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Abstract

In this paper we consider a class of nonlinear periodic differential systems
perturbed by two nonlinear periodic terms with multiplicative different powers
of a small parameter ¢ > 0. For such a class of systems we provide conditions
that guarantee the existence of periodic solutions of given period T > 0. These
conditions are expressed in terms of the behaviour on the boundary of an open
bounded set U of R" of the solutions of suitably defined linearized systems. The
approach is based on the classical theory of the topological degree for compact
vector fields. An application to the existence of periodic solutions to the van
der Pol equation is also presented.

Mathematics Subject Classification: 34C25, 34D10, 47H11

1. Introduction

This paper represents the continuation of the work started by the authors in [8]. There we
considered the existence problem both of periodic solutions and of solutions of the Cauchy
problem for a system of ordinary differential equations described by

X =Y, x)+ep(t, x), (1)
where ¢, ¥ : R x R" — R”" are continuously differentiable functions, T -periodic with respect
to time ¢, and ¢ is a small positive parameter.

To solve this problem for ¢ > 0 sufficiently small a new approach was presented in [8]
(theorem 1). Such an approach is based on the linearized system

a
y'=%(I,Q(I,O,S))y+¢(t,Q(I,O,E)), @
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where £ € R” and Q(, ty, £) denotes the solution of (1) at ¢ = 0 satisfying x(fy) = &.
Specifically, consider the change of variable

z(t) = Q(0, ¢, x(¢)) 3)

and the solution 7(-, s, &) of (2) such that y(s) = 0. If there exists a bounded open set
U C R”" such that Q(7,0,&) = & forany & € U, and n(T, s, &) — n(0, s, &) # 0, for any
s € [0, T], and any £ € oU, then (1) has a T-periodic solution for ¢ > 0 sufficiently small,
provided that y (n(7, 0, -)) # 0. Here y (F, U) denotes the rotation number of a continuous
map F: U — U.

The advantage of the proposed approach as compared with the classical averaging method,
which is one of the most useful tools for treating this problem, lies in the fact that in order to use
this second method for establishing the existence of periodic solutions in perturbed systems
of the form (1) one must assume that the change of variable (3) is T -periodic with respect to
t for every T-periodic function x such that 2(0, z, x(t)) € U, for any ¢ € [0, T], instead of
only on the boundary of the bounded open set U.

The same assumption is necessary in vibrational control problems, [2, 12], to reduce the
considered system to the standard form for applying the averaging method. For an extensive
list of references on this topic see [5].

Our approach has also been employed in [9] to prove the existence of periodic solutions
for a class of first-order singularly perturbed differential systems.

The aim of this paper is to extend the previously outlined approach to a more general
class of perturbed systems than (1). To be more precise, we consider here systems of the
following form:

X =Y, x)+ 2P (t, x) + 2o (t, x, €), 4)

where the functions ¥, ¢; : R x R" — R", ¢, : R x R” x [0, 1] — R”" are continuously
differentiable and T -periodic with respect to the first variable and ¢ is a small positive parameter.
We denote again by Q (-, #, &) the solution of the Cauchy problem

i (f_o)wz(té " ©)
and by 7;(-, s, £), i = 1, 2, the solution of the Cauchy problems

)"Z%(IsQ(f,(),f)))’+¢1(l,Q(LO,E))v ifi=1,

y = Z—f(t,Q(t,O,é))y+¢2(t,Q(t,O,S),O), ifi =2, ©)

¥(s) = 0.

In section 2 we prove the main result of this paper: theorem 1. Indeed, under suitable
assumptions on (7,0, &) and n;(T,s,&),i = 1,2,fors € [0,T], & € dU and for e > 0
sufficiently small, we prove the existence of T -periodic solutions of system (4) provided that
deg(n.(T,0,-),U) # 0. Moreover, in the case of system (1), as a direct consequence of
theorem 2 we get theorem 1 of [8].

In section 3, we apply theorem 1 to autonomous systems in R? perturbed by a non-
autonomous term of higher order (with respect to ¢ > 0) to show the existence of periodic
solutions in a suitable open set defined by means of the trajectory of the linear part of the
autonomous system.

Finally, in section 4 we illustrate the results obtained by means of an example concerning
the van der Pol equation. To the best knowledge of the authors this represents a new approach to
investigate the existence of periodic solutions for the periodically forced van der Pol equation.
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Indeed, many papers in the literature are devoted to the study of the response of the van der
Pol equation to a periodic stimulus (of different period), but the methods are quite different; in
fact, they are essentially based on asymptotic expansions, Fourier series, singular perturbation
theory and averaging methods. We refer to the papers [3,4,6,7] and the references therein.

2. Main results

Consider the system

X =Y, x) + 2P (t, x) + 2o (t, x, €), (7

where the functions ¥, ¢; : R x R" — R", ¢, : R x R" x [0, 1] — R”" are continuously
differentiable, T -periodic with respect to time ¢, and ¢ is a small positive parameter.

To investigate the existence of T -periodic solutions of system (7) we introduce the compact
integral operator F, : C([0, T'], R") — C([0, T], R") defined by

Fs()C)(t)=)6(t)—)€(T)—/0 (¥ (7, x(0) + %1 (7, x(1) + £’ (7, x(7), £)) dT,

for any ¢t € [0, T]. Clearly, if F.(x) = O then x is a T-periodic solution of system (7).
Denote by Q (-, ty, &) the solution of the Cauchy problem

X =y, x),

x(to) =&
and by (-, s, ), 1 = 1, 2, the solution of the Cauchy problems
oy
ad

®)

5’=—x(t,Q(I,O,E))y+¢](1,Q(;’O’E))’ ifi=1,

d
5= 220,000+ 42,2, 0.6),0, ifi=2 ®
X
y(s) =0.
The following lemma provides an explicit representation of the functions 7; and 7,.

Lemmal. Let &£ e R" and s, t € [0, T]. We have that

Q2 !
nl(LS’E):a_Z(tvO’é)/ q)l(f,g)df,

where
Q2
(Dl(t’ E) = 8_1(07 t, Q(t9 01 %_))d)l(t’ Q(ts 07 E))
and
0 !
nalt, 5. 6) = a—z(t,o,@f s (1, £, 0)dr,
where

Q2
Da(1,6,¢) = E(O’ 1,Q(1,0,8)¢a(t, 2(2,0,8), &).

Proof. It is sufficient to observe, that the matrix (3€2/9z)(¢, 0, &) is the fundamental matrix
of the linear system
1
y=——092(007%&)))y.
ax
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Moreover, ((32/92)(¢,0, )~ = (3R2/92)(0, t, 2(z, 0, £)). In fact, if we derive the identity
Q(0,7,Q(,0,8) =&

with respect to £, we obtain

092 a2
_(07 t’ Q(tvov S))—(t, 075) - Iv
0z 0z

whenever & € R". Therefore, by the variation of constants formula for a linear
non-homogeneous system

.oy
y=a(t,Q(I,O,S))y+¢1(t,Q(t,O,E)),

we have
1

1o a2 B
771([, s, E) = / a_(ts Oa E) (_(‘C7 07 é)) ¢1(Ta Q(‘Ca 07 é)) df
s 0z 9z

o !
=—0,8) | Pi(r,§)dr.
0z s
The formula for 7, is obtained in the same way. |
We have the following main result.
Theorem 1. Let U C R" be an open and bounded set. Assume, that

(Al) Q(T,0,&) =&, forany & € 0U,
(A2) n(T,s,8) —n1(0,5,&) =0, forany s € [0, T and any & € 39U,
(A3) 12(T,s,&) —n2(0,5,8) #0, forany s € [0, T] and any & € 0U.

Then, for ¢ > 0 sufficiently small,
deg(Fe, W(T, U)) = deg(n2(T, 0, -), U), (10)
where W(T,U) = {x € C([0, T], R") : Q(0,t,x(¢t)) € U, whenevert € [0, T]}.
In order to prove the theorem we need the following lemma.

Lemma 2. Let z € C'([0, T],R"), f € C([0, T],R") and b € R". If

/E(S,O,Z(S))Z(S)ds+z(0)=b+/ f(s)ds, (11
0o 0z 0
then

1)
d)=b+ / aa—zm,s,Q(s,o,z<s>>)f<s>ds. (12)
0

Proof. Take the derivative of (11) with respect to t and then apply (9€2/9z)(0, ¢, (¢, 0, z(1)))
to both sides. Finally, integrating the resulting differential system from O to # and observing
that from (11) we have z(0) = b one has (12). O

Proof of theorem 1. Let x be a solution of the equation
F.(x) =0. (13)
Thus, x is a T-periodic solution to (7). Consider the change of variable

x() = Q(t,0,z()), tel0,T] (14)
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with inverse given by
z(t) = (0, t, x(1)), te[0,T] (15)

Observe that if x is a solution of (13) then it is differentiable; in fact, for any ¢ € [0, T'], we have

x(t) = x(T) + / (W (1, x(1) + 21 (T, x(1)) + ¢ (1, x (1), &) dT.  (16)
0
Therefore, from (15) z is also differentiable. Consider
iQ(t, 0,z(t)) = @(t, 0,z(t) + @(t, 0, z(1))z(1). (17)
dt ot 0z
Since
Q2
g(h 0,z(1)) =¥, Q(,0,z(2)))

from (17) we have that

Q(t,0,z(2) —z(0) = / ¥(s, Q(s,0,z(s)))ds +/ %(s, 0, z(s))z(s) ds
0 0

or equivalently,

t t as‘z
201.0.20) ~ [ 906, 26.0.260ds =200+ [ F26.0.206))205) s (18)
0 0
Using (14), (18) and lemma 2 with b = Q(T,0,z(T)) we can rewrite (16) in the
following form:
G:(2)(¥) =0, (19)
where G, : C([0, T], R") — C([0, T],R") is given by

t
G:(2)(1) = z(1) — (T, 0, z(T)) —/ (7P (7, 2(0)) + &’ Do (7, 2(2), £)) dt.
0
Therefore, the solutions of equation (13) belonging to the set W(T', U) correspond to the
solutions of equation (19) belonging to the set
Z={zeC(0,T],R"):z(t) € U, whenevert € [0, T}

and by the homeomorphism theorem for compact vector fields (see [10], theorem 26.4) to
prove theorem 1 it is enough to show that

deg(G;, Z) = deg(m2(T, 0, ), U) (20)

for ¢ > 0 sufficiently small. ~
For this, consider the compact vector field G, : C([0, T], R") — C([0, T'], R") defined
as follows

éa =1I-A,,
where

T
Ae(2)(1) = Q(T,0,2(T)) + f (2D (1, 2(1)) + 3 Da (7, 2(7), £)) dT
0

for any ¢ € [0, T']; hence, A.(z) is a constant function in Q ([0, T1, R™). Let us show that for
& > 0 sufficiently small the compact vector fields G, and G, are homotopic on the boundary
of the set Z. To this aim, for A € [0, 1], we define the following homotopy:

M+(1—-2)T
A0, 2)(@) = z2() — QT 0, z(T)) — f 2D (1, 2(2)) + Do (1, 2(7), €)) dt,
0
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whenever ¢ € [0, T], which deforms the vector field G, to the vector field GE. Let us show
that A, does not vanish on the boundary of the set Z for ¢ > 0 sufficiently small.

Let us assume the contrary. Therefore, there exists a sequence {g;}7>, C (0, 1] such that
gx — 0as k — oo and sequences {A;}7o; C [0, 1] and {zx};2; C 9Z such that

dt+(1=2)T
2 (1) = Q(T, 0, zx(T)) + 8;%/ Dy (1, (7)) d7
0

It+(1=p )T
+e} / Oyt (D). ey dr. 1[0, T], @1
0

Without loss of generality we can assume that .y — Xp and zz — zo in C([0, T], R") as
k — oo. Therefore, Ag € [0, 1] and zp € dZ. Furthermore, there exists a sequence {f;};>,
such that z;(#;) € U and by condition (A1)

Q(T, 0, 2 (1)) = zk (1), for any k € N. (22)
By subtracting from (21) (where ¢ is replaced by T') the same equation with ¢ = 7, we obtain
T T
a(T) — 2(n) = & / @y (7, 2 (1)) dT + 8] / (7, 2(7), ) AT, (23)
At +(1=2)T Iete+(1=2)T

By (22) the equation (21) where t = T can be rewritten as

T
2k (T) — zi(te) = QUT, 0, 2 (T)) — (T, 0, zx (1)) + 8;%/ @y (7, zx (7)) dt
0

T
+8£[ (1, 74 (1), &) dt
0

or equivalently

IQ
(1 -5 (1.0, Zk(tk))> (21 (T) — zx(t0))

32Q
= a—Zz(T, 0, 2 (1)) (2 (T) — zi () (@ (T) — zx (1))

T T
+e,f/ d (1, zk(r))dt+82/ Dy (1, 21 (1), &) dt
0 0

+0(zx (1), 2 (T) — zx(B)), (24)
where the function o(&, h) satisfies
. h .
% — 0, as ||h]| — 0, with h, & € R". (25)

Replacing (23) in (24) and dividing by 82 > ( after a suitable transformation we obtain

1 1
ngk(Zk) + O (zr) = Pr + 3 0(zi(t), 2k (T) — zi(tx)), (26)
!

where
0

P =& —— (T, 0, 2 (%))
9z

dt+(1=2)T Mt+(1=2)T
< ( / (7, 24(1)) dt + 8 f (7, 2(1), ek)dr)
0 0

Mt+(1=Ap)T Mt+(1=A )T
< ( f (7, 24(x)) dt + 8 / sz, 24(7), s)dr)
0

0
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and
89 T T
Oulzk) = (1 - B_(T’ 0, Zk(tk)))/ @ (7, z (7)) dr —/ @ (7, z (7)) dr,
z Acti+(1=A)T 0
Q2 r
O (zx) = (1 - B_(T’ 0, Zk(lk)))/ Do(t, 2 (7), &) dt
Z It +(1=2)T

T
- f (7, 24(7), &) dr.
0

It is easy to see that

P, — 0 ask — oo 27
and
1
8—30(Zk(tk), w(T) —z)) — 0 as k — oo. (28)
k
Let us show that
1
a_Qlk(Zk) -0 as k — oo. 29)
k
We have
1 Ou(zk) — Queler) + Qui(cr)
—Oul(zp) =
Ek Ex
9 _ _
_ Otk () (Zk Ck) N Ok (cr) N O (2k Ck)’ (30)
0z &k Ek &k

where by c¢; we denote the constant function ¢, () = zx(#) for any ¢ € [0, T'], and the function
oy (+) satisfies

h
”0|]|‘}(l”)” — 0, as ||h]l — 0, heC(0,T],R". (31
Using (23)
lzk () — ckll < egM (32)

for any t € [0, T'], where M > 0 is a constant, and so the first and third terms in (30) tend to
zero as k tends to oo. Let us prove that

Qik(cr) =0, k € N. (33)
By lemma 1
90 ’ ’
(I - a_Z(T’ Ové))/ q)l(‘l,', E) dT _'/ CDI(T»é) dt = 771(0»5', E) - UI(T, Sss) (34)
K 0
and by condition (A2) we obtain (33). Thus, (29) holds true and by (27)—(29) we can pass to
the limit in (26), obtaining
02(z0) =0, (35)

where Q; = limy_, o, Q. On the other hand by lemma 1 we obtain a result analogous to (34)
for ®,; thus,

0>(z0) = 1200, 5, 20(t0)) — n2(T, 5, 20(0)), (36)

where s = limy_, oo (Axty + (1 — Ax)T). Hence
m2(0, s, zo(%0)) — m2(T, 5, z0(f0)) = 0, (37)
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which contradicts assumption (A3) since zo(#p) € dU. Therefore, there exists &g > 0 such that
A (X, 2) #0, A€l0,1], zedZ, &¢€(0,¢&) (38)
and so
deg(Ge, Z) = deg(G., Z), e € (0, &). (39)

Denote by Cy([0, T], R") the subspace of the space C ([0, T], R") consisting of all constant
functions defined on [0, T'] with values in R". We have A,(0Z) C Cy([0, T'], R"). From (38),
with A = 0, we have

G.(z) #0, z€dZ, e€(0,¢)

and using the inclusion 3(Z N Cy ([0, T'], R™)) C 0Z we conclude that the vector field Ge does
not have zeros on the boundary of the set Z N Cy ([0, T], R*) when ¢ € (0, &9). Therefore, by
the reduction property of the topological degree (see [10], theorem 27.1), we have

degco.71.mm (Ge. Z) = dege,qo. 715 (Ger Z N Co([0, T, R™). (40)

Eurthermore, since the constant function z € Z N Cy([0, T], R") is a solution of the equation
G.(z) = 0if and only if the element & € U, given by & = z(¢), forany ¢ € [0, T], is a solution
of the equation K.& = 0, where K, : U — R”" is defined as follows

T T
K6 =& —Q(T,0,8) —82/ (1, &) dr —e3f @, (1, €, &) dr,

0 0
then
degco([(),T],R,,)(Gg, ZNCo([0, T],R")) = degg. (K., U). 41
Consider now K, , : U — R”" defined by

T
K. 6 = —¢ / @, (7, &, &) dr.
0

By condition (Al), i.e. £ — Q(T,0,&) = 0, for any £ € dU, lemma 1 and assumption (A2)
we obtain

T 0
—/ <1>1(r,s)dr=/ (. &) dr = (0, T, £)
0 T

=m0, T,&) —n (T, T, &) =0, whenever £ € 0U.
Therefore K, & = K, »&, whenever £ € dU and thus
degp: (K¢, U) = degg. (K. 2, U), for any ¢ € (0, &). (42)

Finally, consider the vector field K e.2 - U — R" defined as follows:
_ T
K. 2& = —/ P, (1, £, ) dr.
0
By condition (A2) we have
T
—/ @y(7,8,0)dr = (0, T,8) — (T, T,8) #0, forany § € 9U. 43)
0
Therefore, there exists £, € (0, gy) such that

T
—/ Oy (1, &,6)dr #0, forany & € 90U and any ¢ € (0, &)
0
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and so the vector fields K, , and 158,2 are linearly homotopic on the boundary of the set U
for any ¢ € (0, £1). Moreover, by condition (43) the vector fields K, » and Ky, are linearly
homotopic on dU for any ¢ € (0, ¢1). Therefore,

deg(Ks,Za U) = deg(nZ(Os Tv ‘S;:) - 772(T7 Tv s)a U)
= deg(n2(T,0,8) — 12(0,0,8), U) = deg(m(T, 0, 8), U). (44)
Summarizing (39)—(42) and (44) we obtain (10), which proves theorem 1. O

Consider now the system
X =9y x)+ep(t, x,¢) (45)
and

Fe (o) (1) = x(t) —x(T) — /0 (Y (z, x(1)) + e (7, x(1), £)) dr.

Denote by 7 the solution of the Cauchy problem (9) associated with (45).
As a straightforward consequence of theorem 1 we have the following theorem.

Theorem 2. Let U C R" be an open and bounded set. Assume that
(Al) Q(T,0,&) =&, forany & € 0U,
(A2) n(T,s, &) —n(0,s,&)#0, foranys € [0, T] and any & € 9U.
Then, for ¢ > 0, sufficiently small
deg(F,, W(T,U)) = deg(n(T,0,-),U). (46)

EQbser\/e that if deg(n(T, 0, -), U) # O then theorem I of [8], concerning the existence of
T -periodic solutions of system (45), follows from theorem 2.

3. Small perturbations of autonomous systems

In this section by using the earlier results we provide sufficient conditions to ensure that the
topological degree of the integral operator associated to the following system in R,

X = Ax+ &P (x) + (1, x, ©), 47

is different from zero for ¢ > O sufficiently small.
System (47) is regarded here as the perturbed system of the autonomous system

% = Ax + 21 (x) (48)

by means of the T-periodic perturbation 3¢y(t, x, €), where A is a2 x 2 matrix. Ate = 0
we have the linear system

i = Ax. (49)
We assume, that
(A1) the matrix A has eigenvalues iA and —i), where A > 0.

Let x¢ be a non-zero periodic solution of system (49), which is the boundary of an open set
Uy of R2. Observe that such a periodic solution exists by virtue of (A1). Moreover, since the
period T of any periodic solution of system (49) is equal to 27 /A, we assume that the function
¢, is (27 /1)-periodic with respect to the first variable.

Denote by Us the open sets whose boundaries are given by the trajectories (1 + §)xg for
8 € R,. Since xg is a (277 /1)-periodic solution of system (49) then (1 + 8)xg, § € Ry, is also
a (2w /A)-periodic solution of this system. Moreover, we have Uy C Us.

Define €2, 1, 7, and F as in the previous section with ¥ (¢, £) = A§ and T = (2w /A).


Paolo Nistri
This last  two lines:
 "Observe that...........  from Theorem 2" 
should be placed out of the statement of Theorem 2 and in  roman font


10 M Kamenskii et al

We have the following result.

Theorem 3. Assume condition (Al). Moreover, assume that for § € (0, 1) we have

(A2) ni(T,s,&) —n1(0,s,&) =0, forany s € [0, T] and any & € dU,,
(A3) no(T, s,&E) —1n2(0,5,&) #0, forany s € [0, T] and any & € dU,,
(A4) mi(T, s, &) —n1(0,s,&) #0, forany s € [0, T] and any & € dUj.

Then, for all ¢ > 0 sufficiently small
deg(Fe, W(T, U)\W(T, Up)) = (deg(ni (T, 0, ), Us) — deg(n2(T, 0, -), Up)). (50)

Proof. First of all observe that the set W(T, U(;)\W(T, Uy) is well defined since Uy C Us.
Moreover, from (A1)-(A3) it follows that theorem 1 is applicable with U = U, and so for
& > 0 sufficiently small we obtain

deg(FS’ W(Ta UO)) = deg(’lz(T, 07 ')7 UO) (51)

Finally, (A1) and (A4) imply that theorem 2 is applicable with U = Us and so for ¢ > 0
sufficiently small we obtain

deg(FSs W(T’ U(S)) = deg(rll(Ta 07 ')a U(;) (52)
Thus, (51) and (52) ensure (50) with ¢ > 0 sufficiently small. U

In what follows we prove that if we perturb (48) by a nonlinear 7,-periodic perturbation,
where

T. > T ase — 0, (53)

then (47) has T,-periodic solutions. In the case when all the powers of ¢ on the right-hand
side of (47) are the same and T, # T this result is known and is called the frequency pulling
phenomenon (see [1]). Thus, theorem 4 shows that this phenomenon occurs also in the case
of different powers of €. As T, we consider here T; , = 27 /A(1 + e311), where 1 is a scaling
parameter. Precisely, we consider the system

1t
¥ =Ax+&Xp1(x) + 3 <m,x,8, M). (54)

Denote by F; , the integral operator associated with (54) and denote by »;(-, s, &), = 1,2,
the solution of (9) corresponding to (54) for u = 0.
We can formulate the following result.

Theorem 4. Assume that for uw = 0and T = 21 /A all the conditions of theorem 3 are satisfied.
Then, there exists o > 0 such that, for every u € (—uo, o), there is an gy > 0 such that

deg(Fe i, W(Te 0, UD\W(T: 1, Uyp))
= (deg(1(Tp. 4, 0, -), Us) — deg(na(Te 1, 0, -), Up)) (55)

for any ¢ € (0, &9).

Proof. In (54) consider the change of variable

y(t) = x(t(1+&’ ). (56)
Thus, we obtain the system
Yy=Ay+¢1(0) + ¢, (t, v, 8), (57)

where
G2t 6, 8) = o(t, &, 6, ) + LAE + &2 ud1(E) + 71 o (1, €, &, u).
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Since the conditions of theorem 3 hold true for (57) when i = 0, there exists @y > 0 such that

the conditions of theorem 3 hold true for (57) for every fixed u € (—uo, o). Observe, that

the solution of problem (9) with i = 1 associated with (54) and the one associated with (57)

coincide. Denote by 7, , the solution of the problem (9) with i = 2 associated with (57) and

denote by G, the compact operator corresponding to the 7 -periodic problem for the system

(57). By theorem 3, for every u € (—uo, (o), there exists g > 0 such that

deg(GS,Ma W(Ta Uﬁ)\W(Ts U())) = (deg(nl(Ta 07 ')’ U(S) - deg(nz,/.l,(Ta 07 ')? UO)) (58)

for e € (0, gy). Since

M., (T, 0,8) — (T, 0, £) asu — 0, forany & € R?,

we may assume without loss of generality that ;1o > O is chosen in such a way that

deg(nZ,/l.(Ta 07 ')9 UO) = deg(nz(Ta 07 ')a U0)7 fOr any 1% € (_IJ'O’ H’O) (59)

By (56) the zeros of the operator G, , belonging to W (T, U) correspond to the zeros of the
@aperator F;,,, belonging to W(T, ,, U). Therefore,

deg(FsA,;u W(Ts,;u Uts)\W(TS.,LL’ UO)) = deg(Gs,/u W(T, Ug)\W(T, UO))

and by taking into account (58) and (59) we obtain (55). O

4. An application to the existence of periodic solutions of the van der Pol equation

We conclude this paper by illustrating a topological degree approach, based on the above
results, to investigate the existence of periodic solutions of the van der Pol equation

¥ —e(l—xHi+x=0. (60)
Consider the compact operator F, : C([0, 2], R?) — C([0, 2], R?) given by
t
x2(7) )
F.(x)t) =x() —xQm) — dr,
P00 =x() = xG) A<ﬂwwwa—ﬁmnm)
whose zeros x = (xp, x») correspond to the 2 -periodic solution (x, X) of system (60). It is

known (see for instance [11], section 4.6), that for ¢ > 0 sufficiently small the operator F, has
a zero x, € C([0, 2], R?) such that

lxsllc,, — 2 ase — 0.

(61)

Here || - ||c,, denotes the norm in the Banach space C([0, 2r], R?).
We have the following result.

Proposition 1. For ¢ > 0 sufficiently small and § € (0, 2)

ind(F,, W(Q2x, Us)) = 0, (62)
where

Us={£ eR*: & € 2—68,2+3)).

Proof. The proposition is a straightforward consequence of theorem 2. In fact, if we put

wm@=(&> and ¢maw=( 0 )

=& (1-&D&
then, as can be verified, we have that
[ cos(t —ty)  sin(t —tp)
Q(t,10,8) = (— sin(t — fp) cos(t — to)> 5

nQ2m,s,&) —n,s,&) = (71 _ (%) (€2 +§22)) (2)

and so (A1) and (A2) of theorem 2 are satisfied. O
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On the basis of the approach presented in section 2 we now perturb the van der Pol equation
by means of a higher order (with respect to &) non-autonomous term to obtain, for ¢ > 0
sufficiently small, an integral operator with non-zero topological degree in a suitable open set.

In fact, consider the following perturbed system obtained from (60) by adding the forcing

term e4/€ sin(t/(1 + £/ep)):
Y f— f— 2 Y 1 ; —_—
¥—e(l )c))c+)c+8\/gsm<1+8«/E >—O.

Consider the following operator F; , : C([0, 27],R?) — C([0,27], R?) associated
to (63):

2
Fo (1) = x(t) — x (_>

(63)

1+8\/§,u,
! x2(7)
_/‘; —x1(1) +&(1 = 27 ()x2(7) — e/ sin <—1 " ;\/E’u) dr. (64)
Let
= 0 = 0 d T 2
¢1($) B ((1 - %12)";:2) ’ ¢2(t’ %" 8) - <_ sin l‘) an e u — m

define the corresponding functions 7; and n,.
We are now in a position to formulate the following result.

Proposition 2. There exists (1o > 0 such that for every (€ (—uo, o) and § € (0,2) there
exists 9 > 0 such that

deg(Fe 0, W(Te 0, UD\W (T, 1, Up)) = 1 (65)
for any ¢ € (0, 9).

Proof. As already observed

m@r,s.§) = m©.5.6) = (v - (7) 61 +&) ("3‘) .

&

Therefore,

mQm,s, &) —n0,s,&) =0, for any s € [0, 2] and any & € dUj,

mQ2r,s, &) —ni(0,s,&) #0, for any s € [0, 2] and any & € 0Us.
Moreover

deg(n, (27,0, ), Us) = 1. (66)
It is also easy to see that

0
mQ2nr,s,§) —n0,5,6) = 3x
4

and so

deg(1n2 (27, 0, -), Up) = 0. (67)
By (66), (67) and theorem 4 we obtain (65). O

From a physical point of view the term /¢ sin(w;, ,t) is equivalent to an external voltage
(see [1]). Hence, we have proved that w, , = 1/(1 + £/e 1) belongs to the frequency pulling
range for the forced van der Pol oscillator described by (63). This phenomenon is very useful in
radio engineering; the classical form of the external voltage is € sin(w,#) and thus our approach
allows us to save electricity.
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