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1. Introduction

The paper deals with the problem of the existence and dependence on a small
parameter ε > 0 of periodic solutions of a singularly perturbed system of semi-
linear parabolic equations with high frequency nonlinear inputs containing the
output w(·) of an hysteresis operator Γ of Krasnosel’skii-Pokrovskii type acting
on the slow variable x, cf. Krasnosel’skii et al [11] and Macki et al [19]. The
system has the form





x′(τ) + A1x(τ) = f1(τ/ε, x(τ), y(τ), w(τ)) ,
εy′(τ) + A2y(τ) = f2(τ/ε, x(τ), y(τ), w(τ)) ,
w(τ) = Γ[0, w0]Px(τ) ,

(S)

where Ai, i = 1, 2, are infinitesimal generators of analytic semigroups acting in
the separable Banach spaces Ei, i = 1, 2, and ε > 0 is the singular perturbation
parameter which also models the high frequency of the inputs fi, i = 1, 2.
The operators A−1

i , i = 1, 2, are assumed to be completely continuous. The
nonlinear operators

fi : R × E1 × E2 × E3 → Ei , i = 1, 2

are T -periodic with respect to the first variable and they are assumed to be
subordinate to the fractional powers Aα

i , i = 1, 2, in a sense that will be speci-
fied later in F1)-F2). Here P : E1 → E0 is a linear operator, E0, E1 are Banach
spaces and Γ : R+×E3×C([0, t], E0) → C([0, t], E3), t > 0, is a Krasnosel’skii-
Pokrovskii hysteresis operator, which models the interaction of the dynamics
represented by the singularly perturbed system and an external device which
drives this dynamics through that of the slow variable x. Therefore, the out-
put w(·) of the hysteresis operator Γ can be considered as a feedback control
parameter acting on the dynamical system. Our assumptions on Γ ensure, in
particular, that w(·) is a continuous function which takes values in a compact
set K ⊂ E3.

The aim of the paper is to provide conditions to guarantee, for ε > 0
sufficiently small, the existence of T -periodic solution to (S) and to study their
behaviour as ε → 0. Specifically, we first define, for ε > 0, a quasitraslation
operator Ũ ε

T : E1 × K × E2 → E1 × K × E2 along the mild solutions to (S),
then we show that it is well defined, completely continuous and that the fixed
points of Ũ ε

T are the initial conditions of εT -periodic solutions to (S).
Furthermore, when ε = 0, from system (S) we introduce an averaging oper-

ator Ψ : E1×K → E1×K which is proved to be completely continuous and we
assume that it has topological degree different from zero in some relatively open
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set Nq of Q = E1 × K. Finally, by the homotopy invariance and the reduction
properties of the topological degree, we prove that, for ε > 0 sufficiently small,
the compact vector field (I − Ũ ε

T ) has topological degree different from zero in
Nq ×B(0, r), where B(0, r) ⊂ E2 is the ball centered at 0 with radius r. There-
fore, the quasitraslation operator has fixed points in Nq × B(0, r). Moreover,
the behaviour of such fixed points as ε → 0 is established. A possible applica-
tion in order to illustrate the meaning of the obtained results in the abstract
setting is also provided.

A similar approach was employed in Kamenskii et al [8] and [9] to es-
tablished the existence and the behaviour of periodic solutions for singularly
perturbed systems of semilinear differential inclusions with analytic and C0-
semigroups respectively. Topological approaches based on the averaging method
are widely employed to deal with singularly perturbed inclusions in finite di-
mensional spaces, Dontchev et al [2], Grammel [6], and some related optimal
periodic control problems, Gaitsgory [4], [5] and Grammel [7]. Several papers
are also devoted to the study of the existence of periodic and almost periodic
solutions for ordinary and partial differential equations with hysteresis of var-
ious type, see for instance, Fečkan [3], Krejči [14], Macki et al [18], Brokate et
al [1], Krejči [16], [15], [17] and Visintin [21].

The most relevant contribution of this paper is that of extending to systems
of singularly perturbed equations in infinite dimensional spaces the use of the
averaging method in presence both of inputs of high frequency and of an hys-
teresis operator which introduces in the dynamics a continuous feedback effect
through the dynamics of the slow variable x.

The paper is organized as follows. In Section 2 we state the problem, we
formulate the assumptions which permit to solve it and we give some definitions
and preliminary results. In Section 3 we formulate and we prove our main
result: Theorem 1. Finally, in Section 4 we present an application illustrating
our results.

2. Formulation of the Problem, Assumptions and Definitions

In this paper we consider the following system




x′(τ) + A1x(τ) = f1(τ/ε, x(τ), y(τ), w(τ)) ,
w(τ) = Γ[0, w0]Px(τ) ,
εy′(τ) + A2y(τ) = f2(τ/ε, x(τ), y(τ), w(τ)) ,

(S)

where ε > 0 is a small parameter, −A1 and −A2 are generators of analytic
semigroups of linear operators e−A1t and e−A2t, acting in the Banach spaces
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E1 and E2. P : E1 → E0 is a linear operator, E0, E1 are Banach spaces,
Γ : R+ × E3 × C([0, t], E0) → C([0, t], E3), t > 0, is a Krasnosel’skii-Pokrovskii
hysteresis operator, and (Px(0), w0) ∈ E0 × E3. The operators A−1

1 and A−1
2

are assumed to be completely continuous, consequently A−β
1 and A−β

2 , β > 0,
are also completely continuous operators, see Krasnosel’skii et al [13]. The
nonlinear operators fi, i = 1, 2 are assumed T-periodic in the first variable.

We assume the following conditions:

A) There exist positive constants C, d such that

‖e−Ait‖ ≤ Ce−dt, t > 0, i = 1, 2.

The nonlinear operators fi, i = 1, 2, are subordinate to the fractional powers
A−α

i , i = 1, 2, in the following sense.

F1) The operators (t, x, y, w) → fi(t, A
−α
1 x,A−α

2 y,w), acting from R+ ×
E1×E2×E3 to Ei, i = 1, 2, are continuous and satisfy Lipschitz condition with
respect to the variables (x, y,w), i.e.

‖fi(t, A
−α
1 x1, A

−α
2 y1, w1) − fi(t, A

−α
1 x2, A

−α
2 y2, w2)‖

≤ L(R)(‖x1 − x2‖ + ‖y1 − y2‖ + ‖w1 − w2‖),

whenever i = 1, 2; ‖xj‖ ≤ R, ‖yj‖ ≤ R, ‖wj‖ ≤ R, j = 1, 2, t ∈ [0, T ].

F2) For every R > 0 there exists a positive constant ρR such that

‖fi(t, A
−α
1 x,A−α

2 y,w)‖ ≤ ρR(1 + ‖x‖ + ‖y‖), (‖w‖ ≤ R), i = 1, 2.

C1) For every t0 ∈ [0,+∞) the nonlinear hysteresis operator Γ[t0, ·](·)
acts from E3 × C([t0, t], E0) to C([t0, t], E3), t ≥ t0, and if u(t) ≡ u∗, then
Γ[t0, w0]u(t) ≡ w0.

C2) Γ satisfies the semigroup property

Γ[t0, w0]u(t) = Γ[t1,Γ[t0, w0]u(t1)]u(t) (t0 ≤ t1 ≤ t).

C3) For every t0 ∈ [0,+∞), the operator Γ satisfies the Lipschitz condition,
i.e.

max
s∈[t0,t]

‖Γ[t0, w1]u
1(s) − Γ[t0, w2]u

2(s)‖ ≤ k(‖w1 − w2‖E3

+ ‖u1 − u2‖C([t0,t],E0)), t ≥ t0.
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C4) There exists a nonempty, convex, compact set K ⊂ E3 such that for
every w0 ∈ K, t0 ∈ R+ we have

Γ[t0, w0]u(t) ∈ K, for every t ≥ t0 and for every u ∈ C([t0, t], E0).

C5) For every t0 ∈ [0,+∞) we have Γ[t0, w0]u(t0) = w0.

C6) Let t0 ∈ [0,+∞), v(t) = x∗(t + t0 − t1) for t ≥ t1. Then

Γ[t0, w0]x
∗(t) = Γ[t1, w0]v(t − t0 + t1) (t ≥ t0).

C7) Let t0 ∈ [0,+∞), β > 0, v(t) = x∗(βt + (1 − β)t0) for t ≥ t0. Then

Γ[t0, w0]x
∗(t) = Γ[t0, w0]v(βt + (1 − β)t0) (t ≥ t0).

D1) For any x ∈ E1, w ∈ K and λ ∈ [0, 1] there exists a unique T-periodic
solution ŷλ

x,w of the integral equation

y(t) = e−A2t(I − e−A2T )−1λ

∫ T

0
Aα

2 e−A2(T−s)f2(s,A
−α
1 x,A−α

2 y(s), w) ds

+λ

∫ t

0
Aα

2 e−A2(t−s)f2(s,A
−α
1 x,A−α

2 y(s), w) ds. (D1)

D2) For any nonempty, bounded set Ω ⊂ E1 the set {ŷλ
x,w : x ∈ Ω, w ∈

K, λ ∈ [0, 1]} is bounded.

P1) The linear operator P, acting from E1 to E0, is such that PA−α
1 is

continuous.

By the change of variable τ/ε = t system (S) takes the form




x̄′(t) + εA1x̄(t) = εf1(t, x̄(t), ȳ(t), w̄(t)),
w̄(t) = Γ[0, w0]Px̄(t),
ȳ′(t) + A2ȳ(t) = f2(t, x̄(t), ȳ(t), w̄(t)).

(S′)

Denoting (x̄, w̄, ȳ) again by (x,w, y) we obtain




x′(t) + εA1x(t) = εf1(t, x(t), y(t), w(t)) ,
w(t) = Γ[0, w0]Px(t) ,
y′(t) + A2y(t) = f2(t, x(t), y(t), w(t)).

(1)

Following Krasnosel’skii et al [13], we say that (xε, wε, yε) is a mild solution
of (1) on [0,T] with the initial conditions

x(0) = x0, w(0) = w0, y(0) = y0 , (2)
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if xε, wε, yε are continuous functions defined on the interval [0, T ] with values in
E1, E3, E2 respectively, such that f̄i(s) = fi(s, xε(s), yε(s),
wε(s)), i = 1, 2, is bounded on [0,T], and satisfying the equations

xε(t) = e−εA1tx0 +

∫ t

0
e−εA1(t−s)εf1(s, xε(s), yε(s), wε(s)) ds, (3)

wε(t) = Γ[0, w0]Pxε(t), (4)

yε(t) = e−A2ty0 +

∫ t

0
e−A2(t−s)f2(s, xε(s), yε(s), wε(s)) ds, t ∈ [0, T ]. (5)

By a T -periodic solution of (1) we mean a continuous T -periodic function
(xε, wε, yε) satisfying (3), (4) and (5) on [0,+∞).

Definition 1. (The Quasitranslation Operator) For every x0 ∈ E1, w0 ∈
K, y0 ∈ E2 and ε > 0 we assume that there exists an unique solution (x̃ε, w̃ε, ỹε)
on [0, T ] of the following system

x(t) = e−εA1tx0

+

∫ t

0
Aα

1 e−εA1(t−s)εf1(s,A
−α
1 x(s), A−α

2 y(s), w(s)) ds, (6)

w(t) = Γ[0, w0]PA−α
1 x(t), (7)

y(t) = e−A2ty0 +

∫ t

0
Aα

2 e−A2(t−s)f2(s,A
−α
1 x(s), A−α

2 y(s), w(s)) ds. (8)

We define the quasitranslation operator Ũ ε
T : E1 × K × E2 → E1 × K × E2 as

follows
Ũ ε

T (x0, w0, y0) = (x̃ε(T ), w̃ε(T ), ỹε(T )).

Remark 1. a. We will show in Proposition 2 that Ũ ε
T is well defined by

proving that, under our assumptions, system (6), (7) and (8) has indeed an
unique solution on [0, T ] for every x0 ∈ E1, w0 ∈ K, y0 ∈ E2 and ε > 0.

b. If (xε, wε, yε) is a T-periodic solution of system (1), then from the fol-
lowing inequalities for analytic semigroups (see e.g. Pazy [20])

‖Aα
i e−Ait‖ ≤

Ci(α)

tα
, α ∈ (0, 1), t > 0, i = 1, 2, (AS)

it follows that
x(t) ∈ D(Aα

1 ), y(t) ∈ D(Aα
2 ) ,
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for every α ∈ (0, 1), and every t ∈ [0, T ]. Hence, in particular the initial values
x(0) and y(0) of the T -periodic solution of system (1) satisfies the condition
x(0) ∈ D(Aα

1 ), y(0) ∈ D(Aα
2 ).

For notational simplicity in what follows we omit the dependence on ε > 0
of the solutions to various systems. We have the following result.

Proposition 1. Every fixed point (x0, w0, y0) of the quasitranslation oper-

ator defines the initial conditions x(0) = A−α
1 x0, w(0) = w0 and y(0) = A−α

2 y0

of a T-periodic solution of system (1).

Proof. Let (x0, w0, y0) = Ũ ε
T (x0, w0, y0), then (x0, w0, y0) =

(z1(T ), z2(T ), z3(T )), where (z1, z2, z3) is the solution of (6), (7) and (8). We
have

x0 = e−εA1T x0 +

∫ T

0
Aα

1 e−εA1(T−s)εf1(s,A
−α
1 z1(s), A

−α
2 z3(s), z2(s)) ds,

w0 = Γ[0, w0]PA−α
1 z1(T ),

y0 = e−A2T y0 +

∫ T

0
Aα

2 e−A2(T−s)f2(s,A
−α
1 z1(s), A

−α
2 z3(s), z2(s)) ds.

Denote by z̃1, z̃2, z̃3 the T-periodic extensions of the functions z1, z2, z3 respec-
tively. Let t ∈ [T, 2T ], then

Γ[0, w0]PA−α
1 z̃1(t) = Γ[T,Γ[0, w0]PA−α

1 z̃1(T )]PA−α
1 z̃1(t)

= Γ[T,Γ[0, w0]PA−α
1 z1(T )]PA−α

1 z̃1(t) = Γ[T,w0]PA−α
1 z̃1(t)

= Γ[0, w0]PA−α
1 z1(t − T ) = z2(t − T ) = z̃2(t).

By repeating the same arguments for t ∈ [(n + 1)T, (n + 2)T ], n ∈ N, we obtain

z̃2(t) = Γ[0, w0]PA−α
1 z̃1(t) ,

for all t ≥ 0. Now, by using standard arguments, see Krasnosel’skii et al [13], it
is easy to show that x = A−α

1 z̃1, y = A−α
2 z̃3 satisfy (3) and (5) for all t ≥ 0.

Remark 2. The vice versa is also true. In fact, let (x,w, y) be a T-periodic
solution of (1). Let x(0) = x0, w(0) = w0, y(0) = y0, then (Aα

1 x0, w0, A
α
2 y0) is

a fixed point of the quasitranslation operator. Hence, the problem of finding
T-periodic solutions of (1) is equivalent to that of finding fixed points of the
quasitraslation operator.

Using the compactness of the set K and F2) it is easy to show that the
solutions of (6), (7) and (8) on [0, T ] for (x0, w0, y0) ∈ E1×K×E2 are bounded
in C([0, T ], E1) × C([0, T ], E3) × C([0, T ], E2). Moreover, by the compactness
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of A−1
i , i = 1, 2, and that of the set K we have the compactness of the operator

defined by the right hand side of the equations (6), (7) and (8). Finally, by
using the Leray-Schauder topological degree and its properties we derive the
existence of solutions on [0, T ]; the Lipschitz conditions F1) and C3) provide
the uniqueness of the solution. Thus we have the following result.

Proposition 2. Assume that conditions A), F1), F2), C1) − C7), P1) are

satisfied for some α ∈ (0, 1). Then, for any ε > 0, Ũ ε
T is a well-defined operator

on E1 × K × E2 with values in E1 × K × E2.
We can prove the following result.

Proposition 3. Assume that conditions A), F1), F2), C1) − C7), P1) are

satisfied for some α ∈ (0, 1). Then the operators Ũ ε
T , ε > 0, are completely

continuous.

Proof. Let B1×K×B2 ⊂ E1×K×E2 be a bounded set, we first show that
Ũ ε

T (B1,K,B2) is a relatively compact set in E1 × K × E2. For this, consider
the set

S = {(x,w, y) ∈ C([0, T ], E1) × C([0, T ], E3) × C([0, T ], E2) :

x(0) = x0, w(0) = w0, y(0) = y0, (x0, w0, y0) ∈ B1 × K × B2},

where

x(t) = e−εA1tx0 +

∫ t

0
Aα

1 e−εA1(t−s)εf1(s,A
−α
1 x(s), A−α

2 y(s), w(s)) ds,

w(t) = Γ[0, w0]PA−α
1 x(t),

y(t) = e−A2ty0 +

∫ t

0
Aα

2 e−A2(t−s)f2(s,A
−α
1 x(s), A−α

2 y(s), w(s)) ds.

Again by the compactness of K and F2) we have that S is bounded in
C([0, T ], E1) × C([0, T ], E3) × C([0, T ], E2). Moreover,

x(T ) = e−εA1T x0

+ A−β
1

∫ T

0
Aα+β

1 e−εA1(T−s)εf1(s,A
−α
1 x(s), A−α

2 y(s), w(s)) ds,

w(T ) = Γ[0, w0]PA−α
1 x(T ),

y(T ) = e−A2T y0

+ A−β
2

∫ T

0
Aα+β

2 e−A2(T−s)f2(s,A
−α
1 x(s), A−α

2 y(s), w(s)) ds,
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where β ∈ (0, 1−α). Since the operators e−εA1T , ε > 0 and e−A2T are completely
continuous, the sets

{e−εA1T x0 : x0 ∈ B1} and {e−A2T y0 : y0 ∈ B2}

are relatively compact in E1 and E2 respectively. The relative compactness of
the sets

{A−β
1

∫ T

0
Aα+β

1 e−εA1(T−s)εf1(s,A
−α
1 x(s), A−α

2 y(s), w(s)) ds :

(x,w, y) ∈ S}

and

{A−β
2

∫ T

0
Aα+β

2 e−A2(T−s)f2(s,A
−α
1 x(s), A−α

2 y(s), w(s)) ds

: (x,w, y) ∈ S}

follows from the boundedness of the set S and (AS). While the relative com-
pactness of the set {w(T ) : (x,w, y) ∈ S} ⊂ K follows from the compactness
of K ⊂ E3. The continuity of the operator Ũ ε

T follows from the Lipschitz
conditions F1), C3) and (AS).

Definition 2. (The Averaging Operator) Now, we define the averaging
operator Ψ : E1 × K → E1 × K, as follows

Ψ(x,w) = (F1(x,w), Γ̄(x,w)),

where

F1(x,w) = A−1+α
1

1

T

∫ T

0
f1(s,A

−α
1 x,A−α

2 y(s), w) ds, y = ŷ1
x,w,

Γ̄(x,w) = Γ[0, w]PA−α
1 ū, ū ∈ C([0, T ], E1), ū(t) = x for any t ∈ [0, T ].

We have also the following.

Proposition 4. Assume that conditions A), F1), F2), C1) − C7), P1), D1),
D2) are satisfied for some α ∈ (0, 1). Then the operator Ψ is completely con-

tinuous.

Proof. It is immediate to see that our assumptions ensure that the operator
Γ̄ is completely continuous. Let Ω be a bounded set and consider the set
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ŷ1
Ω,K = {ŷ1

x,w : x ∈ Ω, w ∈ K}, which is bounded by condition D2). The set

ŷ1
Ω,K is compact in C([0, T ], E2); in fact, if y ∈ ŷ1

Ω,K then

y(t) = e−A2t(I − e−A2T )−1

∫ T

0
Aα

2 e−A2(T−s)f2(s,A
−α
1 x,A−α

2 y(s), w) ds

+

∫ t

0
Aα

2 e−A2(t−s)f2(s,A
−α
1 x,A−α

2 y(s), w) ds,

where the right hand side defines a completely continuous operator, cf. Kras-
nosel’skii et al [13].

Now if (xn, wn) → (x0, w0) then ŷ1
{(xn,wn)} → ŷ1

{(x0,w0)}
, as fixed points

of a completely continuous operator, and by conditions F1) and C3) one has
F1(xn, wn) → F1(x0, w0) and Γ̄(xn, wn) → Γ̄(x0, w0).

3. Main Result

Let N be an open bounded subset of E1×E3, let Q = E1×K and Nq = N ∩Q.
In what follows CT (Ei), i = 1, 2, 3, will denote the Banach space of all the
T−periodic continuous functions taking values in Ei equipped with the sup-

norm. Moreover, ‖ ·‖C and
C
→ will denote the norm and the convergence in any

of these spaces respectively. We are now in the position to formulate our main
result.

Theorem 1. Assume that the conditions A), F1), F2), C1) − C7),D1),
D2), P1) are satisfied for some α ∈ (0, 1) and assume the existence of a rel-

atively open bounded set Nq in Q such that deg(I − Ψ, Nq) 6= 0. Then, for

sufficiently small ε > 0, system (6), (7) and (8) has at least one T-periodic so-

lution (xε, wε, yε) ∈ CT (E1)× CT (E3)× CT (E2) such that (xε(0), wε(0)) ∈ Nq.
Moreover, for every sequence εn → 0 the limit points (x∗, w∗, y

∗) of the sequence

{(xεn
, wεn

, yεn
)} are such that (x∗, w∗) ∈ Nq is a fixed point of the operator Ψ

and y∗ = ŷ1
x∗,w∗

.

Proof. From D2) it follows that there exists r > 0 such that ‖y‖C < r for

all y ∈ ŷ
[0,1]

N̄q
. Now, we define the auxiliary operator F2 : E1 × K × E2 → E2 as

follows
F2(x,w, y0) = ȳ(T ),

where ȳ is the solution of

y(t) = e−A2ty0 +

∫ t

0
Aα

2 e−A2(t−s)f2(s,A
−α
1 x,A−α

2 y(s), w) ds, (9)
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Let Ψ∗ : E1 × K × E2 → E1 × K × E2 be the operator given by

Ψ∗(x,w, y) = ((I − e−εA1T )F1 + e−εA1T x, Γ̄(x,w), F2(x,w, y)).

We will prove that, for ε > 0 sufficiently small, Ũ ε
T and Ψ∗ are linearly homo-

topic on ∂(Nq ×B(0, r)). Here B(0, r) denotes the ball in E2 centered at 0 with
radius r. Assume the contrary, then there exist sequences εn → 0, λn → λ0,
λn ∈ [0, 1] and {(xn, yn, wn)} ∈ ∂(Nq × B(0, r)) such that

xn = λn(e−εnA1T xn +

∫ T

0
Aα

1 e−εnA1(T−s)εnvn
1 (s) ds)

+(1 − λn)((I − e−εnA1T )νn + e−εnA1T xn), (10)

wn = λnΓ[0, wn]PA−α
1 xn(T ) + (1 − λn)Γ̄(xn, wn), (11)

yn = λn(e−A2T yn +

∫ T

0
Aα

2 e−A2(T−s)vn
2 (s) ds)

+(1 − λn)(e−A2T yn +

∫ T

0
Aα

2 e−A2(T−s)v̄n
2 (s) ds), (12)

where

νn = F1(xn, wn),

vn
1 (s) = f1(s,A

−α
1 xn(s), A−α

2 yn(s), wn(s)),

vn
2 (s) = f2(s,A

−α
1 xn(s), A−α

2 yn(s), wn(s))

v̄n
2 (s) = f2(s,A

−α
1 xn, A−α

2 ȳn(s), wn),

and (xn(t), yn(t), wn(t)) is such that

xn(t) = e−εnA1txn +

∫ t

0
Aα

1 e−εnA1(t−s)εnvn
1 (s) ds, (13)

wn(t) = Γ[0, wn]PA−α
1 xn(t), (14)

yn(t) = e−A2tyn +

∫ t

0
Aα

2 e−A2(t−s)εnvn
2 (s) ds, (15)

and ȳn(s) is the solution of (9), corresponding to x = xn, w = wn, y0 = yn.
From (10) we get

xn = λn(I − e−εnA1T )−1

∫ T

0
Aα

1 e−εnA1(T−s)εnvn
1 (s) ds + (1 − λn)νn. (16)
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From (12) we get

yn = (I − e−A2T )−1[λn

∫ T

0
Aα

2 e−A2(T−s)vn
2 (s) ds

+(1 − λn)

∫ T

0
Aα

2 e−A2(T−s)v̄n
2 (s) ds]. (17)

Since the sequence {(xn, wn, yn)} is bounded in E1 × E3 × E2, the sequence of
functions {(xn, wn, yn)} is bounded in CT (E1)×CT (E3)×CT (E2). Assumption
F2) implies that the sequences {vn

1 } and {vn
2 } are also bounded. By (AS) and

F2) we have also the boundedness of the sequences {ȳn} and {v̄n
2 }. Without

loss of generality we can assume that ‖vn
1 ‖C ≤ M, ‖vn

2 ‖C ≤ M, ‖v̄n
2 ‖C ≤ M,

for some M > 0. Since F1 is completely continuous, then the sequence {νn} is
compact in E1. By passing to a subsequence, if necessary, we have that νn → ν0

in E1.
Let us now prove the relative compactness of the sequence {yn}, where

yn = (I − e−A2T )−1[λnA−β
2

∫ T

0
Aα+β

2 e−A2(T−s)vn
2 (s) ds

+(1 − λn)A−β
2

∫ T

0
Aα+β

2 e−A2(T−s)v̄n
2 (s) ds], β ∈ (0, 1 − α).

The sets {
∫ T

0 Aα+β
2 e−A2(T−s)vn

2 (s) ds} and {
∫ T

0 Aα+β
2 e−A2(T−s)v̄n

2 (s) ds} are bounded
in E2, hence {yn} is relatively compact. By passing to a subsequence, if neces-
sary, we have that yn → y0 in E2.

Finally, we show the relative compactness of {xn}, for this consider the first
term of the right-hand side of (16).

(I − e−εnA1T )−1

∫ T

0
Aα

1 e−εnA1(T−s)εnvn
1 (s) ds

=

∫ T

0
Aα

1 e−εnA1(T−s)εnvn
1 (s) ds

+

m∑

k=1

e−εnA1kT

∫ T

0
Aα

1 e−εnA1(T−s)εnvn
1 (s) ds

+ e−εnA1(m+1)T (I − e−εnA1T )−1

∫ T

0
Aα

1 e−εnA1(T−s)εnvn
1 (s) ds.

Let m = [ 1
εn

], where [ 1
εn

] denotes the integer part of 1
εn

. Then m = 1
εn

− θ,
where θ ∈ [0, 1). In the following we use (AS) in order to estimate the right
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hand side of the previous equation. In fact, the first integral can be estimated
as follows

‖

∫ T

0
Aα

1 e−εnA1(T−s)εnvn
1 (s) ds‖ ≤ ε1−α

n

C(α)

1 − α
MT 1−α.

Analogously, consider the second term

‖

m∑

k=1

e−εnA1kT

∫ T

0
Aα

1 e−εnA1(T−s)εnvn
1 (s) ds‖

≤

m∑

k=1

∫ T

0

C(α)

(εn((k + 1)T − s))α
εnM ds ≤ C(α)MT 1−αε1−α

n

m∑

k=1

1

kα

≤ C(α)MT 1−αε1−α
n (1 +

∫ m

1

1

τα
dτ)

= C(α)MT 1−αε1−α
n (1 +

m1−α

1 − α
−

1

1 − α
)

≤
C(α)

1 − α
MT 1−α(εnm)1−α ≤

C(α)

1 − α
MT 1−α.

Finally, consider the third term

‖e−εnA1(m+1)T (I − e−εnA1T )−1

∫ T

0
Aα

1 e−εnA1(T−s)εnvn
1 (s) ds‖

≤
εn

1 − e−εnd1T

∫ T

0

C(α)M

(εn((m + 2)T − s))α
ds

≤
εn

1 − e−εnd1T

C(α)MT 1−α

(εn(m + 1))α
≤ C(εn(

1

εn
− θ + 1))−α

= C(1 − εnθ + εn)−α ≤ C.

Let Gn = (I−e−εnA1T )−1
∫ T

0 Aα
1 e−εnA1(T−s)εnvn

1 (s) ds, clearly the sequence
{Gn} is bounded in E1. Let us now show the relative compactness of {Gn}.
For this we rewrite {Gn} as follows

Gn = A−β
1

∫ T

0
Aα+β

1 e−εnA1(T−s)εnvn
1 (s) ds

+ A−β
1 (

m∑

k=1

e−εnA1kT

∫ T

0
Aα+β

1 e−εnA1(T−s)εnvn
1 (s) ds)

+ e−εnA1(m+1)T (I − e−εnA1T )−1

∫ T

0
Aα

1 e−εnA1(T−s)εnvn
1 (s) ds.
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Since the sets

{

∫ T

0
Aα+β

1 e−εnA1(T−s)εnvn
1 (s) ds},

{
m∑

k=1

e−εnA1kT

∫ T

0
Aα+β

1 e−εnA1(T−s)εnvn
1 (s) ds}

are bounded, then the sets

{A−β
1

∫ T

0
Aα+β

1 e−εnA1(T−s)εnvn
1 (s) ds} and

{A−β
1 (

m∑

k=1

e−εnA1kT

∫ T

0
Aα+β

1 e−εnA1(T−s)εnvn
1 (s) ds)}

are relatively compact in E1. The last term can be rewritten as

e−εnA1(m+1)T (I − e−εnA1T )−1

∫ T

0
Aα

1 e−εnA1(T−s)εnvn
1 (s) ds

= e−εnA1( 1

εn
−θ+1)T Gn = e−A1T e−εnA1(1−θ)T Gn.

By using the compactness of e−A1T we obtain that the set

{e−εnA1(m+1)T (I − e−εnA1T )−1

∫ T

0
Aα

1 e−εnA1(T−s)εnvn
1 (s) ds}

is relatively compact in E1. Hence, the sequence xn is relatively compact.
Without loss of generality we can assume that xn → x0 in E1. Now we evaluate
‖xn(t) − xn‖ in E1 as follows

‖xn(t) − xn‖ ≤ ‖(e−εnA1t − I)xn‖ + ‖

∫ t

0
Aα

1 e−εnA1(t−s)εnvn
1 (s) ds‖.

The first term of the righthand side tends to zero, since analytic semigroups
are also C0-semigroups. For the second term we have

‖

∫ t

0
Aα

1 e−εnA1(t−s)εnvn
1 (s) ds‖ ≤

∫ t

0

C(α)εnM

(εn(t − s))α
ds

≤ ε1−α
n M

C(α)

1 − α
T 1−α → 0

as n → ∞. Therefore, xn C
→ x0.
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Since wn ∈ K, then {wn} is relatively compact. By passing to a subse-
quence, if necessary, we have that wn → w0 in E3. Consider the sequence
{wn}. By using the continuity of the operator Γ we get

Γ[0, wn]PA−α
1 xn C

→ Γ[0, w0]PA−α
1 x0 = w0, that is wn C

→ w0.

Finally, consider the sequences {yn} and {ȳn}. Since {yn} is relatively com-
pact and {vn

2 } is bounded in CT (E2), then the sequence {yn} is relatively com-

pact. Let yn C
→ y0. Assumption F1) imply that

‖e−A2tyn +

∫ t

0
Aα

2 e−A2(t−s)f2(s,A
−α
1 xn(s), A−α

2 yn(s), wn(s)) ds

− e−A2ty0 +

∫ t

0
Aα

2 e−A2(t−s)f2(s,A
−α
1 x0, A

−α
2 y0(s), w0) ds‖

≤ ‖yn − y0‖ +
C(α)

1 − α
T 1−αL(‖xn − x0‖C + ‖yn − y0‖C + ‖wn − w0‖C) → 0,

as n → ∞. Hence,

y0(t) = e−A2ty0 +

∫ t

0
Aα

2 e−A2(t−s)f2(s,A
−α
1 x0, A

−α
2 y0(s), w0) ds,

and

y0(T ) = e−A2T y0

+

∫ T

0
Aα

2 e−A2(T−s)f2(s,A
−α
1 x0, A

−α
2 y0(s), w0) ds. (18)

Similarly, for ȳn(t), we get ȳn C
→ y∗, where y∗(t) is the solution of the

equation

y(t) = e−A2ty0 +

∫ t

0
Aα

2 e−A2(t−s)f2(s,A
−α
1 x0, A

−α
2 y(s), w0) ds. (19)

Since f2 is a Lipschitz function, then the equation (19) has a unique solution,
thus y∗ = y0. Therefore, from (17) as n → ∞ we obtain

y0 = (I − e−A2T )−1[λ0

∫ T

0
Aα

2 e−A2(T−s)f2(s,A
−α
1 x0, A

−α
2 y0(s), w0) ds

+ (1 − λ0)

∫ T

0
Aα

2 e−A2(T−s)f2(s,A
−α
1 x0, A

−α
2 y0(s), w0) ds].



86 A. Gudovich, M. Kamenskii, P. Nistri

From (18) we obtain

∫ T

0
Aα

2 e−A2(T−s)f2(s,A
−α
1 x0, A

−α
2 y0(s), w0) ds = y0(T ) − e−A2T y0.

Thus,

y0 = (I − e−A2T )−1[λ0(y
0(T ) − e−A2T y0) + (1 − λ0)(y

0(T ) − e−A2T y0)].

Finally, we get
y0 = y0(T ), i.e. y0 = ŷ1

x0,w0
.

Consider now (16), in Kamenskii et al [8] it is shown that

ε(I − e−εA1T )−1

∫ T

0
Aα

1 e−εA1(T−s)v(s) ds → A−1+α
1

1

T

∫ T

0
v(s) ds ,

as ε → 0 (20)

for every v ∈ CT (E1). Since f1 is a Lipschitz function, vn
1

C
→ v0

1 , where v0
1(s) =

f1(s,A
−α
1 x0, A

−α
2 y0(s), w0). Hence,

‖(I − e−εnA1T )−1

∫ T

0
Aα

1 e−εnA1(T−s)εnvn
1 (s) ds − A−1+α

1

1

T

∫ T

0
v0
1(s) ds‖

≤ ‖(I − e−εnA1T )−1

∫ T

0
Aα

1 e−εnA1(T−s)εnv0
1(s) ds − A−1+α

1

1

T

∫ T

0
v0
1(s) ds‖

+ ‖(I − e−εnA1T )−1

∫ T

0
Aα

1 e−εnA1(T−s)εn(vn
1 (s) − v0

1(s)) ds‖.

By (20) the first term tends to zero. Since the operators

εn(I − e−εnA1T )−1

∫ T

0
Aα

1 e−εnA1(T−s) (·)

are bounded and vn
1

C
→ v0

1 , then also the second term tends to zero. Thus,

(I − e−εnA1T )−1

∫ T

0
Aα

1 e−εnA1(T−s)εnvn
1 (s) ds → A−1+α

1

1

T

∫ T

0
v0
1(s) ds.

Since y0 = ŷ1
x0,w0

, it results that A−1+α
1

1
T

∫ T

0 v0
1(s) ds = F1(x0, w0). Further-

more, from (16) as n → ∞ we obtain

x0 = λ0F1(x0, w0) + (1 − λ0)F1(x0, w0) = F1(x0, w0). (21)
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Finally, for n → ∞ from (11) we get

w0 = λ0Γ[0, w0]PA−α
1 x0(t) + (1 − λ0)Γ̄(x0, w0) = Γ̄(x0, w0). (22)

Since the set ∂(Nq ×B(0, r)) is closed, then (x0, w0, y0) ∈ ∂(Nq ×B(0, r)). But,
by our choice of r we have that y0 6∈ ∂(B(0, r)). Therefore (x0, w0) ∈ ∂Nq which
is a contradiction with (21), (22) and the choice of Nq.

Consider now the homotopy defined as follows

Hλ
0 (x,w, y) = ((I − e−εA1T )F1(x,w)

+e−εA1T x, Γ̄(x,w), e−A2T y + λ

∫ T

0
Aα

2 e−A2(T−s)v̄2(s) ds),

where v̄2(s) = f2(s,A
−α
1 x,A−α

2 ȳ(s), w), ȳ(s) is the solution of (9) with y(0) = y.
For λ = 0 we have

H0(x,w, y) = ((I − e−εA1T )F1(x,w) + e−εA1T x, Γ̄(x,w), e−A2T y).

Now we define the auxiliary operators H̃0 : E1 × K × E2 → E1 × K × E2,
Ĥ0 : E1 × K → E1 × K, D : E1 × E3 × E2 → E1 × E3 × E2 as follows

H̃0(x,w, y) = ((I − e−εA1T )F1(x,w) + e−εA1T x, Γ̄(x,w), 0),

Ĥ0(x,w) = ((I − e−εA1T )F1(x,w) + e−εA1T x, Γ̄(x,w)),

D(x,w, y) = (0, 0, e−A2T y).

Since I − H0 = (I − D)(I − H̃0), by the properties of the topological degree,
(see Krasnosel’skii et al [12]), we have

| deg (I − H0, Nq × B(0, r)) |=| ind (D, 0) | · | deg (I − H̃0, Nq × B(0, r)) |

=| deg (I − H̃0, Nq × B(0, r)) | . (23)

By the reduction property of the topological degree we have

| deg (I − H̃0, Nq × B(0, r)) |=| deg (I − Ĥ0, Nq) | .

Let us consider now the operator Ĥ0. Since (I − Ĥ0) = (I − B)(I − Ψ),
where B : E1 × E3 → E1 × E3, is given by B(x,w) = (e−εA1T x, 0), we have

| deg (I − Ĥ0, Nq × B(0, r)) |= | ind (B, 0) | · | deg (I − Ψ, Nq) |6= 0.
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Then, from (23)
| deg (I − H0, Nq × B(0, r)) |6= 0.

Since Ũ ε
T ,Ψ∗,H0, are homotopic in Nq × B(0, r) we obtain

| deg (I − Ũ ε
T , Nq × B(0, r)) |=| deg (I − Ψ∗, Nq × B(0, r)) |

=| deg (I − H0, Nq × B(0, r)) |6= 0.

Hence, for sufficiently small ε > 0 there exists at least one T-periodic so-
lution (xε, wε, yε) of (6), (7) and (8) such that (xε(0), wε(0)) ∈ Nq. Now, we
consider a sequence εn → 0. Let (xεn

, wεn
, yεn

) be a sequence of T-periodic solu-
tions of system (6), (7) and (8). Letting xεn

(0) = xn, wεn
(0) = wn, yεn

(0) = yn,
we get

xn = e−εnA1T xn

+

∫ T

0
Aα

1 e−εnA1(T−s)εnf1(s,A
−α
1 xεn

(s), A−α
2 yεn

(s), wεn
(s)) ds,

wn = Γ[0, wn]PA−α
1 xεn

(T ),

yn

= e−A2T yn +

∫ T

0
Aα

2 e−A2(T−s)f2(s,A
−α
1 xεn

(s), A−α
2 yεn

(s), wεn
(s)) ds.

By repeating the arguments of the first part of the proof we can show the
existence of a subsequence of (xεn

, wεn
, yεn

) converging to (x∗, w∗, y
∗), where

(x∗, w∗) ∈ Nq is a fixed point of the operator Ψ and y∗ = ŷ1
x∗,w∗

. This concludes
the proof.

Remark 3. Condition F2) can be replaced by the following conditions.

F ′
2) For any x0 ∈ E1, w0 ∈ K, y0 ∈ E2, ε > 0 the set {(xλ, wλ, yλ) :

λ ∈ [0, 1]}, where (xλ, wλ, yλ) is a solution of the following system, with t ∈
[0, T ],

x(t) = e−εA1tx0 + λ

∫ t

0
Aα

1 e−εA1(t−s)εf1(s,A
−α
1 x(s), A−α

2 y(s), w(s)) ds,

w(t) = Γ[0, w0]PA−α
1 x(t),

y(t) = e−A2ty0 + λ

∫ t

0
Aα

2 e−A2(t−s)f2(s,A
−α
1 x(s), A−α

2 y(s), w(s)) ds,
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is bounded.

F ′′
2 ) For any bounded set Ω ⊂ E1×K×E2 the solutions of (6)-(7)-(8), with

(x0, w0, y0) ∈ Ω, and ε ∈ (0, ε0], for some ε0 > 0, are uniformly bounded.

F ′′′
2 ) For any bounded set Ω ⊂ E1 × K × E2 the solutions of (9), with

(x,w, y0) ∈ Ω, and ε ∈ (0, ε0] are uniformly bounded.

4. Application

Let us consider now the singularly perturbed system of semilinear parabolic
equations of the following form

∂z1

∂t
=

∂2z1

∂ξ2
+ P1(z1, z2) + b sin

t

ε
, t ≥ 0, ξ ∈ [0, l], l > 0 , (24)

ε
∂z2

∂t
=

∂2z2

∂ξ2
+ P2(z1, z2) + b sin

t

ε
, t ≥ 0, ξ ∈ [0, l] , (25)

with the following boundary conditions

∂zi

∂ξ
(t, 0) = 0, i = 1, 2, (26)

ν
∂z1

∂ξ
(t, l) + z1(t, l) = q(t), (27)

ν
∂z2

∂ξ
(t, l) + z2(t, l) = 0, (28)

where q is defined as follows

βq′(t) = v(t) − q(t), (29)

where
v(t) = Γ[0, v0]z1(t, 0). (30)

We assume that P1, P2 are polynomials in the variables z1, z2 and the hysteresis
nonlinearity Γ is defined, (compare Krasnosel’skii et al [11]), by means of the
following input-output relation v(t) = Γ[t0, v(t0)]u(t) where

v(t) =





min{h, u(t) − u(t0) + v(t0)}, for all t such that
u(t) is nondecreasing,

max{−h, u(t) − u(t0) + v(t0)}, for all t such that
u(t) is nonincreasing
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and h > 0. It is easy to see that v(t) ∈ [−h, h]. Thus, in this case, the compact
set K of condition C4) turns out to be [−h, h].

Now, if we consider the change the variables x1(t, ξ) = z1(t, ξ)−g(t, ξ), x2(t, ξ) =
z2(t, ξ), where g(t, ξ) = ξ2q(t)/(2lν + l2), then the system takes the form

∂x1

∂t
=

∂2x1

∂ξ2
+ ξ2 v(t) − q(t)

β(2lν + l2)
+

2q(t)

2lν + l2

+P1((x1(t, ξ) +
ξ2q(t)

2lν + l2
), x2(t, ξ)) + b sin

t

ε
, (24′)

ε
∂x2

∂t
=

∂2x2

∂ξ2
+ P2((x1(t, ξ) +

ξ2q(t)

2lν + l2
), x2(t, ξ)) + b sin

t

ε
, (25′)

t ≥ 0, ξ ∈ [0, l] with the boundary conditions

∂xi

∂ξ
(t, 0) = 0, i = 1, 2, (26′)

ν
∂xi

∂ξ
(t, l) + xi(t, l) = 0, i = 1, 2, (27′)

and the hysteresis relations (29)-(30), and

v(t) = Γ[0, v0]x1(t, 0). (30′)

Now, let E1 = Lp[0, l] × R1, E2 = Lp[0, l], E3 = R1, E0 = R1, x(t) =
(x1(t, ·), q(t)), y(t) = x2(t, ·) and

A1 = (−
d2

dξ2
,

1

β
) ,

with the boundary conditions (26′), (27′) for i = 1. We define the operator
P : E1 → E0 as follows P (x1, q) = x1(0). Finally, let A2 be the operator
defined by the differential operator −d2/dξ2 together with boundary conditions
(26′), (27′) for i = 2. Since, as it is shown in Krasnosel’skii et al [13], it is
possible to choose p and α ∈ (0, 1) in such a way that the nonlinearities defined
by P1 and P2 are subordinated to A−α

1 and A−α
2 , then our Theorem 1 applies.
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