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Global Convergence of Neural Networks With
Discontinuous Neuron Activations

M. Forti and P. Nistri

Abstract—The paper introduces a general class of neural net- B(z,r) ={y € R" : |ly — z|l2 < r}, Ball with center

works where the neuron activations are modeled by discontinuous
functions. The neural networks have an additive interconnecting
structure and they include as particular cases the Hopfield neural
networks (HNNs), and the standard cellular neural networks
(CNNSs), in the limiting situation where the HNNs and CNNs
possess neurons with infinite gain. Conditions are derived which
ensure the existence of a unique equilibrium point, and a unique
output equilibrium point, which are globally attractive for the state
and the output trajectories of the neural network, respectively.
These conditions, which are applicable to general nonsymmetric
neural networks, are based on the concept of Lyapunov diago-
nally-stable neuron interconnection matrices, and they can be
thought of as a generalization to the discontinuous case of previous
results established for neural networks possessing smooth neuron
activations. Moreover, by suitably exploiting the presence of
sliding modes, entirely new conditions are obtained which ensure
global convergence irfinite time, where the convergence time can
be easily estimated on the basis of the relevant neural-network
parameters. The analysis in the paper employs results from the
theory of differential equations with discontinuous right-hand
side as introduced by Filippov. In particular, global convergence
is addressed by using a Lyapunov-like approach based on the
concept of monotone trajectories of a differential inclusion.

Index Terms—Convergence in finite time, discontinuous neuron
activations, Filippov solutions, generalized gradient, global conver-
gence, neural networks.

NOTATION
R™ Realn space.
A = [4;;] € R™*™, Square matrix.
A’ Transpose ofd.
Al Inverse ofA.
AS = (1/2)(A + A’), Symmetric part of4.
ker A Kernel of A.

A{A}  Minimum eigenvalue of the symmetric matrik
Ap{A}  Maximum eigenvalue of the symmetric matrix
I Al Matrix norm of A.

4] = [Ap{A’A}"?, 2 norm of A.

« = diag(ay, -, ay) € R™*™ diagonal matrix with
diagonal entriesy;, i = 1,---,n.

T = (x1,---,z,) € R™, Column vector.

[|l]| Vector norm ofz.

||| =>n, x?]l/z, Euclidean norm of:.

Closure of sefy C R™.

x € R™ and radiug-.
int(E) Interior of E.
OF Boundary ofE.
CrnE Complementary set of’ with respect tdR™.
co(E) Convex hull of E.

K[E] = ¢o(F), Closure of the convex hull oF.
w(E) Lebesgue measure @&f.
0 Empty set.

V(z) Gradient ofV(z): R" — R.
oV (z) Clarke’s generalized gradient ¥f(z): R — R.

I. INTRODUCTION

BRIEF overview on some common neural-network

models easily reveals that neural networks described by
differential equations with a discontinuous right-hand side
are of importance and do frequently arise in practice. Let us
consider, for example, the classical Hopfield neural networks
(HNNs) with graded response neurons [1]. The standard
assumption is that the activations be employed in the high-gain
limit where they closely approach a discontinuous hard com-
parator function. As shown by Hopfield [1], [2], the high-gain
hypothesis is crucial to make negligible the contribution to the
neural-network energy function of the term depending on the
neuron self inhibitions, and to favor binary output formation.
A conceptually analogous model based on hard comparators is
used also to describe the discrete-time cellular neural networks
(CNNs) [3]. Another important example concerns the class of
neural networks introduced by Kennedy and Chua [4] to solve
linear and nonlinear programming problems. Those networks
exploit constraint neurons with a diode-like input—output
activations. Again, in order to guarantee satisfaction of the
constraints, the diodes are required to possess a very high slope
in the conducting region, i.e., they should approximate the
discontinuous characteristic of an ideal diode [5].

When dealing with dynamical systems possessing high-slope
nonlinear elements it is often advantageous to model them with
a system of differential equations with discontinuous right-hand
side, rather than studying the case where the slope is high but
of finite value [6]. The main advantage of analyzing the ideal
discontinuous case is that such analysis is usually able to give a
clear picture of the salient features of motion, such as the pres-

Manuscript received December 6, 2002; revised April 7, 2003. This pap@pce OfS"ding modesi.e., the possibility that trajeCtorieS be

was recommended by Associate Editor D. Leenaerts.

confined for some time intervals on discontinuity surfaces. An-

The authors are with the Dipartimento di Ingegneria dell’lnformazionq)therintriguing phenomenon which is peculiar to discontinuous

Universita di Siena, 56-53100 Siena, ltaly (e-mail: forti@dii.unisi.it; pnistri@

dii.unisi.it).
Digital Object Identifier 10.1109/TCSI.2003.818614

systems concerns the possibility that trajectories converge to-
ward an equilibrium point ifinite time[7], [8]. This is basically
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in contrast with the case of smooth dynamical systems, whex@ving linear programming problems [18] (see also [19]). The
there can only be asymptotic convergence toward the equildxchitecture substantially differs from the additive neural net-
rium. works considered in the present study. Moreover, the networks
In recent literature, one of the most investigated dynamical [18] are designed as gradient systems of a suitable energy
issues has been to obtain conditions ensuring that a neural matction, while it is known that additive neural networks of the
work possesses a unique equilibrium point which is globally atopfield type are gradient systems only under the restrictive
tractive for the trajectories, see, e.g., [9]-[16], and referencassumption of symmetry of the neuron interconnection matrix
therein. The property of global convergence prevents a neuik], [22].
network from the risk of getting stuck at some local minimum To study the class of discontinuous neural networks in this
of the energy function. Said another way, a globally attractiygaper we use concepts from the theory of differential equations
neural network is well suited to solve global optimization probwith discontinuous right-hand side as introduced by Filippov
lems in real time, as has been demonstrated in a number of pf@@]. This theory has become a standard mathematical tool in
tical applications reported in the literature [12], [14], [17].  a number of engineering applications. In particular, global at-
All the quoted results on global convergence concern neutglctivity of the neural network is addressed via a Lyapunov like
networks where the neuron activations are modeled by Lipgpproach based on the concept of monotone trajectories of a dif-
chitz continuous functions. Thus, they leave open the issuefefential inclusion, see e.g., [7, ch. 5].
global convergence in the limiting ideal case of discontinuous
neuron activations. As was noted before, this issue gained {0- preliminaries
terest since discontinuous neural networks are frequently en- . .
countered in practice. Moreover, the analysis of the ideal dis-Consideraset’ C R". The smallest convex set containiag
continuous case might reveal the existence of phenomena, sticifid to be the convex hull &, and is denoted byo(£). Such
as the presence of sliding modes and the global convergenc@ ftco(E) always exists and is the intersection of all convex
finite time, which are known to be potentially useful for the deS€ts containing?. The following properties holdco(aE) =
sign of real-time optimization solvers [8], [18], [19]. aco(E) foranya € RandE C R"; co(Ey + Ez) = co(Ey) +
On the basis of the above discussion, in this paper, we intf@(E2), for any Ey, E» C R™. The closure of the convex hull
duce a general class of neural networks which possess discorfifnf is the intersection of all closed convex sets containfihg
uous neuron activations (Section I1). The neural networks ha@gd is denoted byo(E), or simply by K[£].
an additive interconnecting structure and they include as partic-Suppose that to each pointof a setk C R"™ there cor-
ular cases the HNNs [1], and the CNNs [20], in the limiting situesponds a nonempty sét(z) C R™. Then,z — F(z) is
ation where the HNNs and CNNs are modeled by neurons wihset-valued map fronk — R". A set-valued map* with
infinite gain. The paper establishes conditions for the existenaenempty values is said to be upper semicontinuous & £
of a unique equilibrium point, and a unique output equilibriurif, for any open set\' containingF'(z,), there exists a neigh-
point (Section 1), and then addresses the issue of global conveorhoodM of z such thatF'(M) C N. If E is closed,F' has
gence toward the unique equilibrium of the state and the outpuidnempty closed values, aridis bounded in a neighborhood
trajectories (Section IV). The conditions on global convergencef, each pointz € E, thenF is upper semicontinuous af if
which are applicable to general nonsymmetric neuron intercasmd only if its graph(x,y) € E x R : y € F(z)} is closed.
nection matrices, are based on the concept of Lyapunov diagtet V: R — R be a locally Lipschitz continuous function.
onally-stable (LDS) neuron interconnection matrices, and thgyie Clarke’s generalized gradientidfatz € R” [24]is defined
generalize to the discontinuous case previous results for neyl
networks possessing smooth neuron activations [12]. Moreover,
py suitqbly exploiting t_h_e presence of sliding modes, we e_sta.b— OV (z) = K [im V'V (2:) : 25 — z,2: ¢ Qv UN]
lish entirely new conditions ensuring global convergence in fi-
nite timg, where the convergence time can be easily estima}teq%ﬂaregv C R" is the set of Lebesgue measure zero wheve
the ba5|_s of the relv_avantneural?network parameters (Sec_tlong es not exist, and/ C R" is an arbitrary set with measure
The main conclusions drawn in the paper are summar|zed££|ro
Section VI. ) — . . .
T : I The next definitions on matrices will be employed in the
The existing literature reports a few other investigations Onaper
d|_scor1t|nu0us neural nerorks, which pertain to a d|ﬁereptg "Definition 1 [25]: Matrix A € R"*" is said to belong to the
plication context, or to different neural architectures. A signif- . : L ; "
: . classP if and only if all the principal minors oft are positive.
icant case is that of HNNs where neurons are modeled by aD finition 2 1261 Matrix A & R | d to be LDS if
hard discontinuous comparator function [21]. Different from efinition [26]: matnx 4 € IS said to be L "
the case addressed in this paper, the analysis in [21] is va%ld 0'2'3’”” there exists a d'ag"”‘?" and positive definite matrix
for symmetric neural networks which possess multiple equilit €R such that the symmeric part afd
rium points located in saturation regions, i.e., networks useful
to implement content addressable memories. Moreover, at the [@A]S = l(aA + Aa)
basis of those results there are conditions which rule out the
presence of sliding modes (cf. [21, Theorem 4.6]). Another re-
cent paper has introduced a special neural-like architecture ®positive definite.
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Fig. 1. Examples of discontinuous functions in the cldss (a) hard comparator (signum) function; (b) piecewise linear monotonically nondecreasing function;
(c) discontinuous strictly increasing function; and (d) multilevel function.

Il. NEURAL-NETWORK MODEL AND PROBLEM FORMULATION  of the neurons. In the paper, we assume ghzlongs to the fol-
lowing class of discontinuous functions.

This section introduces the neural-network model with di 0 . .
Definition 3 (Function Clas§p): We say thay € Gp ifand

continuous neuron activations which is dealt with in the paper

(Section 11-A). Then, the global convergence problem address%ryy if,fori=1,.--,n, g; satisfies the following assumptions.
in the paper is discussed (Section II-B). a) g; is piecewise continuous, i.g;,is continuous ik except
a countable set of points of discontinuipy,, where there
A. Neural-Network Model existfinite rightand left limitsg; (o, ) andg; (py, ), respec-
We consider neural networks described by the system of dif-  tively, with g; (o) > gi(p;); moreoverg; has a finite
ferential equations number of discontinuities on any compact intervaRof
. b) ¢; is bounded.
& = f(z) = Br + Tg(x) +1 (N1) c) g;isnondecreasing, i.e., forapyandp, suchthap, > ps
where is a vector-valued function; = (zy,---,z,) € R" andg; is continuous at, andpy, itresultsy; (pa) > gi(p)-
is the vector of the neuron statd3,= diag(—by,---,—b,) € Note from Definition 3 that each functioy; is undefined

R™*" is a diagonal matrix such that > 0,7 = 1,---,n, model at the points of discontinuity,. The class of discontinuous
the neuron self-inhibitiond € R™”*"™ is a matrix whose entries functions G includes a number of neuron activations of in-
represent the synaptic neuron interconnections,Jand®™ is a terest for the applications. For example, the standard hard com-
vector of constant neuron inputs. parator functiorny;(z;) = sgn(x;) (sgn(z;) = 1if z; > 0,

The diagonal mapping(z) = (g1(z1), -, gn(zn)) has sgn(xz;) = —1if 2; < 0, andsgn(0) undefined), and the multi-
componentg; that model the nonlinear input-output activationgevel activations, see Fig. 1.
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We remark that in the special case wherer;) = sgn(z;), Property 2: Suppose thag € Gp. Then, for anyr, € R
1 = 1,---,n, we may consider model (N1) as the limit of a&hereis atleast alocal solutiaiit) of (N1) with initial condition
HNN where the maximum gain of the neuron activations tend$0) = xz,. Furthermore, any solution is bounded and hence
to infinity. It is of importance to note that in the actual applidefined on0, +o0).
cations, the Hopfield networks are indeed usually employed Proof: The local existence of a solution(t) to (N1) on
in such a *high-gain” limit situation [1]. Moreover, the dis-[0, #y], t, > 0, with z(0) = =z, is a straightforward con-
crete-time CNNs introduced in [3] exploit similar neurons witlsequence of [23, p. 77, Th. 1]. Moreover, sincés bounded
infinite gain. on R™ and hence alsd([g(z)] is bounded orR™, it is seen
Since forg € Gp the right-hand side of (N1) is a discon-that if R > 0 is sufficiently large, then it resultsgn(v;) =
tinuous function of the state;, it is needed to explain what issgn(_bixi), i = 1,---,n, for ||z|j; > R and for anyv €
meant by a solution of a Cauchy problem associated to (N1).A;) = Bz + T K[g(x)] + I. Said another way) points toward
possible definition, which we shall adopt in this paper, is that @he interior on the boundary of a sufficiently large sphere. There-

Filippov [23]. _ fore, ifwe letR = max{||z¢||,, R}, it follows that||z(t)||» < R
Definition 4 [23]: Let us consider the set-valued ma@p on [0, +00). This means that(¢) is bounded and hence defined
R" — R™ defined as on [0, +o0). m
By an equilibrium point(EP)e € R™ of (N1), we mean a
px)=[) [ KLU (Blx,e)\N)] constant solution of (N1);(¢) = e, t € [0, +0). Clearly,e is
€>0 u(N)=0 an EP of (N1) if and only if [7]
whereV is an arbitrary set with measure zero. A solution of 0 € ¢(e) = Be + TK [g(e)] + I. ©)

(N1) on an intervalto, t1], to < t1 < o0, with initial con-

dition z(#9) = =, is an absolutely continuous functirit) |f ¢ is an EP of (N1), from (3) it turns out that there exists a

defined onlto, 1], such thatz(tg) = o, and for almost all yector; € R™ such that

(a.a.)t € [to, t1], x(t) satisfies the differential inclusiafi(t) €

P(x(t)). ne Klgle)] 0=Be+Tn+1. 4
The usefulness in view of the engineering applications of the

concept of solutions in the sense of Filippov derives from th&e say that is anoutput equilibrium poin{fOEP) of (N1) cor-

fact that they are good approximations of solutions of actussponding ta:.

systems with high-gain nonlinearities [6]-[8]. Proposition 1: Suppose thay € Gp anddetT # 0. Let
Under the stated assumptions gni.e.,g € Gp, by ac- e € R” be an EP of (N1). Then, there exists a unique Q&R

counting for the properties of the convex hull, it is easy to veriffN1) corresponding te.

that¢(z) = K[Bx+Tg(z)+ 1] = Bx+TK][g(z)]+ I, where Proof: Lete be an EP of (N1), ang be a corresponding

Klg(z)] = (K[g1(z1)],-- -, K[gn(2,)])’, and fori = 1,---,n. OEP of (N1) as defined in (4). Then,= —T ' (Be + I) €

K{g(e)] turns out to be the unique OEP of (N1) corresponding
K [gi(z:)] = [gi (z7) . 9i (xj')] . 1) toe. [ |
Whendet T' = 0 the results given in Proposition 1 and Prop-

Therefore, it follows that the set-valued map— ¢(x) has erty 1 are in general false, as it is illustrated in the next example.

nonempty compact convex values. Moreover, it is upper semi-Example 1: Let us consider the second-order neural network

continuous (see [23, p. 67, Lemma 1]) and hence it is measur-

able. By the measurable selection theorem (see [27, p. 308, Th. { &1 = —x1 — sgn(z1) — sgn(w2)

8.1.3]) we have that if: = z(¢) is a solution of (N1) ority, #], Ty = —w3 — sgn(zry) — sgn(rz)

wherety < t1 < +00, then, there exists a bounded measurable

: ; ; heresgn(p) = 1for p > 0, sgn(p) = —1 for p < 0, and
funct t h that for a.a. € [to, t1], it It W gn(p P gn(p p
unctiony(#) such that for aa. € [fo, 1], it results in sgn(0) undefined. It resultdet T = 0, and from (1) we have

V() € K[g(@(t)] () = Bo(t) + TA(t) + 1. (2) ¢i(0) =[=2.2],i = 1,2, sinceK[sgn(0)] = [~1,1]. Hence,

0 € ¢(0), i.e., on the basis of (3}, = 0 is an EP of the neural
Function(t) represents the neural-network output[t#1]. netwprk. Moreover, it can bg yerified that the equilibrium point
Property 1: Suppose thag € Gp anddet T’ # 0. Letz(¢) IS unique. However, the infinitely many vectajs= (11, 72)’
be a solution of (N1) Ofto, ¢1], wheret, < ¢; < +o0c. Then:a) With m = —np, andn € [-1,1], are OEPs of (N1) corre-
the neural-network output(t) in (2) is a bounded measurableSPonding to the ER = 0. _
function that is uniquely defined by(¢) up to a set of measure  NOWw, consider the equilibrium solution(t) = ¢ = 0,7 > 0,
zero in[to, t1]; b) 4(¢) is defined and continuous for all ¢ ~and the corresponding outpytt) = n = 0, which satisfies
[to, 1] if and only if z(¢) is continuously differentiable for all (2)- Then, also + 4(t), where4(?) is an arbitrary measur-
t € [to, t1]. able function orf0, +o0) such thaty(t) € ker T N K[g(0)] =
Proof: a) If detT # 0, from (2) we gety(t) = {(W1,%2)" € R®: |yl [ya| < Liyn = —yp}, satisfies (2). This
T-1(i(t) — Bz(t) — I). Sincez(t) is absolutely continuous, implies that the neural-network output is not uniquely defined
z(t) is differentiable for a.at € [to,#]. Hence, we have the Py the neuron state. m

result. b) Obvious. ) . u 1This situation is not acceptable, since in this paper we are interested in con-
The next result addresses the existence of solutions for (Ndijions ensuring convergence of the neural-network output.
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B. Problem Formulation The above definition ofi-GA can be applied to general cases

The goal of this paper is to find conditions on the neurofy€re the neural-network outpytt) is only measurable. In
interconnection matrisT’, which ensure that (N1) has a uniquéfiS Paper we will encounter situations where we can employ
EP ¢, and a unique corresponding OEP Moreover, we are the standa.rd concept of global attractivity also for the outputs
interested in the case whereand are globally attractive for 7(1)- A typical case is that where({) tumns out to be defined
the neural-network state and output trajectories, respectively2nd continuous for alt > ¢ > 0, for somet > 0 (cf. (b) of

It is of importance to remark that while global attractivity”"Perty 1). To deal with these situations, we introduce the next
of an EPe can be defined in the usual way (cf. Definition gdefinition. _
below), there are difficulties to define an analogous concept forDefinition 8: Let 7 be an OEP of (N1) corresponding to
the OEPy. In fact, the measurable functiorft), which repre- the EPe of (N1). The OEPy is said to be Globally Attrac-

sents the neuron outputs (cf. (2)), is in general defined only fiiye (GA) if, for eachz, € R™, any trajectoryx(#) of (N1),
[0, +00), with 2:(0) = =g, is such thaty(¢) in (2) verifies

a.a.t € [0,400), so that it is not always possible to consider it € )
limit ast — +oo, as for a continuous function. To overcomdN® NEXt properties. N

this difficulty, we introduce a weaker notion of limit, which is @) 7(¢) is defined and continuous for &l> ¢ > 0, for some
applicable to any measurable functigft), namely the limit in t>0.

measure ofy(¢) (see Definition 6 below). Then, we show that b) it resultslim;—, + ¥(t) = 7.

this notion is as useful as the usual concept of limit in view of Finally, with the next definition, we single out a situation
the neural-network applications. Moreover, we point out situs¢here there is global convergence in finite time.

tions of practical interest where the standard concepts of limitDefinition 9: The neural network (N1) is said to be globally
and global attractivity can be employed also for the outpts  convergent in finite time if the following conditions hold.
Finally, an important case is singled out, i.e., that where there is1) (N1) has a unique EPand a unique corresponding OEP

global convergence of the state and the output trajectorités in 7.

nite time 2) for eachzy, € R”, any trajectoryz(t) of (N1),t €
Let us recall the standard definition of global attractivity of [0, +00), with z(0) = g, is such that it results(t) = e,

an EP of (N1). fort > , for somet > 0. Moreover,y(t) in (2) verifies
Definition 5: The EPe of (N1) is said to be globally attractive y(t) = nfort > t.

(GA) if, for eachzy € R™, any trajectoryz(t) of (N1), ¢t € Remarks:

[0, +00), with z(0) = =, is such thatim,_, ;- z(t) = e. 1. From Definition 9, it is seen that if (N1) is globally conver-

Let us now address the definition of global attractivity of agent in finite time, then it has a GA EPand a corresponding
OEP of (N1). To this end, we introduce the following concept& A OEP7. However, the notion of convergence in finite time

Definition 6: Lety(t): [0, +00) — R™ be ameasurable func-is much stronger than global attractivity, since it implies that
tion, andn € R™. We will say thaty is the limit in measure of the statex(t) and outputsy(t) become exactly equal to their

v(t) ast — +oo, and we writen = i limg— o ¥(2), if limits after some finite time has elapsed. Convergence in finite
time represents a peculiar feature of systems described by vector
Ve >0 3Jt. > 0 such that fields which are discontinuous in the state [6], [8], [18]. We re-

p{t € [te,+00) : ||y(t) = n|| > e} < . callthatonthe contrary for systems described by smooth vector
fields there can be only asymptotic convergence of trajectories
toward the limit.

2. It is of interest to discuss in some more details the engi-
neering significance of theg-limit as given in Definition 6. To
this end, let us point out the following result.

Property 3: Suppose thay(t): [0,4+00) — R™ is a mea-

) ) . surable function such thatlim;_. ., y(t) = n € R™. Let us

The following result establishes a link between the conceplsiger the system of first-order differential equations
of limit in measure and almost cluster point, which will be em- 1 1
ployed in the paper. y=-—y— () (®)

Proposition 2: Suppose thaty(t): [0,+c0) — C is a _ T o7 _
measurable function, and C R" is a compact set. I(t) wherey € R™ andr is a positive constant. Then, any solution
has a unique almost cluster point € C ast — -+oo, then ¥(t) of (5) satisfies

Moreover, we will say thay* € R™ is an almost cluster point
of v(t) ast — 4oo if

Ve> 0 p{te0,450): [y(t) - 7' < ¢} = +oo.

plimy 4o y(2) = 7*. lim y(t) = 7.
Proof: See Appendix I. [ | t—+oo
On the basis of the previous considerations, we give the next Proof: See Appendix Il. [ |
definition. Property 3 has a simple interpretation, namely, if the neuron

Definition 7: Let n be an OEP of (N1) corresponding tooutputy;(t) € R is passed through a first-order low-pass filter
the EPe of (N1). The OEPy is said to beu-globally attrac- with transfer functior(1/7)(1/(s+1/7)), then the filter output
tive (u-GA) if, for eachzy € R™, any trajectoryz(¢) of (N1), y;(¢) admitsy,; as an ordinary limit. In summary, though weaker
t € [0,+00), with 2:(0) = =, is such thaty(t) in (2) verifies than the ordinary notion of limit, the-limit is actually almost
plimy oo y(t) = 7. as useful for the engineering applications of neural netwarks.
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2 ' ‘ ' ‘ ‘ outputs~;(¢) indefinitely oscillate between the neuron satura-
tion levels+1 and—1. It is also straightforward to see that the
150 | outputs havet+1 and—1 as almost cluster points as— +oo,

and~(t) does not admit a-limit as¢t — +oo0, i.e., the OEP
n = 0 is not GA, noru-GA [see Fig. 2(b)]. Note in partic-
ular thatn = 0 is not u-GA even thoughe = 0 is GA and

detT #0. m

%—0.5- B
I1l. EXISTENCE AND UNIQUENESS OFEQUILIBRIUM POINT

of In this section, we address the existence and uniqueness of
the EP and the corresponding OEP of (N1). These properties
are a prerequisite for the global attractivity of the EP and OEP
of (N1), which is studied in Section IV and Section V. Moreover,
we study how the EP and OEP of (N1) depend upon the neural-
-1 ; : s , . network input.
time We begin by addressing the existence issue.
(@ Property 4: Suppose thajg € Gp. Then, there exists at least
15 ‘ : : : : an EPe of (N1), and a corresponding OEFof (N1).
Proof: It suffices to observe that the set-valued map
1 o $(z) = =B YTK][g(z)] + I}: R* — R™ is upper semi-
continuous with nonempty compact convex values. Moreover,
" sinceg is bounded and hencE[g¢(x)] is bounded, it follows
05F N that ¢ maps a ball centered at the origin, and of sufficiently

large radius, into itself. Therefore, from Kakutani’s fixed point
theorem (see, e.g., [7, p. 85, Corollary 1]), it follows that there
exists at least one fixed point ¢f i.e., a point: € R™ such that
e € q?(e), which also represents an EP of (N1). Finally, from
-0.51 (4), we have the existence of an OgPf (N1) corresponding
H toe. |
The main result in this section is given in the next theorem.
Theorem 1: Suppose that-7" € P. Then, for any neuron
activationyy € Gp, any diagonal matri¥3, and any input vector
] 2 3 4 5 s I € R", (N1) has a unique EP and a unigue corresponding
time OEPT].
(®) Proof: Ifthe OEPy of (N1) is unique, then this is true also
Fig. 2. (a) Time-domain evolution of the state variablét). (b) Evolution of ~ for the EPe of (N1). In fact, we have = —B~(Tn+1I). Then,
the corresponding outpyt (t), for the neural network of Example 2. it suffices to study the uniqueness of the OEP.

Suppose, for contradiction, that there exist two distinct OEPs

3. In the standard case considered in the literature where fhiegng,2 of (N1). By definition, there are two ER ande?
neuron activationg are continuous and monotone functions, ibf (N1) such that! € K[g(e')], n2 € K[g(e?)], and0 =

is easy to see that global attractivity of an ERlso implies pel . 79! 4 1,0 = Be? + Ty? + I. Hence

global attractivity of the outpug(e). Unfortunately, this prop-

erty is no longer valid for the class of discontinuous activations —B(e! —e?) = T(n' —n*) =0. (6)

g € Gp, as shown in the next Example 2. Therefore, for discon-

tinuous activations itis needed to address separately both gloalv suppose, without loss of generality, that it resylts 7?

convergence of the state variables and the output variables. for i = 1,---,m, andn! = 2 fori = m + 1,---,n, where
Example 2: Let us consider the second-order neural network< n < n. Letusintroduce the vectorg® = (n?},---,n%,)’ €

R™ andn?® = (), ,1,---,n}) € R"™™, j =1, 2. In a similar

way we can define’® € R™ ande’® € R*~™, Let us also

introduce the matriceB*® = diag(—by, - - -, —b,,) andB* =

The neural network possesses a uniqueeEP0 and a unique diag(=bm1,- - -, —bn), and subdivide in an analogous way

corresponding OER = 0. By explicitly solving the equations, intg the sub-matrice®*® ¢ R™*™, Tab ¢ Rm*(n=m) Tba ¢

it is found that for each initial conditiom(0) # 0, the trajec- R(r—m)xm gngbd ¢ Rr=m)x(n=m)

toriesz(t) are such that(t) — e = 0 ast — +oo,i..,eis By substituting in (6), and taking into account that—n?> =

GA. This is confirmed by numerical simulations of the neurg e get

network obtained with MATLAB, see Fig. 2(a). Howevei,(t)

andz,(t) tend to 0 while indefinitely oscillating between neg- { —Baa(ele — 20) — Taa(ple — p22) = 0 7

ative and positive values. Therefore, the corresponding neuron —BY (et — ) — TP (ple — p2a) = (.

1k L1 L Luuuduau

%1 = —x1 —sgn(zy)
Z9 = —xo + sgn(z).
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Considerany € {1,---,m}, hence;}* # n?*. Since functions networks where-T' is an M-matrix, and cooperative-compet-
g; are nondecreasing (see (c) of Definition 3), it immediatelyive neural networks where-1" is an H-matrix with positive
follows thatH; = (el® —e2*)/(ni* —n2*) > 0. Therefore, the diagonal elements, are such thaf’ € LDS.2

first equation of system (7) yields It is also worth to remark that the LDS condition in The-
orem 2 is robust, namely, £T € LDS, then the perturbed
—(B“H* + T*)(n'* —n**) =0 interconnection matrix- (7 + AT) is still LDS, for sufficiently
small||AT||. The allowed|AT|| which preserves the LDS con-
where H** = diag(Hy,- -, Hp). dition can be quantitatively estimated by using techniques such

Since-T € P, and—B**H** is adiagonal matrix with non- as those described in [12]. This robustness property of global
negative diagonal entries, we also hav@3** H** +T"*) € P convergence is highly desirable in view of the applications. In
[25]. Then, in particulardet(B**H** + T**) # 0, so that fact, due to tolerances, in the actual electronic implementation
n'* = n**, which is a contradiction. B itis not possible to exactly realize the nominal matfiz

Suppose that-7" € P andg € Gp. Due to Theorem 1, we Proof of Theorem 2:The hypothesis-7" € LDS implies
can define two maps§.: R* — R"™ andS,: R* — R",as —T ¢ P. Lete be the unique EP of (N1), anglbe the unique
follows corresponding OEP of (N1) (see Theorem 1), e, K[g(e)]

and0 = Be + Tn + I. The change of variable = = — ¢
Se(I)=e S,(I)=n. translates: into the origin. The neural network is described in

terms of variables by 2 € Bz + TK[g(z + ¢)] + Be + I =
Namely, mapsS. andsS; associate to the neural-network inputp; + TK[g(z + e)] — T, hence

I, the unique ER of (N1), and the unique corresponding OEP

n of (N1), respectively. %€ Bz + TK [G(2)] (N2)
Moreover, let us consider the mapR” — R™ x R™ defined
as where
G(z) =g(z+e)—n (10)
E(I) = (Se(I), Sy(1)) = (e;m). 8)
_ Proposition 3: Suppose thag € Gp. Then,G as defined in
SincesS, (I) = n € Klg(e)], we haveX(I) € U, where (10) satisfies the following properties.
. . N i) G € Gp.
U={(z,y) eR"xR":2 e R",y € K[g(z)]} (9) i) 0 e K[G(0)].

i) Let I' = diag(T"y,---,T',) be a diagonal matrix with

is the graph of the set-valued mé&fjg] that models the neuron T, >0,i=1-.n Then

activations.
The following property holds.
Property 5: Suppose thatT € P andg € Gp. Then,X isa ZT7 >0 vy € K [G(2)]. (11)
homeomorphism frorR™ ontoU,, i.e., X is injective,X and the
inversex~" are continuous, ant(R") = U. Proof of Proposition 3:(i) Obvious. (i) We have
Proof: See Appendix IIl. B K[G(0)] = K[g(e)] —n. Sincen € K|g(e)], we conclude that

Property 5 states that both the ERand the corresponding 0 € K[G(0)]. (iii) It is an immediate consequence of the fact
OEP# of (N1) depend continuously upon the neural-networthat the graph oK [G;],7 = 1,---,n, belongs to the first and

input I. Moreover, the pairs constituted byandn describe the third quadrant of the spad®. ]
graphU of the set-valued maf[¢] whenI varies onR", i.e., From (ii) of Proposition 3 it immediately follows that (N2)

Y (7) is a global parameterization 6f. has a unique EP = 0 and a unique corresponding OBR- 0.

Moreover, if z(t) is a solution of (N2) ofity, t1], to < t1 <

IV. GLOBAL CONVERGENCE OFNEURAL NETWORK +00, then there exists a bounded measurable funétionsuch

In this section, we use an approach based on the concep¥hé’3!fI fora.at € [to, 1] it results in

Lyapunov functions to address global convergence of the state J(t) € K[G(2(t)] 2(t) = Bz(t) + TH(t). (12)

trajectories and global convergence in measure of the output
trajectories of the neural network. To proceed in the proof of Theorem 2, we use the concept

The main result in this section is as follows. of monotone trajectories of (N2) (see [7, p. 293, Definition

Theorem 2: Suppose that T € LDS. Then, for any neuron 1]). Since —7" € LDS, there exists some diagonal matrix
activationsy € Gp, any diagonal matri¥3, and any input vector @ = diag(ah:'wan.)., with o > 0, = L-weym, Sl{Ch
I € R", (N1) has a unique EP which is GA, and a unique that [a(=T)]° is positive definite. Consider the (candidate)

corresponding OEH_Wh'Ch 'S.'“'G_A' . . 2We refer the reader to [26] for a review on the most commonly employed
Theorem 2 has wide applicability, indeed it includes classeSsses of LDS matrices, [12] for numerical technigues to verify the LDS con-

of interconnection matriceE of theoretical as well as practicaldition, and [13] for a review on results on global convergence of other classes

interest in the neural-network field [12], such as symmetrfd :e”ral networks involving the concept of LDS matrices.
To understand the importance of such a robustness issue, note for compar-

ar_"d negat|ye d(_af'n'te mat”(_:es and SkeW'Symmet”(_: MALriCES that there are other classes of neural networks for which the convergence
with negative diagonal entries. Moreover, cooperative neugabperties are instead not preserved wifigis perturbed [28], [29].
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Lyapunov function,V: R* — R, of the Lur'e Postnikov type v* of 2(t), ast — +oo, satisfy the equatioV (0,v*) =
(cf. [12]) ||B~1v*|| = 0. Thereforep* = 0 is the unique almost cluster
point of 2(¢), ast — +oo, corresponding to the EP = 0 of
T (N2).

V(z) = =Bz + 202 i /Gz(p)dp (13) Now, let us prove thafi = 0 is the unique almost cluster

Z‘l

=D point of the outputsy(¢). To this end, consider far > 0 any
where solutionz(t) of (N2). From Proposition 4(¢) is monotone with
respect td” andW. Moreover,z(t) = Bz(t) + T7(t) for a.a.
> —||B 712> 0 (14) t €[0,+00), wherej(t) € K[G(z(t))], or equivalently
-1 - —1 ~
and T 2(t) =T Ba(t) = 7(1)

fora.a.t € [0,+00). It is known thatz(¢t) — é = 0 for¢t —

Am ZAm{[a(—T)]S} > 0. (15) 400, and for anye > 0, u{t € [0 +oc) Iz < €} =
+00. Then, it is easily seen thdt—'v* = 0 = 7 is the unique
Note that under condition (14), being|B—1T||§ = almost cluster point of(¢) ast — +oo. From Proposition 2, it
Ay {(B~YTY BT}, it follows that follows that7; = 0 is u-GA. Therefore, also the OERof (N1)
is u-GA. [ ]

A=A {2c [a(~T)]° - (B—IT)'(B—IT)} >0. (16)
V. STRONGER GLOBAL CONVERGENCE

SinceG € Gp (see (i) of Proposition 3){ turns out to be PROPERTIES OANEURAL NETWORK
positive definite, i.e.}(0) = 0 andV(z) > 0if z # 0. Con-

sider also the positive definite functiof: R x R — R Under the hypothesesT' € LDS andg € Gp, Theorem 2

ensures GA of the EPof (N1), andu-GA of the corresponding

W(z,v) = ||2|3 + ||B~0|)3. (17) OEP_n of (Nl),_ for all neural-network input.i € IR" The goal
of this section is to show that fatmost allinputsI itis possible
The following holds. to establish the standard property of GA, as in Definition 8, also

Proposition 4: Suppose that T € LDS andg € Gp. Then, for the OEPy (Section V-A). Moreover, we can find well char-
each trajectory(¢) of (N2) is monotone for € [0, +00) with  acterized sets of inputs whose measure is nonzero, for which
respect to functio” defined in (13) and functioil’ defined in there is global convergence of (N1)finite timeto e andn, as

a7), i.e., in Definition 9 (Section V-B).
f A. Global Attractivity of the Output Equilibrium Point
Vs> t>0 V(x(s))— /W (o)) do < 0. -
Suppose thatT € LDS andg € Gp. For a given input
vector I to the neural network, we denote hencefortheby-
Proof of Proposition 4: The proof is an immediate conse-(e1, - - -, e,)’ the unique EP of (N1), and by = (1, -, )’
guence of the next basic lemma. the unique corresponding OEP of (N1) (cf. Theorem 1). Let
Lemma 1: Suppose thatT' € LDS andg € Gp. Then, for IS )
a.a.t € [0,+00), V satisfies the Lyapunov property 07 (e) = fie{l,-,n}:
_ ) gi 1s discontinuous at; = ¢;} (19)
V(2(t) < = l=@)l5 = |[B~2(@)||; - MA@ <0 (18) O%(c) = {i € {1,---,n} :
where) > 0 is defined in (16) and/(¢) is defined in (12). gi is continuous at; = e;} . (20)
Proof of Lemma 1:See Appendix IV. te that ifi € ©P(e), thenKg(e:)] = [g(e7), g(e)] is
To prove Proposition 4 it suffices to note that, on the ba5|s 8ﬁ interval with a no(n()ampty int([ari(dn)t](K[g[(eE)]L).) In(sté;]d, if
Lemma 1, we have i € ©S(e), K[g(e:)] = {g(e;)} is a singleton.

V() < — 2012 = I B=L2(Dl1% = —W (2(4). 2(¢ Next, we define two sets of inpufswhich play a crucial role
() <~ 0l - B0, = -W @.20) e e
fora.at € [0, +00), and integrate this inequality on the interval Definition 10: Suppose that7" € LDS andg € Gp. Let

[tS] | _ noos 1 .. P c . D
By exploiting the result in Proposition 4 we are in a position Zoa={I€R":Vi=1,.-,n,i €O 0ri € 67(c)

to complete the proof of Theorem 2. It is seen that funciion andy; € int (K [gi(e))]) = (9 (e;) - 9i (&) }

in (13) is positive definite and radially unbounded(¢) — I, =Cr-Zaa={I €R": ©”(e) # # andi € O (e)

+o00 as||z|| — +o0). Moreover, from Lemma 1V (2(t)) is such thaty; € 0K [gi(e;)]

negative definite, i.eV (0) = 0 andV (z(¢)) < 0 for z(¢t) # 0. — (g7 ), gs(e)}}

Therefore, the El = 0 of (N2) is GA, hence the EP of (N1) Rty ‘ ’

is GA. When! € Zga, one of the situations illustrated in Fig. 3(a),

Then, we address convergencei¢f). From Proposition 4 (b) is verified bye; andn;, forall: = 1, - .-, n. On the contrary,
and [7, p. 311, Th. 3] it turns out that the almost cluster pointghenI € I, for somei € ©”(e) we have the situation
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Klg,(x)] Klg,(x)]
_111 ______ 7/"_— /_——
| le
| 5
_ e X. —_— e X

@) (b)

/ Kig,(e)]

3 Kg(e)]

(©
Fig. 3. Geometrical interpretation of the sets of ingligs, andZ;, ,. (@)1 € Zga andi € O°(e). (b)I € Iga andi € OP(e). (c) I € I, andi € OP(e).

represented in Fig. 3(c). Note in particular from Fig. 3(b) that ff — +oco also implies that”yz( ) in (12) is defined and contin-

I € Iga andi € ©P(e), then, it results in uous fort > ¢;, for somef; > 0 (see Property 1), ang(t) — 0
ast — +oo. To prove GA of the OER;, = 0 of (N2) we thus
gi (eff) =ni =Gi(07) =67 >0 (21) need to show that,(t) is defined and continuous far> #;,
N — i (e;) =—-Gi(07)=6; >0 (22) for somet; > 0, and¥;(t) — 0 ast — oo, also for any
i € ©%(e). To this end, we consider three different cases.
where functiongy; are the components 6f defined in (10). i) ©P(e) = 0. From Theorem 2, it is known tha{t) — 0
It is intuitively clear that the situation of Fig. 3(c) is notas¢t — +oo. SinceG;, i = 1,---,n, are continuous at 0, we
generic. This idea is made precise by the next property. immediately conclude thaj(t) is defined and continuous for
Property 6: Suppose that 7" € LDS andg € Gp. Then, set ¢ > ¢, for somet > 0, and¥(t) — 0 ast — +oo.
Za is open. MoreoveZca = Zg, andu(Zg,) = 0. i) ©P(e) # 0; ©P(e) # {1,---,n}. Suppose, without loss
Proof: See Appendix V. ®  of generality, tha®P(e) = {1,---,p} andO@(e) = {p +
The main result on global attractivity of the OEP of the neural . .. 'n}, wherel < p < n. LetzP = (z1,---,2,), 2% =
network is as follows. (2p+1,- - -, 2a)’, and subdivide vectors and matrices that define
Theorem 3: Suppose thatT' € LDS andg € Gp. Then, for  (N2), accordingly.
any input vectod € Zg4 (i.e., for almost all vectorg € R™), From (N2), we get

E')\IEll)Dzavir?igr?lgué,oE\?WhICh is GA, and a unique corresponding 3P(1) = BPP2P(1) + TPPAP (1) + TPC59(1)  (ND)
Proof: It suffices to prove that the OER = 0 is GA for whereﬁ (t) = (n(), 'ﬁp(t))' € K[GP(2"(t))]. More-

(N2). We note these facts. Suppose thdt € LDS andg € Gp, OVer7°(t) = (Fp+1(t), -+, Fn(t )) is defined and continuous

and consider the neural networks (N1) and (N2). From Theordff ¢ > tc, for someic > 0, andy“(t) — 0 ast — +oo.

2, itis known that the ER = 0 of (N2) is GA, hence any tra-  Letus consider for (ND) the (candidate) Lyapunov function

jectory z(t) of (N2) satisfiesz(t) — 0 ast — +oo. Suppose =

thati € ©C(e), i.e.,g; is continuous ak; andG; is continuous  Vp(z”) = —(z")(B””)™'2" +2cp Y i | Gilp)dp

at 0. Then, being; andG; piecewise continuous;(t) — 0 as icor(e)
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where
1
2/\WLD

cp > [(BPP)' TP 2 > 0

and
Ap = Am{[aDD(_TDD)]S}

with «PP = diag(as, -, ap). Under the assumption? €
LDS, it can be easily verified thdte?? (—TPP)]5 is positive
definite, hence\,,p > 0.

The following lemma holds.

Lemma 2: Suppose that-7" € LDS andg € Gp. Further-
more, suppose that € Zgs and thatoP(e) # 0, OP(e) #
{1,---,n}. Then, there exists > 0 and a constantp > 0
such that for a.a. > 7 it resultsVp (2P (t)) < —Ap < 0 for
2P (t) # 0.

Proof. See Appendix VI. [ |
By integrating betweert and¢ > ¢ the inequality for
Vp(2P(t)) of Lemma 2, we conclude that fer> ip, where
tp = Vp(2P(#))/Ap > 0, we haveVp (2P (t)) = 0. Hence,
ZP(t) =0fort > ip.

Then, fort > tp system (ND) reduces o= TPP5P (1) +
TPC3C(t), where TPC3(t)
t > tp, andTPY3(t) — 0 ast — +oo. Moreover, since
—T € LDS, it follows thatT'”? is nonsingular, hencg?” (t) =
—(TPP)~'TDPC5C (1) is defined and continuous for> p,
andyP(t) — 0 ast — +oc.

i) ©P(e) {1,---,n}. From Lemma 1 we obtain

V(z(t)) < =\||3(t)||3. Taking into account (21) and (22), for

2P (t) # 0 we havel|y(t)||2 > A, where
6= }{nlin{5;",5f}}>0.

min
ie{l,,

Therefore, it result¥’ (z(t)) = 0 andz(t) = 0 for ¢ > ¢, where
V (2(0))

A2
From (N2) we geb = T'5(t). Hencej(t) = 0 for ¢t > 1, i.e.,
z(t) and#(t) become 0 in finite time. ]

t=

(23)

B. Global Convergence in Finite Time

FUNDAMENTAL THEORY AND APPLICATIONS, VOL. 50, NO. 11, NOVEMBER 2003

i =1,---,n. This set can be explicitly characterized, as shown
in the next result.

Property 7: Suppose that7 € LDS andg € Gp. More-
over, assume thak, # (. Then,Zpr is a nonempty open set
which can be represented as follows:

Irr = U Zrr(z?)
zden,

where, forz? € A,

Tpr(z?) = {I eR":1=—-Bz?—Ty

with € int (K [g(z?)]) }

is the interior of the parallelotope ™ defined by the™ ver-
texes

vi=—Ba? ~ Ty y = (g1 (¢7F) - gn (22F))"
Proof: The property immediately follows from the fact
that matrix1’ defines a nonsingular linear operator. ]
In the particular interesting case where the neurons activa-
tions are modeled by;(z;) = sgu(z;),i = 1,---,n, asin the

is defined and continuous for yopfield model, we havé\, = {0} andZgr = Zp1(0), where

fFT(O) is the interior of the parallelotope R"™ defined by the
2™ vertexes

ot =~y oy = (£1,. . £
Example 3: Let us consider the second-order neural network
] = —x1 — isgn(a;l) —sgn(zg) + I

{ &9 = —x9 +sgn(zy) — %sgn(ajg) + 1
which is obtained from the network of Example 2 by
adding neuron self-connections equal tel/4 and a
generic input/. By choosinga diag(1,1), we obtain
[a(=T)]° = diag(1/4,1/4), i.e., =T € LDS. It turns out
that Zpr = fFT(O) is the interior of the parallelotope iR>
with vertexes(—5/4,3/4)", (5/4,-3/4)", (3/4,5/4), and
(=3/4,-5/4)". =

The following theorem holds.
Theorem 4: Suppose thatT' € LDS andg € Gp. Further-

(25)

In this section, we establish a condition ensuring that tfBore, suppose thak, # § (henceZpr # ), andl € Zpr.

neural network (N1) is globally convergent in finite time.
Let
Ay={z=(z1,--,2,) ER":
Vi=1,---,n,g; is discontinuous at; } . (24)

Note thatA, # @ if and only if, foralli = 1,---,n, g; has at
least a point of discontinuity. The next set of inputplays a

crucial role in the study of global convergence of (N1) in finite

time.
Definition 11: Suppose thatT € LDS andg € Gp. More-
over, assume thak, # 0. Let

IrT = {I e R": 1 € TIgaande € Ag}

wheree is the unique EP of (N1) arifl; 5 is given in Definition
10.

SetZwrr corresponds to vectors € Zga such that, for all
i =1,---,n, the componeny; of ¢ is discontinuous at; =

e;. That is, the situation illustrated in Fig. 3(b) is verified for

Then, (N1) is globally convergent in finite time. Moreover, the
convergence time of a trajectogyt) of (N1), which is defined
as

t. = inf {t~> 0:xz(t)=e, v(t) =n, ffort> I:}
satisfies

n :ri(O)—eq-
1 ,
te <te = m 2; (o7 Gi(p)dp (26)
i= 0
where
Am = Anm {[a(—T)]S} >0 @7)
_ . . + —
6= ie{rfl,-l-r-l,n} {mln {51‘, ,0; }} >0 (28)
andfori =1,---,n
gi(ef) —mi=8">0 (29)
ni —gi (e) =67 > 0. (30)
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To the authors’ knowledge, Theorem 4 is the first general re 2

sult on global convergence in finite time for the additive neural:
network model (N1). It is pointed out, from (26), that the es-
timated convergence timg is influenced by the neuron inter-
connection matrixZ’, through the eigenvalug,,,, and by the
location of the OER) within K{[g(e)], through parameté (cf.
(29) and (30)). Moreovet, depends on the distance of the ini-
tial conditionz(0) from the EPe. The distance corresponds to £
the integral term at the right-hand side of (26), which also rep ™
resents the energy part Bfrelated to the neuron nonlinearities °[
G;,i=1,---,n(cf. (13)).

We observe that sinc@ satisfies (iii) of Proposition 3, and
G, are bounded oR, i.e.,|G;(p)| < M, for someM > 0, and
anyi = 1,---,n, we obtain from (26) the explicit estimate

1k

M < -05
tcgtegm;ailxi(())—eil- 0

Finally, when the neurons activations are modelegffy,) =

.3
time

@

segn(z;), 1 =1,---,n, as in the Hopfield model, by taking into
account that/,” sgn(p)dp = |z;|, (26) reduces to the simple
formula 1

1 n
tp S tﬁ = W Z a; |:I?L(0) — ei| . (31) 05F
meoi=1
Proof of Theorem 4:For I € Zpt, we have®P(e) =
{1,---,n}. Hence, global convergence in finite time of (N1)
can be proved as in point (iii) of the proof of Theorem 3.
Let us now verify the estimate of the convergence time in (26’ ~*°[
From (23), we have

7, ()

< V)
- A8

whereV is defined in (13)\ in (16), ands in (28). Moreover, -5,
constant: > 0 satisfies (14).
In accordance to (14), we can choose for any 0

3
time

(b)

1 ||B_1T||2 Fig. 4. (a) Time-domain evolution of the state variablét). (b) Evolution of
c= 3 (1 + h)/\72 the corresponding output (), for the neural network of Example 4.
m
where \,, = A, {[a(=T)]°}. Let \yy = ||B~'T3 Example 4: Let us consider the second-order neural network

Ay {(B~TYB~'T}. Therefore, from (16) we geph >

2cAm — Am = (1 4+ h)Av — Ay = hAy. Hence, by taking 3:31 =~y — gsgu(e1) —lsgn(l‘z) (32)
into account (13), we have B9 = —wo +sgu(z1) — zsgn(zs)
< V (2(0)) which is obtained from the network of Example 2 by adding
te < hé&2 X s neuron self connections equal td./4.
2:(0) The neural network has a unique EP- 0 and a unique cor-

1+h 1 Z o / Gi(p)dp. responding OER) = 0. As noticed in Example 3, by choosing
1=1 0

I &1,
BT ; 54 O =5

a = diag(1,1), we havela(-T)]° = diag(1/4,1/4), i.e.,

—T € LDS. Moreover, from Example 3, it is seen that=
Since the last equation is valid for any> 0, by taking the limit 0 € Zrr. Therefore, the conditions of Theorem 4 hold and (32)

ash — +oo we obtain is globally convergent in finite time.
N 2:(0) Fig. 4 depicts the state trajectory(t), and the corresponding
L ocp 1 o / Gilp)dp output~y, (¢), for a solution of (32) starting at(0) = (2,2)’,
R W ¢ ' as obtained through computer simulations with MATLAB. It

2

Hence, the result in (26) follows by recalling that(0)

Lo is seen that the oscillations rapidly extinguish anét), v1(¢)
converge to their limit in finite time. This is in contrast with

z;(0) —e;,i=1,--,n. m  Example 2, where;; () and~, () indefinitely oscillate ag —

The next examples illustrate the result in Theorem 4. +o0 (cf. Fig. 2).
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' ' ' still an EP of the neural network (cf. (3)). The EP = 0

is unique, however the nonzero input has shifted the unique
corresponding OEP tg = (1/2,—1/2). The hypotheses

of Theorem 4 are satisfied and (33) is globally convergent
in finite time. Now it results§ = 1/2, hence the estimated
convergence time of a trajectory of (33) startingzd0) is
twice that of a trajectory of (32) with the same initial condition.
As an example, for a trajectory startingaf = (2,2)’, we
havet. < t. = 32. Once more, these results are confirmed by
numerical simulations, see Fig. 5. ]

VI. CONCLUSION

The paper has performed a thorough analysis of global con-
vergence for a large class of neural networks where the neuron

3 . s s activations are modeled by discontinuous functions.
time It has been shown that the condition of LDS neuron intercon-
(@) nection matrices ensures global convergence of both the state
15 : . . . . and the output trajectories of the neural network toward a unique

equilibrium point. These results represent a generalization to the
discontinuous case of previous results obtained for neural net-
works described by smooth vector fields.

Moreover, entirely new conditions have been obtained which
0.5 guarantee global convergence of the state and the output trajec-
tories infinite time Explicit and easy-to-apply formulas have
been derived to evaluate the finite convergence time of each

=0 trajectory. The conditions involve the LDS concept and, in ad-
dition, suitable assumptions on the location of the equilibrium

-0.5 1 point, with respect to the discontinuities of the neuron activa-
tions, which admit a clear geometrical interpretation.

4l | Future work aims at exploiting the results in this paper,
notably the presence of sliding modes, and the conditions for
global convergence in finite time, to efficiently solve classes of

-15, , > B " 5 s optimization problems arising in practical applications.
time
(®) APPENDIX |
Fig.5. (a) Time-domain evolution of the state variablét). (b) Evolution of PROOF OFPROPOSITION2

the corresponding outpyt (t), for the neural network of Example 5. .
We will employ the next known result.

) . Proposition 5 [7, p. 313, Th. 4]:Suppose thaty(t):
Let us now verify the estimate (26) (or (31)) of the conver[O7+OO) —. C'is a measurable function, and c R” is a

gence time. Itresults,, = 1/4 andé = 1, hence from (31) We compact set. Theny(t) has at least an almost cluster point
gett, < t. = 4{|z1(0)| + |x=2(0)|}. For the trajectory consid- +* € C ast — +oo.

ered in Fig. 4, which corresponds:£90) = (2,2)’, we obtain ~ opserye that ify* is the unique almost cluster point off)
te = 16. From Fig. 4, itis seen that the actual convergence timg; _, 40, then
t. is less than 2.5, in agreement with (31). '

Example 5: In the final example, we add a nonzero inputto Ve >0 p{t € [0,4+00) : ||7(t) — || > €} < +o00. (34)

the neural network (32), i.e., we consider -
) (32) 1.e., w ! To prove (34), suppose for purposes of contradiction that there

existsep > 0 such thaf{t € [0,+00) : ||¥(t) = ¥*|| > €0} =
+oo.LetEy = {t € [0,+0) : ||7(¢t)—~*|| > €0}, and consider
functiony: £y — C, which is defined as the restriction ofto
From Example 3,/ = (-3/8,-5/8)" € ZIpr. From g whereu(Ey) = +oo. Then, by using an argument as in the
(1), it is easy to verify that$,(0) = [-13/8,7/8], proofof([7,p.313, Th. 4], itturns outthathas an almost cluster

$2(0) = [-15/8,5/8]. Hence,0 € ¢(0), i.e.e = 01is point4* different from~*. This contradicts the uniqueness of

4We also see that the estimateof ¢. in (26) (or (31)) is quite conservative in the almost cluster point. ) ) .
this example. This is due to the fact that some terms in the expression of the timéNow, we show that (34) implieg* = u lim;—, 1 (¢). Once

derivative of the energy’, as it was obtained in Lemma 1, were not accounteggre suppose for purposes of contradiction that there exists
for to arrive at (26). Taking into account such terms would render the expression 0 h that f i 0i | ~ .
of the estimated convergence time more complex and less straightforward 80> 0 Such thatforany > Oitresultsu{t € [t, +-00) : [|[y(t)—

apply with respect to (26). Y| > e} > €. Pickty = 0 and letEy = {t € [0, +00) :

{i'l = —T1— %Sgn(xl) — sgn(z2) — (33)

B9 = —xo +sgn(zy) — tsgn(zs) —

ooloo|w
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lv(#) — ~v*I| > eo}. Then,eqg < u(FEyp). Therefore, due to the
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1 < m < n. According to the argument and the notations in the

definition of Lebesgue measure of a set [30], there exists a copmeof of Theorem 1, let us consider the system

pact setCo C Eo such thatug(?o) > €0/2. Letag = max Cy,
t1 > ag, andE; = {t € [t17+OO) : ||’7(t) — ’Y*” > 60}.

Again, we havesy < p(FE7). Hence, there is a compact set

Cy C E; C Ey such thatu(Cy) > €y/2. By induction, we
can construct a sequence of compact $éts j;‘f such that
C; C Eo, C;nC; = 0 for eachi # j, andu(C;) > €/2
for eachi.

In conclusionyu(Ep) > u(UiSC;)
which contradicts (34)

= S u(Ci) = +oo,

APPENDIX Il
PROOF OFPROPERTY3

For simplicity we verify the property for = 1. Fort > 0
we have

t

y(t) = e~y (0) + / (w)e= D du = e~y (0) + Y ().

Therefore, it suffices to show théin;_, .., T(¢) = ». To this
end, recall that by hypothesis, for alt> 0, there existg, > 0
such thatu{t € [t,+00) : [|y(t) — nﬂ > e} < e. Fort > t.

function ||Y(¢) — n(1 — e[| = || Jy (v n)e~ =) dul|
satisfies

—pl— e < / I (u)

) — | e”* " du

+] [l ()

—nlle= ") du.

Sincey(u) and alsoy(u)
set, we have for some > 0, [* ||’y(u) —plletWdu <
- 1). Moreoverf; [|y(t) — nlle”*""du <
Je-| — nlle 0 du+ Jer @y In(@®) = nlle= = du,
whereE ( ) = {u € [tet) = f(u) —nll < e},
EX(t) = {u € [fe.t) = |7(u) — all > ¢}, andpu(EX () < e

forall ¢ > te.
Sincel, < u < t, and|ly(u) — 9l < & f; |lv(u) —
nlleWdu < € [y e dut [ Iy (w) = lldu <

(1 — e=(=1)) 4 Ge. In conclusion, for each > i, it results

Ee_t(e;

[Tt —n(1—e)| < Getel —1) + (é+ 1)e.
By taking the limit as — 400, we obtainlim;_, ., || T(¢) —
|| < (é+1)e. Sincee is an arbitrary positive number, it follows

APPENDIX Il
PROOF OFPROPERTY5

We begin by showing that mags. and S, are continuous
onR™. Letl” € R*, S.(I’) = ¢ andS,(I’) = n’,j = 1,
2. Suppose, without loss of generality, that it resylts# 72
fori = 1,---,m, andn} = »? fori = m + 1,---,n, where

— 1 take their values in a compact

_ 12a
_ IZb .

:Ila
:Ilb

_Baa(el
_Bbb(elb

_ Taa(nl
_ Tba (,'71

{ °%)
Zb) 772(1)

Since functiongy;, i = 1,---,m, are nondecreasing, we have
ta_e2a = H,;(n}*—n2*) forsomeH; > 0,andi = 1,---,m.
Therefore, recalling thadet(B**H** + T**) # 0, it results
nla _ 772& — _(BaaHaa + Taa)—l([la _ I2a)’ whereH ¢ =
diag(Hy,-- -, H,,). This, together with the fact that® = %
proves the continuity of5,,. Furthermore, from the equation
el —e? = =BT (n' —n*) + (I' — I?)] it follows also the
continuity of S..

Now, let us prove that majg is injective. In fact, letl*, I? €
R™ with I' # I? and assume, for purposes of contradiction, that
Y(I') = %(I?). In this case it result®e! + Tn' = —I* and
Be! + Tnp! = —I%. Hence,I' = I?, a contradiction.

Furthermore, from the continuity o, and from the
equation B(e! — €?) + T(n' — n?) = I?> — I', where
I = %7Y(S.(IY),S,(I7)), j = 1, 2, the continuity ofS~1
immediately follows. Therefore, is a homeomorphism from
R*toV = {X(I) € R* xR",I € R"}.

Finally, let us show that’ = U. In fact, let(z,y) € U and
—I = Bx+ Ty, and consideE(]) = (S.(I),S,(I)) = (e, n).
We want to prove thate, ) = (z,y). To this end, note that we
haveB(z—e)+T(y—n) = 0. Therefore, by the same argument
as in the proof of Theorem 1, it is an easy matter to show that it

resultsz = e andy = 7. [ |

e2a)

APPENDIX IV
PROOF OFLEMMA 1

The next technical resultis crucial for computivigz(¢)) and
prove Lemma 1.

Proposition 6 (Chain rule): Suppose thag € Gp. Consider
functionV as defined in (13), and le{(t), ¢ € [0, +0o0), be any
solution of (N2). Then}y/ (z(t)) is differentiable for a.at > 0
and it results

V() = €' (1)) YE(t) €V (2(1)).

Proof of Proposition 6: SinceG € Gp (cf. (i) of Proposi-
tion 3), it follows thatV is a convex, locally Lipschitz contin-
uous function. ThenyV is defined almost everywhere Rf*
and it is locally bounded. Moreover, any solutisft) of (12)
is locally Lipschitz, since(t) is locally bounded. This implies
thatz(¢) is strictly differentiable for a.a. > 0 [24, Proposition
2.2.4], andV is regular at any € R™ [24, Proposition 2.3.6].
Therefore, the result in the proposition follows by applying [24,
Proposition 2.3.9-(iii)]. [ |

To explicitly evaluate(z(t)), note that it results from (13)

OV (z) = —2B7 'z + 2caK [G(2)].
Moreover, from Proposition 6 we have for ata> 0
V(z(t) =&1)2(t)  VEH) € IV (2(1)) .

Let us choose

£(t) = —2B~

L2(t) + 2caq(t) € OV (2(t))
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where¥(t) € K[G(z(t))] is defined in (12). Then int([G1(07), G1(01)]) # 0. Denote byB and1’ the matrices
. . obtained by suppressing the first row and first colummbaind
Vv (Z<t>> = [ Z(t) + ZCCM’}/( )] [BZ(t) + T’Y@)] T respective|y_
with 7( ) € K[G(z(t))]. Therefore, we obtain Then, consider the sets
_ / _ —1p ~
V (a(t) = = 2/ (0:(0) - 2/ (0BT - coBI3(1) I {1 CR": 1= —Be— T (em)
— 2¢§'(t) [a(=T)) 4(2)
= = 22/(t)2(t) - 2/ () BT TA(t) , ; h)
) N = ((0,€),(0,1)),(é,n)
— 265/ (1) [a(=T))° 4(t) + 2¢' () a BA(t)
where2cz’(t)aBy(t) < 0 on the basis of (iii) of Proposition 3. T = {j eR":[=—Be—Ti,(e,7) el
By adding and subtracting/ (¢)[(B~1T)'(B~'T)]¥(t), and
accounting for (16), it results For anyl € Z; we havel = (=X7_, 11,7, _Beé - Tﬁ)’,
V(2 = — 22/ () 2(£)— 2" () B—LTA(¢ where?) = (1), - -, 7,)’. Furthermore, one can easily see that
(=(8) j (B)z(?) L = (1) T( ) > reo Tikfie = (u, T'), where(-, -) denotes the scalar product
—7'(t) [<B T)(B T)] () associated to the Euclidean norm ané the unique solution
—'(¢) {20 [a(—T)]S_(B—lT)’(B—lT)} A(t) of the algebraic systefiu = T3, with 71 = (T2, -+, T1n)"

Therefore, if we denote b, thg map fromU ontoZ; given
by I = 34(é,1), wherel = ((u,T%),I)’, itis straightforward
to prove that it is a homeomorphism.

+ 2¢2' (t)aBA(t)

= — @3 |2(t) + BT T3(0)]|;

. In conclusion
—7 () {2el0(=D) = (BT (B7T) } 4(t) ) A
+2¢2/ (H)aBA () 7o =% (SR™) = SR
<—|lz()l3=[| B~ (Bz(t)+T5(t) ||2—)‘||’Y( Ol5  where$;, = %, 0% is a homeomorphism. Hencg; is a
= —|lz()l3~|| B~ 4(t) ||2_/\ 15()]13 - (n — 1)-dimensional manifold irR” with global parameteri-

zationd};. Thereforeu(Zy) = 0.

" Finally, since the number of discontinuities of mépis
countable, the seélZg, is contained in a countable number of
APPENDIX V sets of measure zero and&bg , has measure zero. [ |
PROOF OFPROPERTY6
By the continuity of the map defined in (8), it follows that APPENDIX VI
setZga is open. PROOF OFLEMMA 2

Then, we show thadZga = Z{,. Let I° € I(,, hence
I° ¢ TIga. We begin by proving that any neighborhobidof
I° contains somé € Zga, and then/® € 0Zga, i.e., 7, C

By an argument analogous to that in the proof of Lemma 1
(see Appendix IV), we get

9Zga. SinceX is a homeomorphism froRR™ onto the graph VD( ()< _HZ H || (BPD)=1:D( || _)\mD“7 ||2
U of K|g] (see Property 5), it sends open sets into open sets, Df) D 2D rome 2

hence>(V) is a neighborhood of(1°) = (¢, 7°) contained +[2(BPP) 2P (1) +200PPAP (] T (t)

in the graph ofK[g]. Therefore, there exists € V such that S D D/.D

foranyi = 1,---,n it resultsi € ©%(e) with e¢; # €Y, or foraat > 0, wherey™(t) € K[G7(z7(#))]. Then

i € ©P(e) with n; € intK[g(e;)] ande; = €. Thus,I € Zga. Vi (22(1)) < —)\ SN

Furthermore9Zga C Z4,. In fact, letI® € 9Zga. Since p (7)) < “Amp [[77( )||2 §()

1° ¢ Tga andZg, is open, we havé® € 77, ,. where  £(t) = [-2(BPP)-1:P(t) +

Finally, it remains to show thai(Zg,) = 0. To this end, 2ca?P3P(1))TPC3%(t) — 0 as t —  +oo,
we observe that if we drop a row and a corresponding colurgincey“ (t) — 0 ast — +oo, andy”(t), zP(t) are bounded.
of the matrices3 and7’, and the corresponding component of Suppose thatz”(t) # 0. Let us defineép =
the vectorI in (N1), we obtain a system describing the dynarrminie@D(ﬁ){min{éj,6[}} > 0 (cf. (21) and (22)). By
ical behavior of the remaining — 1 neurons. Such a systemnoting that&D(t) € K[GP(zP(t))] and that functionsy;,
satisfies the same assumptions as the original one. Thus, in ga& 1,-- -, n, are nondecreasing, we obtdifi” (t)||l> > 6p.
ticular, if we denote b)E the map corresponding to the map Hence
for the original system (N1) (cf. (8)), we have thais a home-
omorphism and(R"~') = U, whereU is the graph of the Vb (2P(1)) € —Ampbh + £(1).
set-valued magk [] which is obtained by eliminating the ac- o
tivation of the suppressed neuron (cf. Property 5). Since¢(t) — 0 ast — +oo, there existd > 0 such that for

Suppose now, without loss of generality, that, ) = ¢ > tandzP(t) # 0 it results in
(0,0), 0 = G1(07) or 0 = G1(0%), where the b
pair (e1,71) denotes the first component ofe,s) and Vo (2°(1)) < ——/\mD5D =—Ap <0. u
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