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Abstract

In this paper we address the problem of robust track-
ing for systems whose state is not available. Since the
control strategy used, based on a sliding manifold ap-
proach, foresees a state feedback, an observer must be
employed. The LTR procedure allows to design a ro-
bust observer, but its main drawback is the presence
of a fast initial transient, which results in a large over-
shoot in the control law. To solve this problem we
propose a modification of the classic observer design
through the insertion of a decaying exponential term
whose role is to slow down the 1initial state acquisi-
tion. The estimated state enters a controller designed
as to keep the state in a prescribed neighborhood of a
given manifold at any time instant. The width of the
neighborhood is determined by the value of a “small”
positive parameter ¢. Finally, a simulation example
is presented to show the effectiveness of the proposed
procedure. )

1. Introduction

The tracking problem for linear time invariant per-
turbed dynamical systems is one of the most discussed
in the Control Theory literature. Shortly, the objective
is to find a (feedback) control law to steer the plant
state (or output) along a prescribed reference trajec-
tory. Two have been the most known approaches to
the problem: the VSS strategy and the LQ design.
Roughly speaking, the first method (see [1] for an ex-
haustive presentation of the strategy) defines a shiding
surface on which the system state is forced to lay by a
discontinuous control action, while the second (see {2})
defines a control law as to minimize the integral square
error between reference and actual state over different
time intervals.

Recently, for linear time invariant systems and a
class of nonlinear systems, the authors have proposed a

strategy based on a sliding manifold approach [3, 4, 5],
resulting in a linear full state feedback control law.
More specifically, the control law turns out to be the
solution of a differential equation containing a “small”
parameter €. According to the Singular Perturbation
Theory, the smaller the parameter is, the closer the
state of the system to a suitably defined manifold will
be. Moreover the feedback system exhibits robustness
properties typical of high—gain systems, also avoiding
the peaking phenomenon that afflicts these systems.
In fact, the control law does not induce a time scale
separation between sets of state variables, but only be-
tween the control and the state. Then the fast variable
is the control, while the state is “slow”. In particular,
the control approaches quickly a well-defined “equiva-
lent control” where the corresponding state approaches
the manifold uniformly with respect to time.

The methods mentioned above are based on state
feedback, then for systems whose state is not avail-
able an observer is required. It is well known that the
insertion of an observer in the control loop decreases
the robustness of the control law, but the formulation
of the LTR Theory [6] has overcome this inconvenient.
The technique is based on a parameterization of the set
of observer gains G with a tuning parameter ¢ so that
when ¢ increases the observer becomes more and more
robust. In its original formulation, the LTR strategy
was devoted to recover the phase and gain margins of
the LQ regulator. Subsequently, the structure of the
LTR observer has been widely explored (see [7] and ref-
erences therein for an exhaustive analysis of the topic).
The location of the observer poles has also been inves-
tigated. In particular, when ¢ tends tc infinity 2 set
of controller poles goes to infinity. When the observer
output is used in the control scheme as an estimate of
the actual state to feed the state feedback controller,
the faraway poles of the observer cause a large over-
shoot in the plant input untii the actual state has been
adequately estimated by the observer. Moreover, the
quicker the estimate is, the larger the overshoot. To




solve this problem, one can notice that, although the
readiness of the observer is necessary for robustness, it
can be relaxed in the first stage, during the error tran-
sient. This consideration leads us to a possible solution
to the initial overshoot problem, namely to modify the
structure of the observer with an exponential decaying
term, by using the only available initial information,
the system output to slow down the initial estimate
acquisition.

2. Observer design

In this section we recall the results on the asymp-
totic pole location of the full order LTR observer. We
consider the linear time invariant perturbed system

H.
H

Az + Bu+ w(z,t), z(0) =1z (1)
Czr (2)

where £ € R?, u € R™ and y € R™ are the state
vector, the input vector and the output vector respec-
tively and w(z, t) takes into account error models, dis-
turbances and nonlinearities. Throughout the paper
we assume that the system (1)-(2) is controllable, ob-
servable, minimum phase and rankB = rankC = m.

Then we design the identity full order observer

£=(A-GC)i+Bu+Gy—KeS'ys  (3)

where £ is the state estimate and yo = y(0), S is
a m x m stability matrix and K is a n x m matrix
to be selected later. Let us neglect in a first stage
the last term and consider the classical LTR observer.
According to the LTR technique, the estimator gain
matrix G is

G=G(g)=P(QCTR™!, ¢>0 (4)
where R is a positive definite symmetric matrix and

the matrix P = P(q) is the unique positive definite
solution of the ARE

AP+ PAT + Q(q) - PCTR™'CP=0. (5

The matrix Q(g) plays the key role in the whole pro-
cedure. Its expression is

Q(g) = Qo+¢’BVBT (6)

where Qg is a positive semidefinite symmetric matrix.
The following limit is the well known crucial result of
the LTR Theory
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where W = V1/2R-1/2_ QObserve that (7) implies
A G@U+C(sI - A)'GI™" (8)
= B[C(s] - A)~'B]™".
Then it is easy to show that

ql_i'rgo[sl - A+ G(g)C]"'B =0. (9)

In particular, this means that by increasing the value
of the real scalar parameter ¢ > 0 the observer be-
comes more and more robust with respect to input
disturbances w = w(z,t) satisfying the matching con-
dition

w(z,t) = Bu(z,t). (10)

For any ¢ > 0 we consider now the error dynamics
é = (A - G(g)C)e (11)

where e = £ — z. For any ¢ > 0 the poles of (s — A +
G(q)C)~! are the zeros of the polynomial

Yo(s) = det(s] — A)det[I + C(sI — Ay 'G(q)] (12)

where G(q) = ¢BW + D(q) and limy_.o, D(q)/q = 0.
As ¢ — 00 some of the roots go to infinity, while
those that stay finite approaches the zeros of

det(s] — A)det{C(sI — A)~' BW] (13)

provided that this expression is not identically zero.
Since detW # 0, these are the p < n— m transmission
z:ios of the plant, that by assumption belong to the
left~half plane. ‘

An estimate of the distance of the faraway poles
from the origin can be derived by using the argument
in [8, Chapter 3.8], resulting in the following approxi-
mation of the faraway roots of this polynomial for large
values of ¢

s =(~a)TF g7 (14)

Therefore this first approximation indicates a Butter-
worth configuration of order n — p with the following
estimate

ag=s (15)

of the distance of the faraway poles from the origin.
We can now summarize the previous considerations
in the following Theorem.
Theorem 1. Consider the error dynamics

¢=(A-G(g)Ce, €(0) =eo (16)

where G(¢) = ¢BW + D(q) and D(q)/q — 0 as ¢ — oo
1s designed by means of the LTR. technique as outlined
before. Then, as ¢ — oo, p of the poles of (sl -
A+ G(q)C)~! approach the p zeros s; of det(s] —
A)det[C(sI — A)~'B]. The remaining n — p poles go



to infinity. A first approximation of the distance of the
faraway poles from the origin is aqf":? -

As a consequence of Theorem 1, up to a (non singu-
lar) change of variables, if necessary, we have that

Jpt 0
e(t,q)~exp( 0 =t )eo=0(1) (17)

where O(1) — 0 as ¢ — oo and e(t, ¢) is the solution
of (16). Furthermore J, = blockdiag(sy,s2,...,5,),
with Res; < 0 for any i = 1,2,...,p and J, is the
(n — p) x (n — p) matrix whose eigenvalues are the
unit directions in the left-half plane of the n — p poles
of (12) which tend to infinity as ¢ — oo.

Remark 1. If KerBWC & ImBWC = R" then
we can use in {11) the Singular Perturbation Theory
to study the slow and the fast dynamics of the error

(see [9)).

3. Control design

In this section we discuss the design of a controller
to track a given trajectory using only output mea-
surements. To simplify the exposition we will refer
to the regulation problem, i.e. the reference trajectory
is zero. The extension to the case of non zero trajecto-
ries is straightforward and will be sketched in Remark
2 at the end of the section.

Consider now the perturbed system

z = Az + Bu+ Bu(z,t) (18)
y = C=zx (19)

We assume that v is a continuous function in R" x
[0, 00), even if we can assume less regularity.
Let ¢ > 0 and consider the following error dynamics

é = (A= G(q)C)e ~ K(q)e*W'yo — Bu(z,1)  (20)

where S(q) is a m x m stability matrix for any ¢ > 0
and K(q) is a n x m matrix; both of them will be se-
lected later. We point out that the term K(g)e 9ty
will enable us to slow down the initial state estimate
acquisition.

Now we define a function s : R* — R™, m < n, as
follows

s(z) =—-H:z (21)

where H is a m x n matrix such that H B has all of its
eigenvalues in the right half plane and will be chosen
later. Consider now

s(z) = s(z +e) = ~H(z +¢). (22)

For any ¢ > 0, let us define the function hy, : R® x
R™ x [0,00) — R™ as follows

he(z,e,) = 9204 — G@)C)e - K(@)e* D'y

—Buy(z,t)] + g%[At + Bu+ Buv(z,t)]. (23)

For any ¢ > 0 and ¢ > 0 we form the following system
of differential equations

z = Az+ Bu+ Bu(z,t), z(0) =z (24)
e = go(z,u,t), u(0) =ug (25)

where

gq(z, u, t) = H['—'(A - G(Q)C)c(tv q)
+K(9)e5 @Dty — Az — Bu] (26)

and

e(t,q) = A-CGWC),,

t
_/ e(A-G(q)C)(t—r)KCSryodT
[¢]

t
—/ A=COON T By(z, r)dr (27)
0

We now select the parameters of the exponential
term. We let K{(q) = G(q) and S(¢) = p(q)Ss,
where Sy is a constant m x m stability matrix and
the continuous function p : RY — Rt is such that
limy_.oo p(q)/q = k > 0. A possible selection of p is

_ 1 if0<g<qo
o ={ 1 o5 (28)

for some gq > 0.

Note that with this choice of the exponential term
we have g,(x(0),0,0) = 0 for any ¢ > 0, where we
have assumed #(0) = 0 and u(0) = 0. This implies
that €i(0) = 0 for any € > 0, while in the classic
LTR approach the initial slope of the control is u(0) =
—HG(g)Czq/e.

Now denote by (z(t,¢,q),u(t,¢,q)) the solution
of (24)—(25). For any ¢ > 0, by the continuous de-
pendance of this solution on the parameter ¢, we have
that

Jim (2(t,¢,q), u(t,,9)) = (2(t, ), ult, )  (29)

uniformly in the time interval [0,00), where
(z(t,€),u(t, €)) is the solution of the limit problem

z = Az + Bu+ Bu(z,t), z(0) =z (30)
€t = goolz,u,t), v(0) = up. (31)

Here

et
goo(:z:,u,i):“‘H [( in)’ g )eo
+%Bwsg‘yo + Az + Bu+ Bv(z,t)] (32)

In fact the following result holds.



Lemma 1. Let f : [0,00) — R™ be a function for
which there exists the Laplace transform F(s), Res >
o > 0. Then

*

12
lim (4 — G(g)C) / A=COCNE-1) B £(rVdr
o 0
= -Bf(t) (33)
Proof. For any ¢ > 0 let
A= G)C = ¢N(g) (34)

where N(q) = A/q—BWC+D(q)/qC, with D(q)/q —
0 as ¢ — oo0.
By assumption, N(q) is nonsingular for any ¢ > 0,
and
lim N(¢) = ~BWC. (35)
g0

Then the left hand side of (33) can be written as fol-
lows

aN(q) /0 ‘ eNDC-T) Br(r)dr. (36)

For any ¢ > 0 this function represents the output of
the system

€ = gN(q)+ Bf, £(0)=0 (37)
n = g¢N(g) (38)

whose transfer function is

N (2 - Nw) B, (39)

For any s € C we have that

Jim gN(g)(sI - gN(q))™'B
= —-BWC(BWC)*B (40)

Here the right inverse (BWC)* is defined by
(BWC)*T(s) = Z(s)+kerC, with BWC Z(s) = T(s).
Since rankB = rankC = rankBWC = m and T(s) =
BF(s) # 0 for any s € C for which F(s) # 0, we have
the assertion. m

Replacing the last term in the left hand side of (40)
with G(q)/q(sI/q+ p(q)/9S0) 'yo the same argument
shows that

‘
lim (A — G(q)C)/ e(A‘G(v)C)(f—Y)G(q)ep(q)sordT
g—sc0 o

1
= _EBWSg‘yO.(u)

Let us return now to system (30)-(31). Since
rankB = m in (30), changing variable if necessary,
we may assume without loss of generality that

B:( gz ) (42)

where B i1s a m x m nonsingular matrix. Moreover the
transformed system turns out to be still controllable.

Let
A Ap )
A=
( An An (43)
and H = (H; H), and denote by Relmin(M)
(ReAmax(M)) the minimum (the maximum) of the real
part of all the eigenvalues of the matrix M.
Following the steps in [5], we can prove the following

result
Theorem 2. Let §, 8,7 > 0. Assume that

Reipin(H2B2) > B (44)
Redmax(AzH7 Hy — An) > B+7.  (45)

Then there exists ¢g > 0 such that for any ¢ €
(0, €q] the solution (z(t,¢),u(t,¢)) of (30)-(31) satis-
fying (z(0, €), u(0, €)) = (z0, uq) is such that

(6, < 6+age (46)
ut,e) = -%H:‘:(t,e)-%—uo (47)

where ¢ € [0, 00) and aq is a positive constant depend-
ing only on the data.

As in [5] the proof consists in showing that, under
assumptions (44)—(45), system (30)—(31) fulfills all of
the assumptions of the Singular Perturbation Theory
on an infinite time interval. In particular, for ¢ = 0 it
turns out that, substituting the equivalent control

elrt
ueq(t,:) = —-(Hng)"lH [( JPO g )Co
+Az + Bu(z, t)] (48)

into (30) we obtain the exponential stability of its
zero solution. Denote by (Z(t), i(t)), where u(t) =
teq(t, Z), the solution of (30)—(31) corresponding to
¢ = 0 and satisfying (£(0), #(0)) = (zo, uo)-

We can summarize all the previous considerations
as follows.

Corollary 1. Under the assumptions of Theorem 1
and Theorem 2 we have

lim lim (2(t,9, ), u(t,,9) = (5(1), &(0) ~ (49)

uniformly in [0, c0).

Remark 2. By using the same approach, one can
regulate z to a prescribed neighbourhood of any dif-
ferentiable and bounded trajectory z,.s(t), t € [0,00)
by letting z = & — z,.y in (21).

4. Numerical example

Consider the system




F

I

(g é)x+(?)u+(?)v(50)
y = (1 0)z (51)

with z(0) = (1 1)T. The disturbance is v(t) = sint.
The parameters for the LTR design are

¢g=100, R=1 W=1 (52)

and for the exponential term K(¢) = G(g), So = ~1
and ¢o = 10%. The controller has been designed ac-
cording to the procedure illustrated in the previous
section. The complete control scheme is shown in
Fig. 1, where ¢ = 0.01 and H = (1 1).

In Fig. 2 it is shown the input signal u: the dif-
ference between classic LTR observer design (dashed
line) and modified design by adding the exponential
term is apparent in the observer initial transient.
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