. Hence, of i, > 0, the equation L ==
== h(u) has an unbounded connceted component e of solutions such
that T (8 ++ P-Y(E,) + 0. (In particular, if ip=:0, thea L—h
is O-regularizable by ¢ = 0, Le. L—n is O-regular).

2. — Application to elliptic equations.

Let 2 be a bounded domain in R* with boundary ¢2. TFor
semplicity we assume that ¢ is an (»n — 1)-dimensional smooth
mauifold such that £ lies locally on one side of 20Q2. We denote
by £ a linear uniformly elliptic partial diflerential operator of
order 2m, m>1, with smooth real valued coctficients and $ a nor-
mal family of m smooth boundary operators of order <2 m— 1
which covers £ on 2 (cfr.[8]). TFinally, let f: O <R >R be a
function satisfying the following hyvpotheses:

o, 0 2+ R is measurable for every te R ;
() flz,-): R—>R s continuous for almost any ze¢ 2

there exists a constant ¢>0 such that [f(t, »)]<e
for all (r, ) c QxR

We are looking for solutions of the nonlinear elliptic boundary
value problem

2.1 o
(2) P == 0 on of2 .

{ Lig == flo, u) in Q

By a solution of (2.1) we meuan a function # < W2or(02) {for some
p =1, which satisfies the dilferentizl equation peintwise a.ce. and
the boundary conditions in the sense of the traces (efr. [1]).
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To restate problem (2.1) in the abstract form of the previous
section, let p > 1 be arbitrary and let ¥ = L7(£). Then it is known
(efr. [1] and [8] for the case p = 2) that the pair (£, B) induces
a densely defined closed Fredholm operator I with domain F =

usual norms of W3m2(L2) and L7(f2) are Banach spaces; |-z and
[ -] will denote the norms in K and F respectively. Furthermore,
L: E—1I is a bounded Fredholm operator with a right inverse
L+: Im L — F (l.e. LL* is the inclusion Im L <> F) which is bounded
by the Agmon-Douglis-Nirenberg’s estimates [1]. So, there exists
a k-dimensional subspace F, of F, where I == codimIm L, such
that I = Im L& F,. Observe that, since L is a Fredholm operator
in L7(£2), Im L is equal to the anhilator of the kernel of the dual
operator L' in L*'(Q) with 1/p - 1/p’ = 1; moreover, our regulari-
ty assumptions imply that Ker L’ is contained in €®(Q). Hence,
we can identify F, with the subspace Ker L’ of L7 (£). On the other
hand, by (f,), we get that the Nemytskii operator h defined by
h(u)(z) = f(2, u(x)) for almost all » € Q, maps continuously F into
itself and is uniformly bounded (i.e. there exists ¢> 0 such that
[h(w)|r<<c for all we F). Since E is compactly imbedded in F,
h can and will be regarded as a compact map from K into F.
Then problem (2.1) takes the more precise form

(2.2) Ly = hu) uckE.

Furthermore, assume that

(f:} the limits f.(») = lim f(x, ) exist for almost every ze 2;
U—>4 o0
(ue) (£, B) has the «unique continuation property », i.e. if v e Ker L

vanishes on a set of positive measure, then v = 0;

(fs) there exists a linear operator T: F,~—KerL such that
My(z) > 0 for all ze F,\ {0}, where, following [9],

Male) =[tow + 12

Te>0 Tz<<0

Observe that condition (f,) implies that 7' is injective; hence, ;> 0.
After these preparations, we are now in a position to state our
main result.

THEOREM 2.1. — Let L: E—1" and h: ¥ —F be as specified
above. Assume that (f.), (f,), (fa), (uc) ave satisfied. Then L —h is

i




A RESULT ON THE EXISTENCE ETC. 5

O-regularizable. Moreover, if i, > 0, there erists an i-dimensional
subspace B, of Ker I such that for cvery & € B, and for every topological
complement W of Ker L in E, the equation Ly = k(u) has an wun-
bounded conmect-d component of solutions X: which intersects the
affine manifold & + (W& TF,). If i, = 0, then L —1 is O-reqular.

Proor. - Let y,, y,, -y P& be a basis for F, and let Q: " - R*
be the bounded linear operator defined by

0= [orsfons).

Q 2

Clearly, from the definition of Fy, KerQ = Im I,. Moreover, Ker [
can be regarded as the direct sum of TF, with an i,-dimensional
subspace B, of E. We want to show that Qr{TF, is 0-homotopic
to a homeomorphism. Let us prove first that there exists 7o > 0
such that for any 7>, the following inequality

(2.3) (Qh(rv), a) = 0

holds for all v e T'F, such that ¢ — ATy, 4= a2 Ty, 4., L ar*Ty,,
a = (a', a% ..., a®), la] = 1. ((+y+) denotes the usual inner-produet
in R¥).

Assume the contrary; then there exist a sequence (r,),.n,
72—+ oo and a sequence (a,),.y in D = {a e R*: |a] = 1} such that

(Qh(r,v,), a,) <0,

that is

fh (7)) 2, <20

Q
where

k .
Zn= >l
i=1
Hence,
(2.4) Iim supfh(r,, Tz,)2,<0.
e G

By the same argument used in the proof of ([2], Theorem 2.5),
We can prove that M,(Z) <0, where zel'y is a cluster point of the
bounded sequence (24)nen, contradicting the assumption (f,). There-
fore (2.3} is true. Consequently, let H: TF, [0, 1] - R* be the ho-
motopy defined by H(v, 1) = 2o(v) - (1 — 2YOh(¢) where o: TF,— Rk
is the isomorphism given by

o) = (ay a® .. ak) - at Ty, + a2 Ty, - ... 4 a* Ty, .
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Then by (2.3) there exists e 0 such that for every ve T'F, with
‘pigme, We have

(H(v, 4), o)) = Alo(e) -+ (1 — Qh(v), o(v)) = 0;

therefore, Q| TF, is 0-homotopic to the homeomorphism a: TFy— R¥.
T.et us now prove the boundedness of the set 87N P~YTL) where

8t o= fwe E: Lu <= Ah(w) for some iejo, 1}

and P: K -~ is any bounded linear projection onto Ker L. Denote
by
Wee = {we Ker P: u == v -+ we 87 for some v& Ker L}

and observe that the Agmon-Dou{:li<—Nirenbvrg’s estimates (see [17)
imply the existence of a costant ¢;> 0 such that Jwly-<e | Lwie ==
= e Alh(u) ip<e, for all we W

Furthermore, the set {ve TFyu = v - we S+ for some we Wt
is bounded. In fact, assume that there exist a sequence (V,0x)pen,

k3
p, o - 00y U, € THy, v, = S a, Ty, with a, e D for all ne N and a

i1
sequence (W, )ev- w, € Wgo such that Qh(r, 0, + wy) == 0. Hence,

0 == lim sup (u 2y QR ("r,, (7).,, + &)» .
n—>r0o0 'rn

Now, as above, we may assume that (v,),en converges a.e. in Q2
to some ¥ == TZe TF {0}, Thus, since We is bounded, we get
Mp(Z) = 0; contradicting the assumption (f;). Therefore S+
N P-YTF,) is bounded, s0 that (ii) of Theorem 1.1 is verified.

Finally, to prove (iii) of Theorem 1.1 let Py: Ker L — KerL
be a linear projection such that Ker P, — TF, and denote by K,
the subspace Im P;. As above, we can show that, for any & ¢ I,
the set {we E: Lu == h(w), Pue TF, -+ p& for some pe 0,17} is
bounded. Therefore all the hypotheses of Theorem 1.1 ave verified
<o that the affine map PP —§ 0-regularizes L — h. Thus, the
equation L - h{u) has an unbounded connected component X
of solutions such that

Yo (E - POTEY) - 0

Now, if W is any topological complement of Ker L, let P: E I
be the bounded linear projection onto Ker I such that Ker P == W;
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so, for any & e E, there exists a component X: intersecting the af-
fine manifold & 4 (W& TF,). Lastly, if ¢, = 0, Theorem 1.1 im-
plies that L —h is O-regular. Q.E.D.

REMARK 2.1, — Let L and & be as in Theorem 2.1. If L is onto,
Theorem 2.1 remains true under the only assumption (f,). In faet,
in this case it is easy to see that all the hypotheses of Theorem 1.1
are satisfied. Thus, for any & € Ker I and any bounded linear pro-
jection P: K — ¥ onto Ker L, the map P—¢ O-regularizes L — k.

has an unbounded connected component X of solutions intersecting
& 4+ W, in particular, if ¢, = 0, L—h is O-regular.

{EMARK 2.2. — Notice that, in Theorem 2.1, we have proved a
more preeise result, Namely, for any topological complement W

unbounded connected eomponent which meets & -~ (WS TFy).

REMARK 2.3. — Observe that, by our regularity hypotheses,
Ker Lc C*(£2). It is easily seen that the set

{u ek fm‘ == 0 for all »e Ker L}

is a topological complement of Ker I in K. So, we can identity W
in Theorem 2.1 with this subspace. Moreover assume p == 2 and
denote by F, the L*-orthogonal complement of TF, in Ker .
Then, by Theorem 2.1, for every & € FE,, the equation Lu == h{u)

= T% 4w with ze TF, and we W. (&

REMARK 2.4. — We would like to point out that, with the above
technique, giving an appropriate form to (f,) and (fy) (cfr. [3,4])
one could handle nenlinearities satisfying a growth restriction of
the type

flw, Du(e)) < aley = biDule)?

where

Du(r) = [D*u(e), e 0, 0 < lof <2 — 1]

ac LYy, b0 and 0 7s7 1.
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