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Global Convergence of Neural Networks With
Discontinuous Neuron Activations

M. Forti and P. Nistri

Abstract—The paper introduces a general class of neural net-
works where the neuron activations are modeled by discontinuous
functions. The neural networks have an additive interconnecting
structure and they include as particular cases the Hopfield neural
networks (HNNs), and the standard cellular neural networks
(CNNs), in the limiting situation where the HNNs and CNNs
possess neurons with infinite gain. Conditions are derived which
ensure the existence of a unique equilibrium point, and a unique
output equilibrium point, which are globally attractive for the state
and the output trajectories of the neural network, respectively.
These conditions, which are applicable to general nonsymmetric
neural networks, are based on the concept of Lyapunov diago-
nally-stable neuron interconnection matrices, and they can be
thought of as a generalization to the discontinuous case of previous
results established for neural networks possessing smooth neuron
activations. Moreover, by suitably exploiting the presence of
sliding modes, entirely new conditions are obtained which ensure
global convergence infinite time, where the convergence time can
be easily estimated on the basis of the relevant neural-network
parameters. The analysis in the paper employs results from the
theory of differential equations with discontinuous right-hand
side as introduced by Filippov. In particular, global convergence
is addressed by using a Lyapunov-like approach based on the
concept of monotone trajectories of a differential inclusion.

Index Terms—Convergence in finite time, discontinuous neuron
activations, Filippov solutions, generalized gradient, global conver-
gence, neural networks.
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I. INTRODUCTION

A BRIEF overview on some common neural-network
models easily reveals that neural networks described by

differential equations with a discontinuous right-hand side
are of importance and do frequently arise in practice. Let us
consider, for example, the classical Hopfield neural networks
(HNNs) with graded response neurons [1]. The standard
assumption is that the activations be employed in the high-gain
limit where they closely approach a discontinuous hard com-
parator function. As shown by Hopfield [1], [2], the high-gain
hypothesis is crucial to make negligible the contribution to the
neural-network energy function of the term depending on the
neuron self inhibitions, and to favor binary output formation.
A conceptually analogous model based on hard comparators is
used also to describe the discrete-time cellular neural networks
(CNNs) [3]. Another important example concerns the class of
neural networks introduced by Kennedy and Chua [4] to solve
linear and nonlinear programming problems. Those networks
exploit constraint neurons with a diode-like input–output
activations. Again, in order to guarantee satisfaction of the
constraints, the diodes are required to possess a very high slope
in the conducting region, i.e., they should approximate the
discontinuous characteristic of an ideal diode [5].

When dealing with dynamical systems possessing high-slope
nonlinear elements it is often advantageous to model them with
a system of differential equations with discontinuous right-hand
side, rather than studying the case where the slope is high but
of finite value [6]. The main advantage of analyzing the ideal
discontinuous case is that such analysis is usually able to give a
clear picture of the salient features of motion, such as the pres-
ence ofsliding modes, i.e., the possibility that trajectories be
confined for some time intervals on discontinuity surfaces. An-
other intriguing phenomenon which is peculiar to discontinuous
systems concerns the possibility that trajectories converge to-
ward an equilibrium point infinite time[7], [8]. This is basically
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in contrast with the case of smooth dynamical systems, where
there can only be asymptotic convergence toward the equilib-
rium.

In recent literature, one of the most investigated dynamical
issues has been to obtain conditions ensuring that a neural net-
work possesses a unique equilibrium point which is globally at-
tractive for the trajectories, see, e.g., [9]–[16], and references
therein. The property of global convergence prevents a neural
network from the risk of getting stuck at some local minimum
of the energy function. Said another way, a globally attractive
neural network is well suited to solve global optimization prob-
lems in real time, as has been demonstrated in a number of prac-
tical applications reported in the literature [12], [14], [17].

All the quoted results on global convergence concern neural
networks where the neuron activations are modeled by Lips-
chitz continuous functions. Thus, they leave open the issue of
global convergence in the limiting ideal case of discontinuous
neuron activations. As was noted before, this issue gained in-
terest since discontinuous neural networks are frequently en-
countered in practice. Moreover, the analysis of the ideal dis-
continuous case might reveal the existence of phenomena, such
as the presence of sliding modes and the global convergence in
finite time, which are known to be potentially useful for the de-
sign of real-time optimization solvers [8], [18], [19].

On the basis of the above discussion, in this paper, we intro-
duce a general class of neural networks which possess discontin-
uous neuron activations (Section II). The neural networks have
an additive interconnecting structure and they include as partic-
ular cases the HNNs [1], and the CNNs [20], in the limiting situ-
ation where the HNNs and CNNs are modeled by neurons with
infinite gain. The paper establishes conditions for the existence
of a unique equilibrium point, and a unique output equilibrium
point (Section III), and then addresses the issue of global conver-
gence toward the unique equilibrium of the state and the output
trajectories (Section IV). The conditions on global convergence,
which are applicable to general nonsymmetric neuron intercon-
nection matrices, are based on the concept of Lyapunov diag-
onally-stable (LDS) neuron interconnection matrices, and they
generalize to the discontinuous case previous results for neural
networks possessing smooth neuron activations [12]. Moreover,
by suitably exploiting the presence of sliding modes, we estab-
lish entirely new conditions ensuring global convergence in fi-
nite time, where the convergence time can be easily estimated on
the basis of the relevant neural-network parameters (Section V).
The main conclusions drawn in the paper are summarized in
Section VI.

The existing literature reports a few other investigations on
discontinuous neural networks, which pertain to a different ap-
plication context, or to different neural architectures. A signif-
icant case is that of HNNs where neurons are modeled by a
hard discontinuous comparator function [21]. Different from
the case addressed in this paper, the analysis in [21] is valid
for symmetric neural networks which possess multiple equilib-
rium points located in saturation regions, i.e., networks useful
to implement content addressable memories. Moreover, at the
basis of those results there are conditions which rule out the
presence of sliding modes (cf. [21, Theorem 4.6]). Another re-
cent paper has introduced a special neural-like architecture for

solving linear programming problems [18] (see also [19]). The
architecture substantially differs from the additive neural net-
works considered in the present study. Moreover, the networks
in [18] are designed as gradient systems of a suitable energy
function, while it is known that additive neural networks of the
Hopfield type are gradient systems only under the restrictive
assumption of symmetry of the neuron interconnection matrix
[12], [22].

To study the class of discontinuous neural networks in this
paper we use concepts from the theory of differential equations
with discontinuous right-hand side as introduced by Filippov
[23]. This theory has become a standard mathematical tool in
a number of engineering applications. In particular, global at-
tractivity of the neural network is addressed via a Lyapunov like
approach based on the concept of monotone trajectories of a dif-
ferential inclusion, see e.g., [7, ch. 5].

A. Preliminaries

Consider a set . The smallest convex set containing
is said to be the convex hull of, and is denoted by . Such
a set always exists and is the intersection of all convex
sets containing . The following properties hold:

for any and ;
, for any , . The closure of the convex hull

of is the intersection of all closed convex sets containing,
and is denoted by , or simply by .

Suppose that to each pointof a set there cor-
responds a nonempty set . Then, is
a set-valued map from . A set-valued map with
nonempty values is said to be upper semicontinuous at
if, for any open set containing , there exists a neigh-
borhood of such that . If is closed, has
nonempty closed values, andis bounded in a neighborhood
of each point , then is upper semicontinuous on if
and only if its graph is closed.

Let : be a locally Lipschitz continuous function.
The Clarke’s generalized gradient ofat [24] is defined
by

where is the set of Lebesgue measure zero where
does not exist, and is an arbitrary set with measure
zero.

The next definitions on matrices will be employed in the
paper.

Definition 1 [25]: Matrix is said to belong to the
class if and only if all the principal minors of are positive.

Definition 2 [26]: Matrix is said to be LDS if
and only if there exists a diagonal and positive definite matrix

such that the symmetric part of

is positive definite.
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(a) (b)

(c) (d)

Fig. 1. Examples of discontinuous functions in the classG : (a) hard comparator (signum) function; (b) piecewise linear monotonically nondecreasing function;
(c) discontinuous strictly increasing function; and (d) multilevel function.

II. NEURAL-NETWORK MODEL AND PROBLEM FORMULATION

This section introduces the neural-network model with dis-
continuous neuron activations which is dealt with in the paper
(Section II-A). Then, the global convergence problem addressed
in the paper is discussed (Section II-B).

A. Neural-Network Model

We consider neural networks described by the system of dif-
ferential equations

(N1)

where is a vector-valued function,
is the vector of the neuron states,

is a diagonal matrix such that , , model
the neuron self-inhibitions, is a matrix whose entries
represent the synaptic neuron interconnections, and is a
vector of constant neuron inputs.

The diagonal mapping has
components that model the nonlinear input-output activations

of the neurons. In the paper, we assume thatbelongs to the fol-
lowing class of discontinuous functions.

Definition 3 (Function Class ): We say that if and
only if, for , satisfies the following assumptions.

a) is piecewise continuous, i.e.,is continuous in except
a countable set of points of discontinuity,, where there
exist finite right and left limits, and , respec-
tively, with ; moreover, has a finite
number of discontinuities on any compact interval of.

b) is bounded.
c) isnondecreasing, i.e., foranyand such that

and iscontinuousat and , it results .
Note from Definition 3 that each function is undefined

at the points of discontinuity . The class of discontinuous
functions includes a number of neuron activations of in-
terest for the applications. For example, the standard hard com-
parator function ( if ,

if , and undefined), and the multi-
level activations, see Fig. 1.
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We remark that in the special case where ,
, we may consider model (N1) as the limit of a

HNN where the maximum gain of the neuron activations tends
to infinity. It is of importance to note that in the actual appli-
cations, the Hopfield networks are indeed usually employed
in such a “high-gain” limit situation [1]. Moreover, the dis-
crete-time CNNs introduced in [3] exploit similar neurons with
infinite gain.

Since for the right-hand side of (N1) is a discon-
tinuous function of the state,, it is needed to explain what is
meant by a solution of a Cauchy problem associated to (N1). A
possible definition, which we shall adopt in this paper, is that of
Filippov [23].

Definition 4 [23]: Let us consider the set-valued map:
defined as

where is an arbitrary set with measure zero. A solution of
(N1) on an interval , , with initial con-
dition , is an absolutely continuous function
defined on , such that , and for almost all
(a.a.) , satisfies the differential inclusion

.
The usefulness in view of the engineering applications of the

concept of solutions in the sense of Filippov derives from the
fact that they are good approximations of solutions of actual
systems with high-gain nonlinearities [6]–[8].

Under the stated assumptions on, i.e., , by ac-
counting for the properties of the convex hull, it is easy to verify
that , where

, and for

(1)

Therefore, it follows that the set-valued map has
nonempty compact convex values. Moreover, it is upper semi-
continuous (see [23, p. 67, Lemma 1]) and hence it is measur-
able. By the measurable selection theorem (see [27, p. 308, Th.
8.1.3]) we have that if is a solution of (N1) on ,
where , then, there exists a bounded measurable
function such that for a.a. , it results in

(2)

Function represents the neural-network output on .
Property 1: Suppose that and . Let

be a solution of (N1) on , where . Then: a)
the neural-network output in (2) is a bounded measurable
function that is uniquely defined by up to a set of measure
zero in ; b) is defined and continuous for all

if and only if is continuously differentiable for all
.

Proof: a) If , from (2) we get
. Since is absolutely continuous,

is differentiable for a.a. . Hence, we have the
result. b) Obvious.

The next result addresses the existence of solutions for (N1).

Property 2: Suppose that . Then, for any
there is at least a local solution of (N1) with initial condition

. Furthermore, any solution is bounded and hence
defined on .

Proof: The local existence of a solution to (N1) on
, , with , is a straightforward con-

sequence of [23, p. 77, Th. 1]. Moreover, sinceis bounded
on and hence also is bounded on , it is seen
that if is sufficiently large, then it results

, , for and for any
. Said another way, points toward

the interior on the boundary of a sufficiently large sphere. There-
fore, if we let , it follows that
on . This means that is bounded and hence defined
on .

By an equilibrium point(EP) of (N1), we mean a
constant solution of (N1), , . Clearly, is
an EP of (N1) if and only if [7]

(3)

If is an EP of (N1), from (3) it turns out that there exists a
vector such that

(4)

We say that is anoutput equilibrium point(OEP) of (N1) cor-
responding to .

Proposition 1: Suppose that and . Let
be an EP of (N1). Then, there exists a unique OEPof

(N1) corresponding to.
Proof: Let be an EP of (N1), and be a corresponding

OEP of (N1) as defined in (4). Then,
turns out to be the unique OEP of (N1) corresponding

to .
When the results given in Proposition 1 and Prop-

erty 1 are in general false, as it is illustrated in the next example.
Example 1: Let us consider the second-order neural network

where for , for , and
undefined. It results , and from (1) we have

, , 2, since . Hence,
, i.e., on the basis of (3), is an EP of the neural

network. Moreover, it can be verified that the equilibrium point
is unique. However, the infinitely many vectors
with , and , are OEPs of (N1) corre-
sponding to the EP .

Now, consider the equilibrium solution , ,
and the corresponding output , which satisfies
(2). Then, also , where is an arbitrary measur-
able function on such that

, satisfies (2). This
implies that the neural-network output is not uniquely defined
by the neuron state.1

1This situation is not acceptable, since in this paper we are interested in con-
ditions ensuring convergence of the neural-network output.
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B. Problem Formulation

The goal of this paper is to find conditions on the neuron
interconnection matrix , which ensure that (N1) has a unique
EP , and a unique corresponding OEP. Moreover, we are
interested in the case whereand are globally attractive for
the neural-network state and output trajectories, respectively.

It is of importance to remark that while global attractivity
of an EP can be defined in the usual way (cf. Definition 5
below), there are difficulties to define an analogous concept for
the OEP . In fact, the measurable function , which repre-
sents the neuron outputs (cf. (2)), is in general defined only for
a.a. , so that it is not always possible to consider its
limit as , as for a continuous function. To overcome
this difficulty, we introduce a weaker notion of limit, which is
applicable to any measurable function , namely the limit in
measure of (see Definition 6 below). Then, we show that
this notion is as useful as the usual concept of limit in view of
the neural-network applications. Moreover, we point out situa-
tions of practical interest where the standard concepts of limit
and global attractivity can be employed also for the outputs.
Finally, an important case is singled out, i.e., that where there is
global convergence of the state and the output trajectories infi-
nite time.

Let us recall the standard definition of global attractivity of
an EP of (N1).

Definition 5: The EP of (N1) is said to be globally attractive
(GA) if, for each , any trajectory of (N1),

, with , is such that .
Let us now address the definition of global attractivity of an

OEP of (N1). To this end, we introduce the following concepts.
Definition 6: Let : be a measurable func-

tion, and . We will say that is the limit in measure of
as , and we write , if

such that

Moreover, we will say that is an almost cluster point
of as if

The following result establishes a link between the concept
of limit in measure and almost cluster point, which will be em-
ployed in the paper.

Proposition 2: Suppose that : is a
measurable function, and is a compact set. If
has a unique almost cluster point as , then

.
Proof: See Appendix I.

On the basis of the previous considerations, we give the next
definition.

Definition 7: Let be an OEP of (N1) corresponding to
the EP of (N1). The OEP is said to be -globally attrac-
tive ( -GA) if, for each , any trajectory of (N1),

, with , is such that in (2) verifies
.

The above definition of -GA can be applied to general cases
where the neural-network output is only measurable. In
this paper we will encounter situations where we can employ
the standard concept of global attractivity also for the outputs

. A typical case is that where turns out to be defined
and continuous for all , for some (cf. (b) of
Property 1). To deal with these situations, we introduce the next
definition.

Definition 8: Let be an OEP of (N1) corresponding to
the EP of (N1). The OEP is said to be Globally Attrac-
tive (GA) if, for each , any trajectory of (N1),

, with , is such that in (2) verifies
the next properties.

a) is defined and continuous for all , for some
.

b) it results .
Finally, with the next definition, we single out a situation

where there is global convergence in finite time.
Definition 9: The neural network (N1) is said to be globally

convergent in finite time if the following conditions hold.

1) (N1) has a unique EPand a unique corresponding OEP
.

2) for each , any trajectory of (N1),
, with , is such that it results ,

for , for some . Moreover, in (2) verifies
for .

Remarks:
1. From Definition 9, it is seen that if (N1) is globally conver-

gent in finite time, then it has a GA EPand a corresponding
GA OEP . However, the notion of convergence in finite time
is much stronger than global attractivity, since it implies that
the state and outputs become exactly equal to their
limits after some finite time has elapsed. Convergence in finite
time represents a peculiar feature of systems described by vector
fields which are discontinuous in the state [6], [8], [18]. We re-
call that on the contrary for systems described by smooth vector
fields there can be only asymptotic convergence of trajectories
toward the limit.

2. It is of interest to discuss in some more details the engi-
neering significance of the-limit as given in Definition 6. To
this end, let us point out the following result.

Property 3: Suppose that : is a mea-
surable function such that . Let us
consider the system of first-order differential equations

(5)

where and is a positive constant. Then, any solution
of (5) satisfies

Proof: See Appendix II.
Property 3 has a simple interpretation, namely, if the neuron

output is passed through a first-order low-pass filter
with transfer function , then the filter output

admits as an ordinary limit. In summary, though weaker
than the ordinary notion of limit, the-limit is actually almost
as useful for the engineering applications of neural networks.
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(a)

(b)

Fig. 2. (a) Time-domain evolution of the state variablex (t). (b) Evolution of
the corresponding output
 (t), for the neural network of Example 2.

3. In the standard case considered in the literature where the
neuron activations are continuous and monotone functions, it
is easy to see that global attractivity of an EPalso implies
global attractivity of the output . Unfortunately, this prop-
erty is no longer valid for the class of discontinuous activations

, as shown in the next Example 2. Therefore, for discon-
tinuous activations it is needed to address separately both global
convergence of the state variables and the output variables.

Example 2: Let us consider the second-order neural network

The neural network possesses a unique EP and a unique
corresponding OEP . By explicitly solving the equations,
it is found that for each initial condition , the trajec-
tories are such that as , i.e., is
GA. This is confirmed by numerical simulations of the neural
network obtained with MATLAB, see Fig. 2(a). However,
and tend to 0 while indefinitely oscillating between neg-
ative and positive values. Therefore, the corresponding neuron

outputs indefinitely oscillate between the neuron satura-
tion levels 1 and 1. It is also straightforward to see that the
outputs have 1 and 1 as almost cluster points as ,
and does not admit a -limit as , i.e., the OEP

is not GA, nor -GA [see Fig. 2(b)]. Note in partic-
ular that is not -GA even though is GA and

.

III. EXISTENCE AND UNIQUENESS OFEQUILIBRIUM POINT

In this section, we address the existence and uniqueness of
the EP and the corresponding OEP of (N1). These properties
are a prerequisite for the global attractivity of the EP and OEP
of (N1), which is studied in Section IV and Section V. Moreover,
we study how the EP and OEP of (N1) depend upon the neural-
network input.

We begin by addressing the existence issue.
Property 4: Suppose that . Then, there exists at least

an EP of (N1), and a corresponding OEPof (N1).
Proof: It suffices to observe that the set-valued map

: is upper semi-
continuous with nonempty compact convex values. Moreover,
since is bounded and hence is bounded, it follows
that maps a ball centered at the origin, and of sufficiently
large radius, into itself. Therefore, from Kakutani’s fixed point
theorem (see, e.g., [7, p. 85, Corollary 1]), it follows that there
exists at least one fixed point of, i.e., a point such that

, which also represents an EP of (N1). Finally, from
(4), we have the existence of an OEPof (N1) corresponding
to .

The main result in this section is given in the next theorem.
Theorem 1: Suppose that . Then, for any neuron

activations , any diagonal matrix , and any input vector
, (N1) has a unique EP and a unique corresponding

OEP .
Proof: If the OEP of (N1) is unique, then this is true also

for the EP of (N1). In fact, we have . Then,
it suffices to study the uniqueness of the OEP.

Suppose, for contradiction, that there exist two distinct OEPs
and of (N1). By definition, there are two EPs and

of (N1) such that , , and
, . Hence

(6)

Now suppose, without loss of generality, that it results
for , and for , where

. Let us introduce the vectors
and , , 2. In a similar

way we can define and . Let us also
introduce the matrices and

, and subdivide in an analogous way
into the sub-matrices , ,

, and .
By substituting in (6), and taking into account that

, we get

(7)
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Consider any , hence . Since functions
are nondecreasing (see (c) of Definition 3), it immediately

follows that . Therefore, the
first equation of system (7) yields

where .
Since , and is a diagonal matrix with non-

negative diagonal entries, we also have
[25]. Then, in particular, , so that

, which is a contradiction.
Suppose that and . Due to Theorem 1, we

can define two maps, : and : , as
follows

Namely, maps and associate to the neural-network input,
, the unique EP of (N1), and the unique corresponding OEP
of (N1), respectively.
Moreover, let us consider the map: defined

as

(8)

Since , we have , where

(9)

is the graph of the set-valued map that models the neuron
activations.

The following property holds.
Property 5: Suppose that and . Then, is a

homeomorphism from onto , i.e., is injective, and the
inverse are continuous, and .

Proof: See Appendix III.
Property 5 states that both the EPand the corresponding

OEP of (N1) depend continuously upon the neural-network
input . Moreover, the pairs constituted byand describe the
graph of the set-valued map when varies on , i.e.,

is a global parameterization of.

IV. GLOBAL CONVERGENCE OFNEURAL NETWORK

In this section, we use an approach based on the concept of
Lyapunov functions to address global convergence of the state
trajectories and global convergence in measure of the output
trajectories of the neural network.

The main result in this section is as follows.
Theorem 2: Suppose that . Then, for any neuron

activations , any diagonal matrix , and any input vector
, (N1) has a unique EP which is GA, and a unique

corresponding OEP which is -GA.
Theorem 2 has wide applicability, indeed it includes classes

of interconnection matrices of theoretical as well as practical
interest in the neural-network field [12], such as symmetric
and negative definite matrices and skew-symmetric matrices
with negative diagonal entries. Moreover, cooperative neural

networks where is an -matrix, and cooperative-compet-
itive neural networks where is an -matrix with positive
diagonal elements, are such that .2

It is also worth to remark that the LDS condition in The-
orem 2 is robust, namely, if , then the perturbed
interconnection matrix is still LDS, for sufficiently
small . The allowed which preserves the LDS con-
dition can be quantitatively estimated by using techniques such
as those described in [12]. This robustness property of global
convergence is highly desirable in view of the applications. In
fact, due to tolerances, in the actual electronic implementation
it is not possible to exactly realize the nominal matrix.3

Proof of Theorem 2:The hypothesis implies
. Let be the unique EP of (N1), andbe the unique

corresponding OEP of (N1) (see Theorem 1), i.e.,
and . The change of variable
translates into the origin. The neural network is described in
terms of variables by

, hence

(N2)

where

(10)

Proposition 3: Suppose that . Then, as defined in
(10) satisfies the following properties.

i) .
ii) .
iii) Let be a diagonal matrix with

, . Then

(11)

Proof of Proposition 3: (i) Obvious. (ii) We have
. Since , we conclude that

. (iii) It is an immediate consequence of the fact
that the graph of , , belongs to the first and
third quadrant of the space .

From (ii) of Proposition 3 it immediately follows that (N2)
has a unique EP and a unique corresponding OEP .
Moreover, if is a solution of (N2) on ,

, then there exists a bounded measurable functionsuch
that for a.a. it results in

(12)

To proceed in the proof of Theorem 2, we use the concept
of monotone trajectories of (N2) (see [7, p. 293, Definition
1]). Since , there exists some diagonal matrix

, with , , such
that is positive definite. Consider the (candidate)

2We refer the reader to [26] for a review on the most commonly employed
classes of LDS matrices, [12] for numerical techniques to verify the LDS con-
dition, and [13] for a review on results on global convergence of other classes
of neural networks involving the concept of LDS matrices.

3To understand the importance of such a robustness issue, note for compar-
ison that there are other classes of neural networks for which the convergence
properties are instead not preserved whenT is perturbed [28], [29].



1428 IEEE TRANSACTIONS ON CIRCUITS AND SYSTEMS—I: FUNDAMENTAL THEORY AND APPLICATIONS, VOL. 50, NO. 11, NOVEMBER 2003

Lyapunov function, : , of the Lur’e Postnikov type
(cf. [12])

(13)

where

(14)

and

(15)

Note that under condition (14), being
, it follows that

(16)

Since (see (i) of Proposition 3), turns out to be
positive definite, i.e., and if . Con-
sider also the positive definite function :

(17)

The following holds.
Proposition 4: Suppose that and . Then,

each trajectory of (N2) is monotone for with
respect to function defined in (13) and function defined in
(17), i.e.,

Proof of Proposition 4: The proof is an immediate conse-
quence of the next basic lemma.

Lemma 1: Suppose that and . Then, for
a.a. , satisfies the Lyapunov property

(18)

where is defined in (16) and is defined in (12).
Proof of Lemma 1:See Appendix IV.

To prove Proposition 4 it suffices to note that, on the basis of
Lemma 1, we have

for a.a. , and integrate this inequality on the interval
.

By exploiting the result in Proposition 4 we are in a position
to complete the proof of Theorem 2. It is seen that function
in (13) is positive definite and radially unbounded (

as ). Moreover, from Lemma 1, is
negative definite, i.e., and for .
Therefore, the EP of (N2) is GA, hence the EPof (N1)
is GA.

Then, we address convergence of . From Proposition 4
and [7, p. 311, Th. 3] it turns out that the almost cluster points

of , as , satisfy the equation
. Therefore, is the unique almost cluster

point of , as , corresponding to the EP of
(N2).

Now, let us prove that is the unique almost cluster
point of the outputs . To this end, consider for any
solution of (N2). From Proposition 4, is monotone with
respect to and . Moreover, for a.a.

, where , or equivalently

for a.a. . It is known that for
, and for any ,
. Then, it is easily seen that is the unique

almost cluster point of as . From Proposition 2, it
follows that is -GA. Therefore, also the OEPof (N1)
is -GA.

V. STRONGER GLOBAL CONVERGENCE

PROPERTIES OFNEURAL NETWORK

Under the hypotheses and , Theorem 2
ensures GA of the EPof (N1), and -GA of the corresponding
OEP of (N1), for all neural-network inputs . The goal
of this section is to show that foralmost allinputs it is possible
to establish the standard property of GA, as in Definition 8, also
for the OEP (Section V-A). Moreover, we can find well char-
acterized sets of inputs, whose measure is nonzero, for which
there is global convergence of (N1) infinite timeto and , as
in Definition 9 (Section V-B).

A. Global Attractivity of the Output Equilibrium Point

Suppose that and . For a given input
vector to the neural network, we denote henceforth by

the unique EP of (N1), and by
the unique corresponding OEP of (N1) (cf. Theorem 1). Let

is discontinuous at (19)

is continuous at (20)

Note that if , then is
an interval with a nonempty interior . Instead, if

, is a singleton.
Next, we define two sets of inputswhich play a crucial role

to establish GA of .
Definition 10: Suppose that and . Let

or

and

and

such that

When , one of the situations illustrated in Fig. 3(a),
(b) is verified by and , for all . On the contrary,
when , for some we have the situation
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(a) (b)

(c)

Fig. 3. Geometrical interpretation of the sets of inputsI andI . (a)I 2 I andi 2 � (e). (b) I 2 I andi 2 � (e). (c) I 2 I andi 2 � (e).

represented in Fig. 3(c). Note in particular from Fig. 3(b) that if
and , then, it results in

(21)

(22)

where functions are the components of defined in (10).
It is intuitively clear that the situation of Fig. 3(c) is not

generic. This idea is made precise by the next property.
Property 6: Suppose that and . Then, set

is open. Moreover, and .
Proof: See Appendix V.

The main result on global attractivity of the OEP of the neural
network is as follows.

Theorem 3: Suppose that and . Then, for
any input vector (i.e., for almost all vectors ),
(N1) has a unique EPwhich is GA, and a unique corresponding
OEP which is GA.

Proof: It suffices to prove that the OEP is GA for
(N2). We note these facts. Suppose that and ,
and consider the neural networks (N1) and (N2). From Theorem
2, it is known that the EP of (N2) is GA, hence any tra-
jectory of (N2) satisfies as . Suppose
that , i.e., is continuous at and is continuous
at 0. Then, being and piecewise continuous, as

also implies that in (12) is defined and contin-
uous for , for some (see Property 1), and
as . To prove GA of the OEP of (N2) we thus
need to show that is defined and continuous for ,
for some , and as , also for any

. To this end, we consider three different cases.
i) . From Theorem 2, it is known that

as . Since , , are continuous at 0, we
immediately conclude that is defined and continuous for

, for some , and as .
ii) ; . Suppose, without loss

of generality, that and
, where . Let ,

, and subdivide vectors and matrices that define
(N2), accordingly.

From (N2), we get

(ND)

where . More-
over, is defined and continuous
for , for some , and as .

Let us consider for (ND) the (candidate) Lyapunov function
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where

and

with . Under the assumption
, it can be easily verified that is positive

definite, hence .
The following lemma holds.
Lemma 2: Suppose that and . Further-

more, suppose that and that ,
. Then, there exists and a constant

such that for a.a. it results for
.

Proof: See Appendix VI.
By integrating between and the inequality for

of Lemma 2, we conclude that for , where
, we have . Hence,

for .
Then, for system (ND) reduces to

, where is defined and continuous for
, and as . Moreover, since

, it follows that is nonsingular, hence
is defined and continuous for ,

and as .
iii) . From Lemma 1 we obtain

. Taking into account (21) and (22), for
we have , where

Therefore, it results and for , where

(23)

From (N2) we get . Hence, for , i.e.,
and become 0 in finite time.

B. Global Convergence in Finite Time

In this section, we establish a condition ensuring that the
neural network (N1) is globally convergent in finite time.

Let

is discontinuous at (24)

Note that if and only if, for all , has at
least a point of discontinuity. The next set of inputsplays a
crucial role in the study of global convergence of (N1) in finite
time.

Definition 11: Suppose that and . More-
over, assume that . Let

and

where is the unique EP of (N1) and is given in Definition
10.

Set corresponds to vectors such that, for all
, the component of is discontinuous at

. That is, the situation illustrated in Fig. 3(b) is verified for

. This set can be explicitly characterized, as shown
in the next result.

Property 7: Suppose that and . More-
over, assume that . Then, is a nonempty open set
which can be represented as follows:

where, for

with

is the interior of the parallelotope in defined by the ver-
texes

Proof: The property immediately follows from the fact
that matrix defines a nonsingular linear operator.

In the particular interesting case where the neurons activa-
tions are modeled by , , as in the
Hopfield model, we have and , where

is the interior of the parallelotope in defined by the
vertexes

Example 3: Let us consider the second-order neural network

(25)

which is obtained from the network of Example 2 by
adding neuron self-connections equal to1/4 and a
generic input . By choosing , we obtain

, i.e., . It turns out
that is the interior of the parallelotope in
with vertexes , , , and

.
The following theorem holds.
Theorem 4: Suppose that and . Further-

more, suppose that (hence ), and .
Then, (N1) is globally convergent in finite time. Moreover, the
convergence time of a trajectory of (N1), which is defined
as

for

satisfies

(26)

where

(27)

(28)

and for

(29)

(30)



FORTI AND NISTRI: GLOBAL CONVERGENCE OF NEURAL NETWORKS WITH DISCONTINUOUS NEURON ACTIVATIONS 1431

To the authors’ knowledge, Theorem 4 is the first general re-
sult on global convergence in finite time for the additive neural-
network model (N1). It is pointed out, from (26), that the es-
timated convergence time is influenced by the neuron inter-
connection matrix , through the eigenvalue , and by the
location of the OEP within , through parameter (cf.
(29) and (30)). Moreover, depends on the distance of the ini-
tial condition from the EP . The distance corresponds to
the integral term at the right-hand side of (26), which also rep-
resents the energy part of related to the neuron nonlinearities

, (cf. (13)).
We observe that since satisfies (iii) of Proposition 3, and
are bounded on , i.e., , for some , and

any , we obtain from (26) the explicit estimate

Finally, when the neurons activations are modeled by
, , as in the Hopfield model, by taking into

account that , (26) reduces to the simple
formula

(31)

Proof of Theorem 4:For , we have
. Hence, global convergence in finite time of (N1)

can be proved as in point (iii) of the proof of Theorem 3.
Let us now verify the estimate of the convergence time in (26).

From (23), we have

where is defined in (13), in (16), and in (28). Moreover,
constant satisfies (14).

In accordance to (14), we can choose for any

where . Let
. Therefore, from (16) we get

. Hence, by taking
into account (13), we have

Since the last equation is valid for any , by taking the limit
as we obtain

Hence, the result in (26) follows by recalling that
, .

The next examples illustrate the result in Theorem 4.

(a)

(b)

Fig. 4. (a) Time-domain evolution of the state variablex (t). (b) Evolution of
the corresponding output
 (t), for the neural network of Example 4.

Example 4: Let us consider the second-order neural network

(32)

which is obtained from the network of Example 2 by adding
neuron self connections equal to1/4.

The neural network has a unique EP and a unique cor-
responding OEP . As noticed in Example 3, by choosing

, we have , i.e.,
. Moreover, from Example 3, it is seen that

. Therefore, the conditions of Theorem 4 hold and (32)
is globally convergent in finite time.

Fig. 4 depicts the state trajectory , and the corresponding
output , for a solution of (32) starting at ,
as obtained through computer simulations with MATLAB. It
is seen that the oscillations rapidly extinguish and ,
converge to their limit in finite time. This is in contrast with
Example 2, where and indefinitely oscillate as

(cf. Fig. 2).
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(a)

(b)

Fig. 5. (a) Time-domain evolution of the state variablex (t). (b) Evolution of
the corresponding output
 (t), for the neural network of Example 5.

Let us now verify the estimate (26) (or (31)) of the conver-
gence time. It results and , hence from (31) we
get . For the trajectory consid-
ered in Fig. 4, which corresponds to , we obtain

. From Fig. 4, it is seen that the actual convergence time
is less than 2.5, in agreement with (31).4

Example 5: In the final example, we add a nonzero input to
the neural network (32), i.e., we consider

(33)

From Example 3, . From
(1), it is easy to verify that ,

. Hence, , i.e., is

4We also see that the estimatet of t in (26) (or (31)) is quite conservative in
this example. This is due to the fact that some terms in the expression of the time
derivative of the energyV , as it was obtained in Lemma 1, were not accounted
for to arrive at (26). Taking into account such terms would render the expression
of the estimated convergence time more complex and less straightforward to
apply with respect to (26).

still an EP of the neural network (cf. (3)). The EP
is unique, however the nonzero input has shifted the unique
corresponding OEP to . The hypotheses
of Theorem 4 are satisfied and (33) is globally convergent
in finite time. Now it results , hence the estimated
convergence time of a trajectory of (33) starting at is
twice that of a trajectory of (32) with the same initial condition.
As an example, for a trajectory starting at , we
have . Once more, these results are confirmed by
numerical simulations, see Fig. 5.

VI. CONCLUSION

The paper has performed a thorough analysis of global con-
vergence for a large class of neural networks where the neuron
activations are modeled by discontinuous functions.

It has been shown that the condition of LDS neuron intercon-
nection matrices ensures global convergence of both the state
and the output trajectories of the neural network toward a unique
equilibrium point. These results represent a generalization to the
discontinuous case of previous results obtained for neural net-
works described by smooth vector fields.

Moreover, entirely new conditions have been obtained which
guarantee global convergence of the state and the output trajec-
tories in finite time. Explicit and easy-to-apply formulas have
been derived to evaluate the finite convergence time of each
trajectory. The conditions involve the LDS concept and, in ad-
dition, suitable assumptions on the location of the equilibrium
point, with respect to the discontinuities of the neuron activa-
tions, which admit a clear geometrical interpretation.

Future work aims at exploiting the results in this paper,
notably the presence of sliding modes, and the conditions for
global convergence in finite time, to efficiently solve classes of
optimization problems arising in practical applications.

APPENDIX I
PROOF OFPROPOSITION2

We will employ the next known result.
Proposition 5 [7, p. 313, Th. 4]:Suppose that :

is a measurable function, and is a
compact set. Then, has at least an almost cluster point

as .
Observe that if is the unique almost cluster point of

as , then

(34)

To prove (34), suppose for purposes of contradiction that there
exists such that

. Let , and consider
function : , which is defined as the restriction ofto

, where . Then, by using an argument as in the
proof of [7, p. 313, Th. 4], it turns out thathas an almost cluster
point different from . This contradicts the uniqueness of
the almost cluster point.

Now, we show that (34) implies . Once
more suppose for purposes of contradiction that there exists

such that for any it results
. Pick and let
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. Then, . Therefore, due to the
definition of Lebesgue measure of a set [30], there exists a com-
pact set such that . Let ,

, and .
Again, we have . Hence, there is a compact set

such that . By induction, we
can construct a sequence of compact sets such that

, for each , and
for each .

In conclusion, ,
which contradicts (34)

APPENDIX II
PROOF OFPROPERTY3

For simplicity we verify the property for . For
we have

Therefore, it suffices to show that . To this
end, recall that by hypothesis, for all , there exists
such that . For
function
satisfies

Since and also take their values in a compact

set, we have for some ,
. Moreover,

,
where ,

, and
for all .

Since , and ,

. In conclusion, for each it results

By taking the limit as , we obtain
. Since is an arbitrary positive number, it follows

that .

APPENDIX III
PROOF OFPROPERTY5

We begin by showing that maps and are continuous
on . Let , and , ,
2. Suppose, without loss of generality, that it results
for , and for , where

. According to the argument and the notations in the
proof of Theorem 1, let us consider the system

Since functions , , are nondecreasing, we have
for some , and .

Therefore, recalling that , it results
, where

. This, together with the fact that ,
proves the continuity of . Furthermore, from the equation

it follows also the
continuity of .

Now, let us prove that map is injective. In fact, let ,
with and assume, for purposes of contradiction, that

. In this case it results and
. Hence, , a contradiction.

Furthermore, from the continuity of , and from the
equation , where

, , 2, the continuity of
immediately follows. Therefore, is a homeomorphism from

to .
Finally, let us show that . In fact, let and

, and consider .
We want to prove that . To this end, note that we
have . Therefore, by the same argument
as in the proof of Theorem 1, it is an easy matter to show that it
results and .

APPENDIX IV
PROOF OFLEMMA 1

The next technical result is crucial for computing and
prove Lemma 1.

Proposition 6 (Chain rule):Suppose that . Consider
function as defined in (13), and let , , be any
solution of (N2). Then, is differentiable for a.a.
and it results

Proof of Proposition 6: Since (cf. (i) of Proposi-
tion 3), it follows that is a convex, locally Lipschitz contin-
uous function. Then, is defined almost everywhere in
and it is locally bounded. Moreover, any solution of (12)
is locally Lipschitz, since is locally bounded. This implies
that is strictly differentiable for a.a. [24, Proposition
2.2.4], and is regular at any [24, Proposition 2.3.6].
Therefore, the result in the proposition follows by applying [24,
Proposition 2.3.9-(iii)].

To explicitly evaluate , note that it results from (13)

Moreover, from Proposition 6 we have for a.a.

Let us choose
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where is defined in (12). Then

with . Therefore, we obtain

where on the basis of (iii) of Proposition 3.
By adding and subtracting , and

accounting for (16), it results

APPENDIX V
PROOF OFPROPERTY6

By the continuity of the map defined in (8), it follows that
set is open.

Then, we show that . Let , hence
. We begin by proving that any neighborhoodof

contains some , and then , i.e.,
. Since is a homeomorphism from onto the graph

of (see Property 5), it sends open sets into open sets,
hence is a neighborhood of contained
in the graph of . Therefore, there exists such that
for any it results with , or

with and . Thus, .
Furthermore, . In fact, let . Since

and is open, we have .
Finally, it remains to show that . To this end,

we observe that if we drop a row and a corresponding column
of the matrices and , and the corresponding component of
the vector in (N1), we obtain a system describing the dynam-
ical behavior of the remaining neurons. Such a system
satisfies the same assumptions as the original one. Thus, in par-
ticular, if we denote by the map corresponding to the map
for the original system (N1) (cf. (8)), we have thatis a home-
omorphism and , where is the graph of the
set-valued map which is obtained by eliminating the ac-
tivation of the suppressed neuron (cf. Property 5).

Suppose now, without loss of generality, that
, or , where the

pair denotes the first component of and

. Denote by and the matrices
obtained by suppressing the first row and first column ofand

respectively.
Then, consider the sets

For any we have ,
where . Furthermore, one can easily see that

, where denotes the scalar product
associated to the Euclidean norm andis the unique solution
of the algebraic system , with .
Therefore, if we denote by the map from onto given
by , where , it is straightforward
to prove that it is a homeomorphism.

In conclusion

where is a homeomorphism. Hence, is a
-dimensional manifold in with global parameteri-

zation . Therefore, .
Finally, since the number of discontinuities of map is

countable, the set is contained in a countable number of
sets of measure zero and so has measure zero.

APPENDIX VI
PROOF OFLEMMA 2

By an argument analogous to that in the proof of Lemma 1
(see Appendix IV), we get

for a.a. , where . Then

where
as ,

since as , and , are bounded.
Suppose that . Let us define

(cf. (21) and (22)). By
noting that and that functions ,

, are nondecreasing, we obtain .
Hence

Since as , there exists such that for
and it results in
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