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Abstract. In this paper we provide conditions to ensure the existence, for
€ > 0 sufficiently small, of periodic solutions of given period T' > 0 for a class of
singularly perturbed first order differential systems. Here € > 0 is the perturba-
tion parameter. Our approach, based on the topological degree theory and the
averaging theory, permits to weaken the conditions in ([5], Theorem 2) under
which the existence of periodic solutions is proved.
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Introduction

The starting point for the present work is the paper by K. Schneider [5], de-
voted to the extension of the theory of vibrational stabilizability to singularly
perturbed first order control problems. A basic tool for such extension is repre-
sented by the averaging theory. In order to apply this theory the author assumes
that an appropriate coordinate trasformation of the slow variable is a periodic
diffeomorphism of fixed period. Indeed, this trasformation reduces the consid-
ered system to the standard form for the application of the classical averaging
principle, (see, for instance, [2]); this, in turn, permits to prove the existence
of periodic solutions for sufficiently small values of the perturbation parameter
€ > 0. The change of variable is introduced by means of a differential equation
which is supposed to have a T-periodic solution for any initial condition in a
suitable ball (assumption (Ag) of [5]).

Following [1], [4] and [6] we propose here an approach which combines the
topological degree theory and the averaging theory. This approach allows us
to assume the periodicity condition for the coordinate trasformation only on
the boundary of a given domain of the state space of the slow variable and
then to derive, for any € > 0 sufficiently small, the existence of a periodic
solution for the system whose slow component is contained in the interior of the
domain. We consider here the class of singularly perturbed systems introduced
by Schneider in his paper. However, in this paper we do not look at the problem
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from the control point of view, but rather we treat the general problem of the
existence of periodic solutions of the considered class of singularly perturbed
first order differential systems. The main result together with the preliminaries
and assumptions are presented in Section 1. In Section 2 we illustrate the
main result by an example of singularly perturbed system in R® in which the
boundary of the above mentioned domain is a circumference, which represents
the slow periodic solution of the system at e = 0.

Finally, we would like to remark that as a direct consequence of our result
we obtain a result of the classical theory of ordinary differential equation ([3],
Theorem 3.1, p. 362).

1. Assumptions and Results

In this paper we consider the following system of differential equations

{ &(t) = ed(t, x(t), y(t)) + ¥u(t, z(t)), (1)
g(t) = Pa(t, (1), y(1)) — Ay(b),

where ¢ : R x R¥ x R™ — R*, ¢y : Rx R* — RF, and ¢ : R x R x
R™ — R™ are continuous functions, which are T-periodic with respect to time
t. Moreover, v is continuously differentiable with respect to the second variable
x. Ais a m X m matrix. We assume that the matrix A has not eigenvalues
on the immaginary axis. Consequently the space R can be represented as the
direct sum E; @& E_ of the eigenspaces Fy corresponding to the eigenvalues
with positive and negative parts respectively. If we denote by Ay and A_ the
restrictions of A to E4 and E_ respectively and by Py and P_ the projectors
on E; and E_ then we have the following dichotomy

lem A Pyl <ce™®, e TP <ce®,  t>0, (2)

for some 0 > 0. We introduce now in R™ the norm given by
]| = max{([| Pyx|, [ P-z[])}.

We also assume that for every bounded set B C R” there exists a constant
M(B) such that

[2(t, 2, 9) || < M(B) +~llyll, (3)
where x € B and
1)
-. 4
v< (4)
We denote by (¢, to, ) the solution of the Cauchy problem
{#0=wse),  rebm) 5
x(to) = f



We state the following property for the solution map & — Q(¢, to, &), which will
be useful in the sequel.

Lemma 1 Let z € C1([0,T],R™), f € C([0,T],R™) and b € R™. If

¢ 90 . ¢
5(3,0, z(s))2(s)ds + z(0) = b+ /f(s)ds, (6)
0 0
then .
z(t) = b+/2—2(07&Q(&O,z(s)))f(s)ds. (7)
0

Proof. Take the derivative of (6) with respect to ¢ obtaining

C20:0,2(0)2(0) = ). )

Derive with respect to £ the identity

Q(0,¢,9(t,0,8)) =¢

to obtain 50 50
a(oatag(taoag))g(t(lf) = [a (9)
k . 00
whenever £ € R”. Applying now F(O,t,ﬁ(t,o,z(t))) to (8) we get
z
. [)9]

Finally, integrating this equation from 0 to ¢ and observing that from (6) we
have z(0) = b, one has (7). d

Let us now denote by 7,(t, s,&) the solution of the Cauchy problem

T
{ )~ G000 + 406060010 (10)

where y is a T-periodic continuous function and ¢, s € [0,T]. For y = 0 we write
no(t, s,€). In the sequel we will denote by ||y||c, the norm of y in the Banach
space C(R™) of T-periodic continuous functions.

We can state the following main result.

Theorem 1 Assume that there exists an open bounded set U C R” such that

(A1) QT,0,€) =& for all € € OU;



cM

(A2) my(0,5,8) # my(T,5,€) for all s € [0, 7], £ € OU and |lyller < 5—,

where M = supte[O’T]supfeﬁHQ(t’075)”7'

(A3) deg (nO(Ta Ta ) - nO(Oa Ta ')7 Ua O) 7& 0.

Then there exists ¢ > 0 such that for e € (0,¢y) system (1) has at least one
T-periodic solution (x,y) such that

cM

2(0,t,z(t)) €U forany te€[0,T] and lyller < 5o

For the proof of this theorem we need the following lemma.

Lemma 2 Let n(t, s) be the solution of the problem

{ () = A(t)=(t) + f (1),
z(s) = 0.

where A(t) is a T-periodic continuous k X k matriz and [ is a T-periodic con-
tinuous function taking values in R”*. We have that

nUﬁ%fmuﬁzy/Xf%ﬂfﬁMT

where X (t) is a fundamental matriz of the linear system

such that X (0) = I.

Proof of Lemma 2. Since n(t,s) = [ X(t)X (1) f(7)dr, we have that

S

T

0
n@@—mmﬁ=/X@M“ﬁﬁmw—/X*ﬁﬁmm. (1)

S

Make the change of variable 7 = u + T in the integral

obtaining

J:

S

X)X MT +uw) f(T +u)du =

S

'ﬂ\o
hy
=
[}

-
)ﬂ
g
5
+
£
=
&
Y
e
I

Y~—-o



0
= / O(T)e MerMT+HI X YT 4 ) f(u)du,
s=T

where ®(t)e is a Floquet representation of X(t). Therefore eMX~1(t) =
®~1(t), then
eA(T+TL)X—1(T + U,) — eAuX—l(u)

and
0 0
J = / d(0)e M M X (w) f(u)du = /Xfl(u)f(u)du.

Therefore from (11) we have

0
n(T,s) —n(0,s) X Yr dT+/X Y f(r)dr =
s=T 0

= / XY7)f(r)dr. (12)
T

S—

‘Which is the claim. O

Q

Remark 1 From (9), (12) and the fact that %(t, 0,&) is the fundamental ma-
2

triz of (10) with ¢ =0, we can deduce the following formula

T
(T T.9 - w(O.7.6) = [ T20.7.9(0.)6(r(7.0.8),0)dr
0

for & € OU.
Proof of Theorem 1. The existence of T-periodic solutions for system (1) is

equivalent to the existence of solution pairs (x,y) € C([0,T], R*) x Cr(R™) of
the following system

z(t) =z(T) + € [ ¢(s,z(s),y(s))ds + fwl(s,x(s))ds,

Yo (t) = e A (L = AT 1Ofe-A+<T ) Pytia(s, (s), () ds+
[ A P55 (13
() = AT (AT 17 AP (s, 2(6), ()5

- f eA_(Sit)P—qu?(sv $(S), y(s))ds,

t




where y; = P,y and y_ = P_y. Consider the change of variable

x(t) = Q(¢, 0, 2(¢)), t € 0,7, (14)
with inverse given by

z(t) = Q(0, ¢, z(t)), te[0,T). (15)

Observe that if x is the first coordinate of the solution of system (13), then x is
differentiable and therefore from (14) z is also differentiable. Consider

d o0 o0 .
aQ(ta Oa Z(t)) - a(tv Oa Z(t)) + %(ta 07 Z(t))z(t)v (16)

since 50
E(tv 0, Z(t)) = '(/)1 (ta Q(t7 0, Z(t)))v

from (16) we have that
Q
(5,0, 2())£(s)ds,

O(t,0,2(t)) — /7,[11 $,9(s,0, 2(5)))ds + g

o\w

or equivalently,

Q(t,o,z(t))—/wl(s,Q(s,o,z(s)))ds:z(o)+/%2(s,o,z(s))z(s)ds. (17)

Let (z,y) be a solution of system (13); by using (14), (17) and (7) with b =
OT,0,2(T)) we can rewrite (13) in the following form
¢
2(t) = QT,0,2(T)) + € [ D(s, 2(s),y(s))ds,
0
y+(t) = e A — e AT

.Ofe—A+<T—s>P+w2<s,Q<s,o,z<s>>,y<s>>ds+

+fte At (- 5)P+1/J2(s Q(s,0,2(5)), y(s))ds, (18)
i (T- t)( -

y-(t) = ?
OfeA SP_1a(s,Q(s,0,2(s)),y(s))ds—

e TP 1y (5,9(s,0, 2(s)), y(s))ds,

”‘%H

where ®(7,&,y) = Z—Q(O,ﬂQ(ﬂ0,5))¢(T,Q(T,07§),y). Therefore the problem
z

of finding T-periodic solutions for (1) is equivalent to the problem of the exis-
tence of zeros for the compact vector field

z 2(t) = Fi(e, 2, y+ +y-)(t)
G| y+ | () =1 y+(t) = Fa(z, 94+ +y-)(t)
Y- y—(t) — Fs(z,y4 +y-)(t)



with F, F and F3 defined as the righthand sides of the three equations in (18)

Consider now in C([0,T], R*) x Cr(FE,) x Cp(E_) the open set

Vu = Zy x B(0,r) x B(0,7), where

Zy = {Z € C([OvT]ka) :

M
2(t) €U, te0,T)} and r>5c

J— /yc '
Consider the homotopy
z
He >\7 Y+ (t) =

Y

mew:

z(t) = T, 0,2(T)) — f 2(7), y+(7) +y-(7))dr
= 0

y+(t) — F2(2 Y +y-)(t)
y—(t) — AFs(z,y4 +y-)(t)

with p(A\,t) = At + (1 — A)T and A € [0,1]. We prove in the sequel that, for
sufficiently small ¢ > 0, H. is an admissible homotopy on dVy

. We argue by
contradiction, hence we assume the existence of sequences
Zn
An — o, A €[0,1], €,—0, € >0 and Y € oVy
Yy
such that
,U‘(Anat)
() =T, 0,20(T)) +en [ (7, 20(7), 5 (7) + 42 (7))dT 19)
0 19
y+( ) = M Fa(zn, Yl +y2)(2)
Yo (t) = A Fs(zn, 9} +y2)(2).
We first show that oV
mn n C
95 lex I llor < 72 (20)

For this consider
T
“ /

0

t
+An/e““*“‘”ﬂ%(s,Q(s,O,Zn(S)%yn(S))ds = An / e M UTI Py (s)ds
0

—0Q0

i e~ A+ (mINTH=) P i (5. Q(5,0, 2 (5)), Y (3))ds+

m=0



and

T oo
_>\n / Z 6A7((m+1)T+s_t)wa2(s7 Q(S7 Oa Zn(S)), yn(S))dS—
0

m=0

—+o0

T
f)\n/eA*(Sft)P_q/a(s,Q(S,O,zn(s)),yn(s))ds: —An / eA=D P 4y (s)ds
i

t

where y, =y} +y" and 1&2 denotes the T-periodic extension from [0,7] to R
of the function 15(s, (s, 0, 2,(5)), yn(s)). By using (2) and (3) we have that

cM ¢y

20l < 5+ Flyllen.

cM
2@l < 5 + Tlyle

and so (20). By our choice of r we have that

< i ) ¢ 9(B(0,7) x B(0,r)).

y_

Therefore, it must be z,, € dZy and so, for any n € N, there exists t,, € [0,7]
such that z,(t,) € OU. Assumption (A;) implies that

2n(tn) = QUT, 0, 2, (tn))- (21)

Putting ¢ = T and then ¢t = ¢,, in the first equation of (19) and subtracting the
obtained equations one has

T

Zn (T) — Zn (tn) = €n / (I)(Ta Zn(T)v Yn (T))dT (22)
B(An, tn)

Furthermore subtracting (21) from the first equation of (19), where we have
replaced t by T we obtain

on(T) = 2(bn) = Q(T,0, 2 (T)) — T, 0, 2 () —I—en/(l) 72 (7), g (7))
0

Since € is differentiable we can rewrite the last equality as follows

(I— ZE(T 0, Zn( z))) (Zn(T) - Zn(tn)) =

=€, f@(r, 20 (T)y Yn (T))dT + 0(20,(tn), 20 (T) — 2n(tn)),



where o(§, h) is such that

o(§; h)
2]

—0 as [lh]] — 0

uniformly with respect to £ belonging to compact sets. Replacing (22) into (23)
and dividing by €, > 0 we obtain

T
(f—f)izw,o,zn(tn))) S, 2a(r), g (1))dr =

;U'()\nvtn)
(24)
£ t, T) — 2, (t
= [®(7,20(7), yu(7))dT + o(znl L)’Zne( ) = zn( ")).

0 n

From (22) there exists a constant C' > 0 such that
[20(T) = 2n(tn)]| < Cen.

Therefore . . .

olzn(tn), 20 (T) = 2n(tn) —0 as n — 00. (25)

€n

On the other hand the operators F; and F3 are compact, and so we can, without
loss of generality, assume that the sequences {y7 }, {y” } and consequently y,, =
y +y” converge. Let y,, — yo, thus

cM
§—cy

Iyollor <

Furthermore, we can also assume that z,(t,) — &, hence &, € OU. Since

120 (8) = 2n(tn)|| = €n II/‘?(T, Zn(7), yn (7)) dr]],
In

where [,, is the segment joining ¢ with (A, t,), we obtain
2n(T) — &o as n — o0

uniformly with respect to 7.
We are now in a position to pass to the limit in (24) obtaining

T T
(- Sao.an) [otcmar = [o.gmmin @
0

to

where tg = limy,— 00 (A, tn), to € [0,T]. Using the following property for the



traslation operator —:
0z

r0.0520.m000,0) = ST 000, (]
we can rewrite (26) as follows
T to
| S 90 0.60)0(.0(5,0.60). 30 (P)dr + [ @(r.Eo,0(r))dr =0,
to 0

or equivalently, by the definition of 7,,, we can write

to

Myo (Tv tO? 50) + /(I)(Ta 507 yO(T))dT = 0. (28)
0

But,

0
ny0(05t07€0> :/(I)(TaEanO(T))dTa
to

hence (28) takes the form

nyo (Tv tOv 50) - nyo (0» th 50) = 07
which is a contradiction with assumption (As).

In conclusion, we have proved that for all € € (0,¢) the function H, is an
admissible homotopy on 0Vy;. For A = 0 we have

(o z - z(t) = Q(T,0,2(T)) — 62:@(7', z(7),y(7)))dr
7 ‘ZJ_F t) = y+(t)
y-(t)

By the reduction property of the topological degree, for any € € (0, €g), one has

deg(Ge, Vi, 0) = deg(H(0,), Viy,0) =
(29)
deg(H.(0,), Vi ﬂCCODSt(Rk) x {0} x {0},0) = deg(®o,c, U, 0),

where Copst (RY) denotes the space of constant functions with values in R*
and

T
(I)O,e(g) ={— Q(T,O,f) - 6/(1)(7’570)617—'
0

10



By (A1) we have
QT,0,8) =¢ for &eol.

Therefore, for & € OU, we get

T
(I)O,e(g) = —€ q)(Tv 67 O)dT
/

But
deg(q)o,ea U7 0) = deg(q)07l7 U7 O>7 (30)

and by Remark 1 we have
(I)O,l(f) = 770(T7 T, f) - 770(07 T, 5)

Now using (29), (30), assumption (As) and the homotopy invariance of the
topological degree we obtain

deg(Ge, VUv O) 7é 0.

This concludes the proof of the theorem. O

2. An Example

In this Section we provide an example to illustrate our main result: Theorem 1.

{ i(t) = ed(t, (1), y(t)) + ¢ (t, 2(2)), (31)
y(t) = ||$(t)|| - ay(t)= a>0, te [0,27T]

where Y1 (t,x) = g(t, z)o(z) + ¥(x), with

() = ( 2o+ a1 (23 + 23— 1) )

—r1 + wo(2? + 2% 1)

sin 6

and (z1,z2) = z. Let xg = ( o

>. We assume that

»:RxR*xR—-R?* ¢g:RxR*—-R? o:R’>R

are continuous differentiable functions. Moreover, the functions ¢ and g are
2m-periodic with respect to time ¢ and ¢ and ¢ satisfy the following conditions

a(ze(0)) =0 for any 6 € [0, 2], (32)
(xo(0)) = %(t,xow)) =0 for any t,0 € [0,27]. (33)

Denote by U ¢ R? the interior of the unitary circle centered at the origin. At
€ = 0 the first equation of system (31) has the form

z=(t,x) = g(t, z)o(z) + P(z), (34)

11



We denote by Q(t,tg,&) the solution of (34) satisfying the initial condition
x(tp) = &. Observe that due to condition (32) xz is the solution of equation (34)
satisfying the initial condition x(0) = &, whenever ||| = 1. Therefore condition
(A1) of Theorem 1 holds true with T = 27. To verify conditions (As), (Ajs)

o0
we calculate in the sequel the translation operator — (¢, 7,€(7,0,&)), where
2z

0
&= sin 0 and t, 7,0 € [0,2x]. For this observe that if { = sin 0 then
cos 0 cos 0
by [3] and (33) we get
9]
B 17,00r.0,6) = Y (t.7.0), (35)

where Y : R xR xR — L(R2, Rz), the vector space of the linear operators
from R? to R?, is the solution of the following problem
dy dyp

S (t,7,0) = Z2(Q(t,0,6)Y (¢, 7,6),
ol ) = - (2 0.)Y( ) (36)

Y(r,71,0) =1

Therefore the problem is reduced to find Y (¢,7,60). To this aim we show that
the function

cos(t+6) e**sin(t +0) ) (37)

K(t.0) = ( —sin(t +0) €2 cos(t + 6)
satisfies the equation

dK i

E(t,@) = @(Q(t,o,f))l((t,e). (38)

In fact,

L 0(1,0,6) = S (wolt +0)) =

- 2sin?(t + 0) 2sin(t 4+ 0) cos(t +6) + 1
—\ 2sin(t+0)cos(t+6) — 1 2 cos?(t + 0)

and
d—K(t I sin(t +6) 2e*sin(t + 0) + e* cos(t + 0)
dt 77 T\ —cos(t+60) 2% cos(t+0) — e sin(t + 0)

Thus the function

N—

Y(t,7,0) = K(t,0)(K(r,0))"* (39)

sin 6

is the solution of system (36). Let & = ( cos 0 ) and denote by ny,(t, s, &),
t,s € [0, 27], the solution of

, 0

0) = S 0,006,0,€)2(0) + 6(4,2(1,0,8), (1),

z(s) =0.

12



corresponding to the 2w-periodic continuous function y. By Lemma 1, (35), (38)
and (39) we have that

<77y(27r78a£) - ny(oasvg)v /(/)(5» =

([ S20.7.900.9)0(7. 007, 0.€).y()dr, 4(6) =

—27

oy / K(0,60)(K (r,0)) (7, z0(t + 0),y(r))dr, d0(6)) =

2
= 7<¢>(T, 2o(T +0),y(7)), &o(7 + 0))dr =
0
= 7{¢(r —0,20(r), y(r — 0)), #o(r))dr, 0 €[0,2x].
Hence if 0

/<¢(T - '9’ 'TO(T)v y(T’ - 0))? S'CQ(’I"»d’I’ >0, AS [07 27‘-]’ ||y||CT < 27 (40)

0

then we have

1

)
a

77y(271—737€) - ny(0757£) #0, se¢ [O,QW], £ e o, ||y||CT <

and so assumption (As) is verified. Moreover, using the property ind(y, U, 0) =
1 we obtain
ind(no (27, 27, -) — 1, (0,27,-),U,0) = 1.

Note that condition (40) holds true, for instance, if

(O(t.20(r). y(0), d0(r) >0, tre0.2n], [ylor < .

a
hence assumption (Aj) is also satisfied.

In conclusion, Theorem 1 applies to state the existence, for € > 0 sufficiently
small, of a 27-periodic solution (z.,y.) to system (31) such that

Q0,t,z(t)) €U, tel02n], |yclle, <

ISHEE

13



Remark 2 We would like to point out that our result, as the proposed example
shows, is not a consequence of known results concerning the existence of periodic
solutions around an equilibrium point with non zero topological degree. In fact,
if, for fixzed & € U, the function g(t,£) is not constant with respect to the time
t € [0,27], then the differential equation (34) does not have equilibrium points
mn U.

We end the paper by showing how from our result we can derive a classical
result of the theory of ordinary differential equations, cf. ([3], Theorem 3.1, p.
362). Indeed, if we put in system (1), k = 2, ¥s(t,2) = 0, A = 0,y = 0, where
x = (x1,22), and 91 (t,x) = Bx = (—x2,21), ¢(t,x,0) = (0, g(t, —z1, x2), where
g is 2m-periodic with respect to t. Then we have

cosf sin6
—sinf cos@

02,5, €(0,0)) — (0, 5,£(a,0)) = ( ) H(a,9).

where &(a,0) = (—acosf,asinf) and

H(a,0) = /027r ( (sinT)f(T 4+ 6,acos T, —asinT) ) dr.

(cosT)f(T 4+ 0,acosT,—asinT)
In [3] it is assumed the following condition
det|H'(ao, 60)| # 0,
for some ag # 0. It is now easy to see that this condition ensures that

|deg(77(2777 5, 5()) - 7](07 5, 6())5 Vi O)| =1

where V is a sufficiently small open set containing (ag, 6p).
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