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1. Introduction

The paper deals with the problem of the existence and dependence on a small
parameter € > 0 of periodic solutions of a singularly perturbed system of semi-
linear parabolic equations with high frequency nonlinear inputs containing the
output w(-) of an hysteresis operator I' of Krasnosel’skii-Pokrovskii type acting
on the slow variable z, cf. Krasnosel’skii et al [11] and Macki et al [19]. The
system has the form

/(1) + Arz(r) = filr/e, z(7), y(7), w(7)) ,
ey (1) + Agy(7) = fo(r/e, (1), y(7), (7)) , (S)
w(r) = I'[0, wo] Px(T) ,

where A;, ¢+ = 1,2, are infinitesimal generators of analytic semigroups acting in
the separable Banach spaces F;, ¢ = 1,2, and € > 0 is the singular perturbation
parameter which also models the high frequency of the inputs f;, i = 1,2.
The operators A; 1 i = 1,2, are assumed to be completely continuous. The
nonlinear operators

fZ'ZRXE1XE2XE3—>EZ‘, ’Lzl,2

are T-periodic with respect to the first variable and they are assumed to be
subordinate to the fractional powers A{', i = 1,2, in a sense that will be speci-
fied later in F})-Fy). Here P : Ey — Ej is a linear operator, Ey, F; are Banach
spaces and I' : Ry x E3 x C([0,t], Ey) — C([0,t], E3), t > 0, is a Krasnosel’skii-
Pokrovskii hysteresis operator, which models the interaction of the dynamics
represented by the singularly perturbed system and an external device which
drives this dynamics through that of the slow variable x. Therefore, the out-
put w(-) of the hysteresis operator I' can be considered as a feedback control
parameter acting on the dynamical system. Our assumptions on I' ensure, in
particular, that w(-) is a continuous function which takes values in a compact
set K C Ej.

The aim of the paper is to provide conditions to guarantee, for ¢ > 0
sufficiently small, the existence of T-periodic solution to (S) and to study their
behaviour as € — 0. Specifically, we first define, for ¢ > 0, a quasitraslation
operator ﬁ% : By x K X By — E; x K x FEy along the mild solutions to (S5),
then we show that it is well defined, completely continuous and that the fixed
points of U% are the initial conditions of €T -periodic solutions to (.5).

Furthermore, when € = 0, from system (.5) we introduce an averaging oper-
ator ¥ : Fy x K — E; x K which is proved to be completely continuous and we
assume that it has topological degree different from zero in some relatively open
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set Ny of Q = Fq1 x K. Finally, by the homotopy invariance and the reduction
properties of the topological degree, we prove that, for € > 0 sufficiently small,
the compact vector field (I — U%) has topological degree different from zero in
Ny x B(0,7), where B(0,7) C E» is the ball centered at 0 with radius r. There-
fore, the quasitraslation operator has fixed points in N, x B(0,7). Moreover,
the behaviour of such fixed points as ¢ — 0 is established. A possible applica-
tion in order to illustrate the meaning of the obtained results in the abstract
setting is also provided.

A similar approach was employed in Kamenskii et al [8] and [9] to es-
tablished the existence and the behaviour of periodic solutions for singularly
perturbed systems of semilinear differential inclusions with analytic and Cpy-
semigroups respectively. Topological approaches based on the averaging method
are widely employed to deal with singularly perturbed inclusions in finite di-
mensional spaces, Dontchev et al [2], Grammel [6], and some related optimal
periodic control problems, Gaitsgory [4], [5] and Grammel [7]. Several papers
are also devoted to the study of the existence of periodic and almost periodic
solutions for ordinary and partial differential equations with hysteresis of var-
ious type, see for instance, Feckan [3], Krejéi [14], Macki et al [18], Brokate et
al [1], Krejéi [16], [15], [17] and Visintin [21].

The most relevant contribution of this paper is that of extending to systems
of singularly perturbed equations in infinite dimensional spaces the use of the
averaging method in presence both of inputs of high frequency and of an hys-
teresis operator which introduces in the dynamics a continuous feedback effect
through the dynamics of the slow variable x.

The paper is organized as follows. In Section 2 we state the problem, we
formulate the assumptions which permit to solve it and we give some definitions
and preliminary results. In Section 3 we formulate and we prove our main
result: Theorem 1. Finally, in Section 4 we present an application illustrating
our results.

2. Formulation of the Problem, Assumptions and Definitions

In this paper we consider the following system

2 (1) + Ava(7) = fi(7 /e, x(7),y(7), w(T)) ,
w(r) = [0, wo] Pa(7) , (5)
ey (1) + Agy(7) = far /e, 2(7),y(7), w(T)) ,

where € > 0 is a small parameter, —A; and —As are generators of analytic

semigroups of linear operators e~41* and e~42!, acting in the Banach spaces
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FEy and Es. P : Ey — Ejy is a linear operator, Fy, Fh are Banach spaces,

I': Ry x E3 x C([0,t], Ey) — C([0,t], E3), t > 0, is a Krasnosel’skii-Pokrovskii

hysteresis operator, and (Pz(0),wg) € Ey x E3. The operators A;* and A,

are assumed to be completely continuous, consequently Afﬁ and A, p , B3>0,

are also completely continuous operators, see Krasnosel’skii et al [13]. The

nonlinear operators f;,7 = 1,2 are assumed T-periodic in the first variable.
We assume the following conditions:

A) There exist positive constants C, d such that
e~ < Ce™ ¥, t>0,i=1,2
The nonlinear operators f;, ¢ = 1,2, are subordinate to the fractional powers

A% i =1,2, in the following sense.

Fy) The operators (t,z,y,w) — fi(t, A “x, Ay %, w), acting from Ri x
Fy x Fy x E3 to F;,i = 1,2, are continuous and satisfy Lipschitz condition with
respect to the variables (z,y,w), i.e.

| fi(t, AT 21, Ay “yr,wi) — filt, AT %o, Ay Yy, wo)|
S LR)([lzr — 22l + lyr — el + [lwr — w2l)),

whenever i = 1,2; ||$J|| <R, HyJH <R, HwJH <R, j=12te [07T]'

F,) For every R > 0 there exists a positive constant pr such that
1fi(t, Ay %z, Ay Yy, w)l| < pr(L+ [lzfl +[lyl), (vl < R), i=1,2.

Cy) For every typ € [0,400) the nonlinear hysteresis operator I'[tg,](+)
acts from Es x C([to,t], Ep) to C([to,t], E3), t > to, and if u(t) = ws, then
I[to, wolu(t) = wp.

C5) I satisfies the semigroup property
F[to,wo]u(t) = F[tl,I‘[to,wo]u(tl)]u(t) (to < t1 < t).

C3) For every tg € [0, +00), the operator I' satisfies the Lipschitz condition,
ie.

max_||T[to, wilu' (s) — T[to, wa]u®(s)|| < k(w1 — ws| s,
SE[to,t}

+ lu' = P lloqo.5)), t = to-
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C4) There exists a nonempty, convex, compact set K C Fj3 such that for
every wg € K, tg € R+ we have

I'[to, wolu(t) € K, for every t > tg and for every u € C([to,t], Ep)-
C5) For every tg € [0,400) we have I'[tg, wolu(ty) = wo.
Cs) Let tg € [0,4+00), v(t) = z*(t + to — t1) for ¢t > ¢;. Then
Lto, wolz™(t) = I'[t1, wolv(t —to +t1) (t = to).
C7) Let tg € [0,400), 5 >0, v(t) = z*(Bt + (1 — B)ty) for t > tg. Then
[[to, wolx™(t) = T[to, wolv(Bt + (1 — B)tg) (t > to).

D) For any x € E1, w € K and A € [0, 1] there exists a unique T-periodic
solution in of the integral equation

T
y(t) = efAQt(I — eAQT)l)\/ Ag‘efAQ(Tfs)fg(s,Al_a$,A2_°‘y(s),w) ds
0

t
—I—)\/ A%e_AQ(t_S)fg(s,Al_aa:,A;ay(s),w) ds. (D)
0

D5) For any nonempty, bounded set 2 C F; the set {@;‘w tx e, we
K, X e0,1]} is bounded.

P;) The linear operator P, acting from E; to Ejp, is such that PA]® is
continuous.

By the change of variable 7/¢ = ¢ system (S) takes the form

T'(t) +eAi2(t) = efi(t, 2(1), y(1), w(t)),
w(t) = T'[0, wol PZ(t), (5)
Y1) + Aay(t) = falt, 2(t),5(t), w(t)).

Denoting (Z,w, §) again by (z,w,y) we obtain

'(t) +eAra(t) = efi(t, z(t), y(t), w(t)) ,
w(t) = T[0,wp] Par(i) 1)
y'(t) + Ay (t) = falt, x(t),y(t), w(t).
Following Krasnosel’skii et al [13], we say that (2., we, ye) is a mild solution
of (1) on [0,T] with the initial conditions

2(0) = xo, w(0) = wo, y(0) =wo, (2)
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if Ze, we, Y- are continuous functions defined on the interval [0, T] with values in
Eq,E3,Ey  respectively,  such  that  fi(s) = fi(s,xe(s),ye(s),
we(s)),7 = 1,2, is bounded on [0,T], and satisfying the equations

zo(t) = e Mgy + / e M=) b1 (5, 2.(5), y=(s), we(s)) ds, (3)
0
we(t) = [0, wo] Pa.(t), (4)

t
ye(t) = e A2ty + /O e~ 420=9) 1 (s, wo(s), v (s), we(s)) ds, t € [0,T]. (5)

By a T-periodic solution of (1) we mean a continuous T-periodic function
(e, we, ye) satisfying (3), (4) and (5) on [0, +00).

Definition 1. (The Quasitranslation Operator) For every xg € E1, wg €
K, yo € Es and € > 0 we assume that there exists an unique solution (¢, we, yz)
on [0, 7] of the following system

z(t) = ety
t
+/"A%r““*@wuaAf%@»A;w@»w@»da (6)
0
w(t) =T[0,wo] PA] “x(t), (7)

t

y(t) = e 2y +/ Age= 29 fo (s, AT2(s), Ay %y(s), w(s))ds.  (8)
0

We define the quasitranslation operator ﬁ% B x K x By — F1 x K x Fy as

follows

Ut (zo, wo,y0) = (2<(T), we(T), ye(T)).

Remark 1. a. We will show in Proposition 2 that ﬁ% is well defined by
proving that, under our assumptions, system (6),(7) and (8) has indeed an
unique solution on [0, 7] for every xg € E1, wy € K, yo € F2 and € > 0.

b. If (z,we,ye) is a T-periodic solution of system (1), then from the fol-
lowing inequalities for analytic semigroups (see e.g. Pazy [20])

C.
lage ) <« SO ae 1), 150, =12, (45)
tO(
it follows that
z(t) € D(AT), y(t) € D(A3),
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for every o € (0,1), and every ¢ € [0,T]. Hence, in particular the initial values
x(0) and y(0) of the T-periodic solution of system (1) satisfies the condition
z(0) € D(AT), y(0) € D(A3).

For notational simplicity in what follows we omit the dependence on £ > 0
of the solutions to various systems. We have the following result.

Proposition 1. Every fixed point (xg,wg, yo) of the quasitranslation oper-
ator defines the initial conditions x(0) = A] “xo, w(0) = wp and y(0) = A; “yo
of a T-periodic solution of system (1).

Proof. Let (xo,wo,y0) = ﬁ%(xo,wo,yo), then (xg,wo,y0) =
(21(T"), 22(T), 23(T)), where (z1, 22, 23) is the solution of (6),(7) and (8). We
have

T
zo=e T gy + / A?e*EAl(T*s)sfl(s, AT %21(8), Ay “z3(s), 22(s)) ds,
0
wo = F[O, wo]PAfazl (T),

T
Yo = efAQTyo + / Ag‘efAQ(Tfs)fg(s, AT %21(8), A5 “23(s), 22(s)) ds.
0

Denote by z1, Z2, 23 the T-periodic extensions of the functions z1, 29, 23 respec-
tively. Let ¢t € [T, 277, then

[0, wo] PA;“Z1(t) = T[T, T'[0, wo| PA] “z1 (T)| PA] “Z1(2)
= T[T, T[0, wo] PAT %2 (T)|PAT %1 (t) = T[T, wo] PAT “Z1 (t)
:F[O,’wo]PAl_ Zl(t—T) :Zg(t—T) :Eg(t).

By repeating the same arguments for ¢ € [(n+ 1)T, (n+2)T],n € N, we obtain
Z(t) = T'0, wol PAT*21(2) ,

for all t > 0. Now, by using standard arguments, see Krasnosel’skii et al [13], it
is easy to show that z = A] %z, y = A, “Z3 satisfy (3) and (5) for all t > 0. O

Remark 2. The vice versa is also true. In fact, let (z,w,y) be a T-periodic
solution of (1). Let x(0) = zo, w(0) = wo, y(0) = yo, then (Afzo,wo, ASyo) is
a fixed point of the quasitranslation operator. Hence, the problem of finding
T-periodic solutions of (1) is equivalent to that of finding fixed points of the
quasitraslation operator.

Using the compactness of the set K and Fj) it is easy to show that the
solutions of (6), (7) and (8) on [0, T for (zo,wo,yo) € E1 x K X Ey are bounded
in C([0,T], Ey) x C([0,T], E3) x C([0,T], E2). Moreover, by the compactness
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of A;l,i =1, 2, and that of the set K we have the compactness of the operator
defined by the right hand side of the equations (6), (7) and (8). Finally, by
using the Leray-Schauder topological degree and its properties we derive the
existence of solutions on [0,77]; the Lipschitz conditions F;) and Cs) provide
the uniqueness of the solution. Thus we have the following result.

Proposition 2. Assume that conditions A), Fi), F3),C1) — C7), P1) are
satisfied for some « € (0,1). Then, for any € > 0, ﬁ% is a well-defined operator
on B x K x Ey with values in F'y x K x Ej.

We can prove the following result.

Proposition 3. Assume that conditions A), F1), F2),C1) — C7), Py) are
satisfied for some o € (0,1). Then the operators UL, ¢ > 0, are completely
continuous.

B Proof. Let By x K x By C E1 x K x E5 be a bounded set, we first show that
U%(Bh1, K, By) is a relatively compact set in Fq x K x FE. For this, consider
the set

S ={(z,w,y) € C([0,T], E1) x C([0,T], E3) x C([0,T], E2) :
2(0) = 20, w(0) = wo, y(0) = yo, (zo,wo,%0) € B1 x K X B},

where
t
z(t) = e "Mty + / AfemsM =) 1 (s, AT (s), Ay “y(s), w(s)) ds,
0
w(t) = T'[0, wo] PA] “z(t),

t
ot = ey + [ A s, A a(s), A3 (5), w(s)) ds.
0

Again by the compactness of K and F5) we have that S is bounded in
C([0,T], E1) x C([0,T], E3) x C([0,T}], E2). Moreover,

z(T) = e T g
+ A7 /0 ' AT eI £y (5, AT a(s), Ay *y(s), w(s)) ds,
w(T) =T'[0, wo] PAT “a(T),
y(T) = e Ty,

T
+ Az_ﬂ/ AGTFem 429 fo (5, AT (s), Ay “y(s), w(s)) ds,
0
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where 3 € (0,1—a). Since the operators e 417 ¢ > 0 and =427 are completely
continuous, the sets

{e=*M Ty 29 € By} and {e “2Tyy:yo € By}

are relatively compact in £ and FEs respectively. The relative compactness of
the sets

T
{Alﬁ/ A?Jrﬁe_EAl(T_s)Efl(s,Afo‘a:(s),Ago‘y(s),w(s))ds :
0
(z,w,y) € S}

and

T
{AQﬁ/ Ag+ﬁ€—A2(T_S)f2(57 Afax(s), A;ay(8)7 w(s)) ds
0
: (wiay) € S}

follows from the boundedness of the set S and (AS). While the relative com-
pactness of the set {w(T) : (z,w,y) € S} C K follows from the compactness
of K C FEj3. The continuity of the operator U:? follows from the Lipschitz
conditions F1), C3) and (AS). O

Definition 2. (The Averaging Operator) Now, we define the averaging
operator ¥ : By x K — Fq1 x K, as follows

U(z,w) = (Fi(z,w),T(z,w)),

where

S Y a4 X
Fl(wi) = Al 1+QT/ fl(s?Al ax7A2 ay(s)’w> ds, y = y;,w?
0

I'(z,w) =T[0,w]PA];*u, uwe C([0,T],Ey), u(t) =z forany te [0,T].

We have also the following.

Proposition 4. Assume that conditions A), Fy), F3),C1) — Cy), P1), Dy),
Dy) are satisfied for some a € (0,1). Then the operator ¥ is completely con-
tinuous.

Proof. 1Tt is immediate to see that our assumptions ensure that the operator
I' is completely continuous. Let 2 be a bounded set and consider the set
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Q}ZK = {g);’w : z € Q, we K}, which is bounded by condition Ds). The set
Q}ZK is compact in C([0,T7], E»); in fact, if y € g)})’K then

T
y(t) = e_AQt(I — e_AQT)_l/O A%e_A2(T_S)f2(s,A1_°‘x, AL %y(s),w)ds

t
—1—/ A%e‘AQ(t_S)fg(s,Al_aa:,A;ay(s),w) ds,
0

where the right hand side defines a completely continuous operator, cf. Kras-
nosel’skii et al [13].

Now if (z,,w,) — (x9,wy) then g)%(%’wn)} — g)%( > as fixed points

x0,wo)
of a completely continuous operator, and by conditions F7) and C3) one has

Fi(zp,wy) — Fi(x,wp) and T'(x,, w,) — T(zg,wp). O

3. Main Result

Let N be an open bounded subset of Fq x E3, let @) = Ey x K and N, = NNQ.
In what follows Cr(FE;),i = 1,2,3, will denote the Banach space of all the
T—periodic continuous functions taking values in F; equipped with the sup-
norm. Moreover, |||/ and € will denote the norm and the convergence in any
of these spaces respectively. We are now in the position to formulate our main
result.

Theorem 1. Assume that the conditions A), F1),F»),C1) — C7),Dy),
Dy), Py) are satisfied for some o € (0,1) and assume the existence of a rel-
atively open bounded set N, in @ such that deg(l — ¥, N,) # 0. Then, for
sufficiently small € > 0, system (6), (7) and (8) has at least one T-periodic so-
lution (x-,we,ye) € Cr(E1) x Cr(Es) x Cp(E3) such that (z-(0),w.(0)) € Nj.
Moreover, for every sequence e,, — 0 the limit points (z, ws, y*) of the sequence
{(2e,, We,,, Ve, )} are such that (z,,wy) € Ny is a fixed point of the operator ¥
and y* = g1, .

Proof. From D») it follows that there exists r > 0 such that ||y||c < r for
all y € gjj[g’l]. Now, we define the auxiliary operator Fs : E1 X K X Ey — F» as
follows !

F2(£> w, yO) = :U(T),

where ¥ is the solution of

t
y(t) = e %'y +/O Agem 2079 fo (s, A, Ay %y (s), w) ds, (9)
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Let U* : B4 x K x Es — E1 x K X Es be the operator given by

UV (w,w,y) = (L - e MNP 4+ e T2, T (e, w), By (2, w,9))-

81

We will prove that, for € > 0 sufficiently small, ﬁ:? and U* are linearly homo-
topic on O(Ny x B(0,7)). Here B(0,r) denotes the ball in Ey centered at 0 with
radius r. Assume the contrary, then there exist sequences ¢, — 0, A, — Ag,

An € [0,1] and {(zn, yn,wn)} € O(Ny x B(0,r)) such that
T
Tn = Ap (e g, —|—/ AfemenAT=9)g 40 (s) ds)
0

+(1 = AT — e~ NTyy, 4 esnhiTy )
wy, = A\ T[0, wp|PAT2™(T) + (1 — M) (20, wr),

T
Yo = Aale Ty, + / AGe 4291 (5) ds)

T
(1= M) (e 2Ty, + /0 AGe= 2= (5) ds),

where
Up = Fl(xnawn)a

vy (s) = fi(s, A7 %2"(s), Ay YY" (s), w" (5)),
vy (s) = fa(s, A7 2" (s), A3 “y"(s), w"(s))
vz (s) = fa(s, Ay “an, A3 YY" (s), w),
and (z™(t),y"(t),w"(t)) is such that
t
" (t) = e Mty —I—/ AfemenMl=8)g 41 (s) ds,
0

w"(t) = T[0, wn | PAT*2" (¢),

t
00 = et [ A5z 0 (5) d,
0

and y"(s) is the solution of (9), corresponding to x = zp,, w = wy, Yo =

From (10) we get

T
Tn = A (I — e7enMT)~1 / Adem M T=8)g 1 (s) ds + (1 — Ap)n.
0

(10)
(11)

(16)
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From (12) we get

T
yn = (I — eAQT)l[)\n/ A%eiAQ(T*S)vg(s) ds
0

T
+(1 =) / Age=A2T=9)50(s) ds]. (17)
0

Since the sequence {(x,,wy,yn)} is bounded in E; x E3 x Es, the sequence of
functions {(z", w",y")} is bounded in Cr(E7) x Cr(E3) x Cr(E2). Assumption
F5) implies that the sequences {v]'} and {vy} are also bounded. By (AS) and
F5) we have also the boundedness of the sequences {y"} and {v4}. Without
loss of generality we can assume that ||v]||c < M, ||[v3]lc < M, ||95]lc < M,
for some M > 0. Since F} is completely continuous, then the sequence {v,} is
compact in . By passing to a subsequence, if necessary, we have that v,, — 1y
in El.
Let us now prove the relative compactness of the sequence {y,}, where

T
= (1= ) A7 [ A e ) ds
0

T
+(1 = An) A" / AGTBe—A2(T=)gn(5) ds], B € (0,1 — a).
0

The sets {fOT AGPe=A2(T=5)yn(5) ds} and {fOT AGHFe=A2(T=9)50(5) ds} are bounded
in Fs, hence {y,} is relatively compact. By passing to a subsequence, if neces-
sary, we have that y, — yo in Fjs.

Finally, we show the relative compactness of {x,}, for this consider the first
term of the right-hand side of (16).

T
(I —eenityt / Afem AT =%)e 40 (s) ds
0

T
= / Afemen AT =) 40 () ds
0
m T
+ Z e_E”AlkT/ A‘f‘e_E"Al(T_S)snv?(s) ds
k=1 0

T
yemenAmADT ([ pmenAiT)—1 / AfemenMT=9)g 0 (s) ds.
0

Let m = [1], where [1] denotes the integer part of 2. Then m = L+ — 9,

n

where 6 € [0,1). In thenfollowing we use (AS) in order to estimate the right
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hand side of the previous equation. In fact, the first integral can be estimated
as follows

T
|| / A= Tz, 0 (5) ds| < b0 T prpio,
0 —

Analogously, consider the second term

m

T
|32 e T [ Age o T ) ds|
k=1 0

- [T C(o) catcax~ L
§Z/O (En((k-i-l)T—S))aEnMdSSC(Q)MTl E}l ;k—a

m ]
< Cla)MT' %71 + / — dr)
1

T

mi— 1

= C(a)MT el (1 +

)
S C(Oé) MTlfa(Enm)lfa S C(a) MTlfa'
11—« 11—«

l—-a 1-—«

Finally, consider the third term

T
||€_5”A1(m+1)T(I - e_EnAlT)_l / A(fe_E”Al(T_S)&z’U?(S) dSH
0

En T Cla)M
S1C e_enle/O En(m+2)T =) “

En Cla)MT—@ 1 .
< < — — 1
T 1—eendiT (g,(m+1))> — C(gn(sn o+1)

=C(1l—epf+e,) “<C.

Let G, = (I—e~ s T)—1 fOT Age=enM(T=5)g 41 (s)ds, clearly the sequence
{G,} is bounded in E;. Let us now show the relative compactness of {Gy}.
For this we rewrite {G,,} as follows

T
G, = Alﬁ/o A?Jrﬁe*E"Al(T*S)Env’f(s) ds

m T
SAP (Y e T [t e 0 )
k=1 0

T
temen MmN (] _ =enhiT)-1 / Agem=n M Tz () ds.
0
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Since the sets

T
([ Agtoe @9 () ds)
0

m T
etk [ A e 1 (s) ds)
k=1 0

are bounded, then the sets

T
{Al_’g/ A‘f+ﬂ6_5”A1(T_S)5nv?(s)ds} and
0

m

T
(A3 et [C gt e Tz up(s) ds))
k=1 0

are relatively compact in F1. The last term can be rewritten as

T
e_gnAl(m+1)T(I_e—enAlT)—l/ ASe—en i (T=9) () ds
0

e—anAl(%—G-i-l)TGn _ €7,41:%75”141(179)TGn‘
By using the compactness of e=417 we obtain that the set
T
{e—anAl (m—l—l)T(I o e—enAlT)—l / Atlye—enAl (T_S)Env?(s) dS}
0
is relatively compact in F;. Hence, the sequence =z, is relatively compact.

Without loss of generality we can assume that x,, — ¢ in E1. Now we evaluate
|2 (t) — x| in E;y as follows

t
2" (8) = al| < [I(e™5 4 = Daa| + II/0 Afe s h=e,00 (s) ds||.

The first term of the righthand side tends to zero, since analytic semigroups
are also Cy-semigroups. For the second term we have

t t
H/ A(lle_enAl(t_s)EnU?(S) dSH < / C(Oé)€nM ds
0 0 (5n(t - 8))a

C
as n — o0o. Therefore, 2" = x.
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Since w, € K, then {w,} is relatively compact. By passing to a subse-
quence, if necessary, we have that w, — wg in E3. Consider the sequence
{w™}. By using the continuity of the operator I" we get

[0, w,|PA] *z" <, I'[0, wo| PA] “xo = wp, that is w" S, wp.

Finally, consider the sequences {y"} and {g"}. Since {y, } is relatively com-
pact and {v3} is bounded in C7(E>), then the sequence {y"} is relatively com-

pact. Let y™ oA y°. Assumption Fy) imply that

t
ety 4 [ Ae A0 (s, A% (), A3 (5) 0 () s
0

t
_eAgtyO+/ AgzefAQ(tfs)fé(s’Al—axo’Az—ayo(s)’wo) dSH
0

Cla)
< llyn = woll + mTl “L(||z" = wollc + Iy = y°llc + 0" — wollc) — 0,

as n — oo. Hence,
yO(t) = e M2ty + /Ot Age=A2079) fo (s, AT %20, A5 Y0 (5),wo) ds,
and
(1) = ey,

T
—I—/ Ag‘e_AQ(T_S)fg(s,Al_aaco,AQ_ayO(s),wo)ds. (18)
0

Similarly, for y"(t), we get y" A y*, where y*(t) is the solution of the
equation

t
y(t) = efAQtyo + / A%eiAQ(t*S)fg(s, AT %o, A3 “y(s), wo) ds. (19)
0

Since f5 is a Lipschitz function, then the equation (19) has a unique solution,
thus y* = y°. Therefore, from (17) as n — oo we obtain

T
Yo = (I—e_A2T)_1[)\0/ Ag‘e_AQ(T_S)fg(s,Afo‘xo,A;O‘yo(s),wo)ds
0

T
+ (1—)\0)/ Age=42(T=9) £, (5, AT %20, A7 %y°(s), wo) ds).
0
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From (18) we obtain
T
/ Ag‘efAQ(Tfs)fg(s, Al %o, AQ_O‘yO(S), wp) ds = yO(T) — eiAQTyo.
0

Thus,
o= (I —e 20 Dy (T) — e o) + (1 = X) (1°(T) — e )],

Finally, we get
Yo = yO(T), i.e. yo = y“imwo.

Consider now (16), in Kamenskii et al [8] it is shown that

T 1 /7
el — e_EAlT)_l/ Ae=eMT=5)y(s) ds — AlHO‘?/ v(s)ds,
0 0
as € — 0 (20)

for every v € Cr(E1). Since f; is a Lipschitz function, v} < vy, where v9(s) =

fi(s, A7 %20, A5 “y°(s), wp). Hence,
T 1 T
I = e A Tyt [ a0 () ds — A [ ) s
0 0
T 1 T
< ||(I o €EnA1T)1/ A?efEnAl(Tfs)Env?(S) ds — A11+af/ U?(S) dSH
0 0
T
+ (7 = G_E”AlT)_l/ Afemn Mg, (07 (s) — o) (s)) ds|.

0

By (20) the first term tends to zero. Since the operators
T
En(I o e—anAlT)—l / A(fe—anAl(T—s) ()
0
are bounded and v} S v, then also the second term tends to zero. Thus,
T 1 T
(I B 6z-:nA1T)1/‘ A?efEnAl(Tfs)Env?(S) ds —s A1—1+aT/ U?(S) ds.
0 0

Since y° = {1 4, it results that AIHO‘% OT v9(s)ds = Fy(wg,wp). Further-
more, from (16) as n — oo we obtain

Trog = )\0F1(l‘0,w0) + (1 — /\o)Fl(l‘o,’wo) = Fl(l‘o,’wo). (21)



PERIODIC SOLUTIONS FOR SINGULARLY... 87

Finally, for n — oo from (11) we get
woy = )\()F[O, wo]PAl_al‘o(t) + (1 - )\o)f‘(x‘o, wo) = f‘(a;‘o, ’wo). (22)

Since the set (N, x B(0,7)) is closed, then (xq, wo,y0) € (N4 x B(0,r)). But,
by our choice of r we have that yo & 9(B(0,7)). Therefore (xq, wy) € N, which
is a contradiction with (21), (22) and the choice of Nj,.

Consider now the homotopy defined as follows

Hg(z,w,y) = ((I — e M) Py (2,w)

T
+e M Ty Tz, w), e 2Ty + )\/ Age22T=3)5,(5) ds),
0

where 0a(s) = fa(s, A} %z, A3 “Yy(s),w), y(s)is the solution of (9) with y(0) = y.
For A = 0 we have

Ho(x,w,y) =((I - eiEAlT)Fl(i,w) + efsAlTx, [(z,w), eiAQTy).

Now we define the auxiliary operators HO . Ei x K x By — Ey x K x Es,
HY: By xK - Ey x K, D:E| x E3 x Ey — E; x E3 x Ey as follows

H(,w,y) = (I — e M) F(2,w) + ez, T (2, w),0),
H(z,w) = (I = e M) Fy(2,w) + 2, T (2, w)),

D(z,w,y) = (0,0,e=Ty).

Since I — HY = (I — D)(I — ﬁo), by the properties of the topological degree,
(see Krasnosel’skii et al [12]), we have

| deg (I — H°, N, x B(0,7)) |=| ind (D,0) | - | deg (I — H°, N, x B(0,7)) |
=| deg (I — H°, N, x B(0,7)) | . (23)
By the reduction property of the topological degree we have
| deg (I — H°, N, x B(0,r)) |=| deg (I — H°, N,) | .

Let us consider now the operator H°. Since (I — HY) = (I — B)(I — V),
where B : By x E3 — E; x Es, is given by B(z,w) = (e~*"17z,0), we have

\deg([—ﬁO,Nq XB(O,T‘)) |:|1Hd(B,0) ‘ |deg(‘[_\117Nq) ‘#O
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Then, from (23)
| deg (I — H°, N, x B(0,7)) |# 0.

Since ﬁ%, U*, HO are homotopic in N, x B(0,r) we obtain
| deg (I — U5, N, x B(0,7)) |=| deg (I — ¥*, N, x B(0,r)) |

=| deg (I — H°, N, x B(0,7)) |# 0.

Hence, for sufficiently small € > 0 there exists at least one T-periodic so-
lution (z.,we,y:) of (6),(7) and (8) such that (z.(0),w:(0)) € N,. Now, we
consider a sequence &, — 0. Let (. ,w., , e, ) be a sequence of T-periodic solu-
tions of system (6), (7) and (8). Letting x¢, (0) = &y, we, (0) = wy, Ye,, (0) = yn,
we get

T
’ / Afem =M T, (s, AT e, (5), Ay e, (5), we,, (5)) ds,
0

wy, = I'[0, w,|PA; 2., (T),

Yn

T
=e Ty, + / A5 2079 fo(s, AT e, (5), A e, (5), we,, (5)) ds.
0

By repeating the arguments of the first part of the proof we can show the
existence of a subsequence of (x. ,w. ,ye,) converging to (z.,ws,y*), where
(24, wy) € Ny is a fixed point of the operator ¥ and y* = Qi*,w*- This concludes
the proof. O

Remark 3. Condition F3) can be replaced by the following conditions.

Fl) For any zg € Ej, wy € K, yo € E2, € > 0 the set {(zx,wyx,y)) :
A €]0,1]}, where (z),wy,yy) is a solution of the following system, with t €
(0,77,

t
x(t) = eiEAltJ:o + )\/ A?efEAl(tfs)Efl(s, AT %x(s), Ay “y(s), w(s))ds,
0
w(t) =T[0,wo] PAT “x(t),

t
y(t) = e "2yo + /\/ Agem 0 fo s, AT (s), Ay “y(s), w(s)) ds,
0
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is bounded.

FY) For any bounded set 2 C Eq x K x E9 the solutions of (6)-(7)-(8), with
(o, wo,y0) € 2, and € € (0, ¢g], for some gy > 0, are uniformly bounded.

FJ') For any bounded set Q C E; x K x Ey the solutions of (9), with
(x,w,yo) € Q, and ¢ € (0, gp] are uniformly bounded.

4. Application

Let us consider now the singularly perturbed system of semilinear parabolic
equations of the following form

821 8221 . t
e e + Pi(z1,22) + b sin -, t>0,£€[0,1,1>0, (24)
822 8222 . t
I P v > 9
ot = o + 2(z1,z2)—|—bsm€, t>0,¢€l0,1], (25)
with the following boundary conditions
&zi .
-z (4, 0) = =1,2 9
85( 70) Y 1 )< ( 6)
821
vz (60 + 218,10 = g(t), (27)
73
v P2 (00 1 2a(t,1) = 0 (28)
86 b 2 ) - )

where ¢ is defined as follows

B (t) = v(t) — q(t), (29)

where

u(t) = I[0, vl 21 (£, 0). (30)

We assume that P;, P> are polynomials in the variables z1, 2o and the hysteresis
nonlinearity I' is defined, (compare Krasnosel’skii et al [11]), by means of the
following input-output relation v(t) = I'[to, v(to)]u(t) where

min{h, u(t) — u(to) + v(tg)}, for all ¢ such that
o(t) = u(t) is nondecreasing,
max{—h,u(t) — u(to) + v(to)}, for all ¢ such that
u(t) is nonincreasing
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and h > 0. It is easy to see that v(t) € [—h, h]. Thus, in this case, the compact
set K of condition Cy) turns out to be [—h, h].

Now, if we consider the change the variables x1 (t,&) = 21(t,&)—g(t, &), x2(t,§) =
29(t,€), where g(t, &) = €2q(t)/(2lv + 1?), then the system takes the form

Oz, _ 9%, e v(t) —q(t) N 2q(t)
ot 0¢? BQ2lv +12)  2lv+ 12
fZQ(t) . E /
+P1((x1(t7£) + 2y + l2)7$2(t7§)) + b sin e’ (24 )
6.1‘2 . 821‘2 52(](15) .t /
€ ot = 652 + PQ((J:l(t7§) + 2y + l2)7$2(t7§)) + b sin 57 (25 )
t >0, ¢ €0,1] with the boundary conditions
ox;
- =0, i=1,2 26’
00 =0, =12 (26
63% .
v o€ (t, 1) +zi(t,]) =0, i=1,2, (27)

and the hysteresis relations (29)-(30), and
v(t) = T'[0,vp)z1(t, 0). (30")

Now, let By = L,[0,]] x RY, B> = L,[0,l], B35 = R', Ey = R!, z(t) =
(1(t,-),q(t)), y(t) = 22(t,-) and
@1
¢’ 3
with the boundary conditions (26'),(27") for i = 1. We define the operator
P : Ey — Ej as follows P(z1,q) = x1(0). Finally, let As be the operator
defined by the differential operator —d?/d¢? together with boundary conditions
(26"), (27") for ¢ = 2. Since, as it is shown in Krasnosel’skii et al [13], it is

possible to choose p and « € (0, 1) in such a way that the nonlinearities defined
by P and P, are subordinated to A7 ® and A, %, then our Theorem 1 applies.
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