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In this paper we consider a nonlinear control system affected by deterministic uncertainty
and described by a system of ordinary differential equations. The uncertainty is modelled
by a multivalued map whogemeasurable anttLipschitz selections represent the possible
system dynamics of the uncertain system. We propose a dynamical feedback control
design, based on the singular perturbation theory, which allows all the possible system
trajectories corresponding to the system dynamics to have the same prescribed behaviour.
Specifically, given a manifold of the state space, defined as the zeros of a smooth map,
the proposed control steers and then holds, during finite or infinite time intervals, any
possible system trajectory to any prescribed neighbourhod{l. 3% result ensuring the
exact attainability oK is also provided. Some examples illustrating the obtained results
are presented.
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1. Introduction

We consider a nonlinear control problem affected by deterministic uncertainty described
by the following differential system:

X = f(t,x,u,v), (1.2)

where the mapt, x,u,v) — f(t,Xx,u,v) satisfies suitable conditions that will be
specified later. The time variabtec [0, T] with T < 400, the state variable& belongs
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toR", the controlu belongs tdR™ and the parameter, which represents the uncertainty,
belongs to a se¥ (t, x) C RP.

The assumptions on the multivalued mépx) — V(t, x) will be specified in
Section 2. As we will see, under these conditions, the Mdgas the Lipschitz selection
property.

By a system trajectory of (1.1) corresponding to a control gty € R™, we mean a
solution of the differential equation

X(t) = f(t, x(t), ut), v(t, x())) (1.2)

where the function(t, x) is anyt-measurable ang-Lipschitz selection o¥/ (t, x) which
is calledmodelled uncertaintyor simplyuncertainty. The single-valued function

fa,x,uvt,x) e Ft, x,u) :={ft,x,u,v), veV(t,x)}

is called a system dynamics of the uncertain system (1.1). In Bartolini & Zolezzi (1991) and
Gorniewicz & Nistri (1996) a system dynamics is defined as a single-valued €adatty
selection of the uncertain dynamics. Here, we assume more regularity with respect to
(Lipschitz condition) in order to prove our main result. Together with (1.1) we consider a
‘sliding’ manifold

K={(x) e[0,T] xR": k(t, x) =0}, (1.3)

with the functionk : [0, T] x R" — R, < n.
We pose the following control problem:

For any neighbourhood of K and any initial statexg € R", we want, by
means of a suitably defined dynamical feedback control to steer and then
hold any possible system trajectory= x(t),t € [0, T] of (1.1) starting from
Xotol.

(CP)

To solve this problem, we introduce a suital@é functions : [0, T] x R" — R™,
m < n, defined by means df, and depending oryg in such a way that the set

S:={(t,x) €[0,T] x R": s(t, x) = 0} (1.4)

is as near as we like ti§ for t bounded away from zero.
Forinstance, as we will see in Section 4, in tracking control probl&nis a reference
trajectoryK = {x € R": X = Xpef(t), t € [0, T]} and we can choose

s(t, X) := €'(x0 — Xref(0)) + X — Xref(t). (1.5)

whereC is an x n matrix whose eigenvalues have negative real parts.

Therefore, to solve (CP) we can solve the problem of steering trajectories as near as we

like to S. To do this, we introduce smooth controls by means of the fundjdmat is, for
fixede > 0, we consider the following system of differential equations

{ x = f(t, X, u, v, X)) x(0)=x9 €S (1.6)

el =2t x) + 2(t, ) f(t, x,u, v(t, x)) u(0) = up.

witht € [0, T].
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We first consider the case whéh < +oo and we define o€ ([0, T], R") the cost
functional G(x) = fOT [s(t, x(t))|dt to be maximized on the sef, of all the possible
system trajectoriex. of (1.6) associated with the uncertaintie@, x). We denote by
X} a trajectory whereG attains its maximum ort,; and byv}(t, x) the corresponding
uncertainty. As we will see, this maximum exists since it is possible to prove the
compactness aof, ¢ > 0in C([0, T], R"). Denoting byXy the set of system trajectories
of (1.6) whene = O (the reduced system), we obtain that ma&(x) = 0. Roughly
speaking, for any > 0, the system dynamics corresponding to the uncertaify x)
represents the worst possible case, in the sense that if we solve our problem (CP) for
the trajectoryx’, then we have solved the problem for any other system dynamics of the
uncertain system (1.1). The main tool to do this is represented by the results and methods
of Bensoussan (1988) and Quincampoix & Zhang (1995) which allows us to show for the
singularly perturbed system

{ x = f(t, x,u, vit, x)) X(0)=Xp e S

el = 35(t, %) + 25(t, %) F (1, X, U, (X)) U(O) = U, @

the convergence as— 0 both of the maximum and of the corresponding solution pair
(X3, uy) to (1.7) respectively to zero and to a solution gaf, ug) of the reduced system.
The convergence of the statg to x; is in the uniform topology, while:; converges taig

in L2((0, T), R™. Indeed, as we will see, in our case from the proof of Theorem 1 we can
derive the convergence, as— 0, in the uniform topology of any system trajectogyto a
system trajectoryg of the reduced system.

Then we consider the case wh&n= +4o0: under more restrictive assumptions than
those of Theorem 1 we obtain in Theorem 2 the uniform convergence td X in
[0, +00).

As a consequence, for any neighbourhdodf K, there existgj such that for 0<
e < &g, all the possible trajectories starting from of system (1.6) reach and remain
therein for all the future times. Observe that no matching conditions for the uncertainty
are imposed here. The control technique employed in this paper (without any associated
cost functionalG) was introduced first in Johnson & Nistri (1992) and then successfully
applied to concrete control problems in finite-dimensional spaces in Catallo(1993a,
1993b, 1996). Several refinements of this technique have been also proposed, in particular
to avoid an excessive initial rate of the control law, see Cawtllal. (1999). Finally, a
second-order manifold approach has been recently adopted in Catall§2000) for the
reduction of the vibration of a flexible structure: this paper constitutes a first attempt in
the direction of extending the previous approach to infinite-dimensional control problems,
namely for a control system described by partial differential equations.

A different approach to solve similar control problems is based on set-valued analysis.
Specifically, we pose the following control problem: given a nonempty closeld séthe
state-space, we want, starting from a point near enougfh to reachK in finite time and
then stay there.

To solve this problem, we need stronger assumption diman those used for problem
(CP). The main feature of this second approach is that we obtain an ‘exact’ attainability
in finite time, but this is a local result (i.e. we start near enoughk YoOn the other hand,
by means of the first approach, we solve only approximatively the attainabiliy, diut
we can start from any initial conditioxy € R". The suitable assumption ¢ for solving
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the previous problem is thd¢ is a proximal retract: that is, there is a neighbourhdéd

of K such that there exists a single-valued continuous metric retractiolV — K.

In Gorniewicz & Nistri (1999) and Nistri & Quincampoix (2000), the notion of proximal
retracts allowed the derivation of a feedback control law, which turns out to be a selection
of a suitably defined regulation map which malkesttainable. In this paper, we consider

a particular proximal retrad€ defined by (1.3) wherk is of classC11 with nonvanishing
gradient orK . Various characterizations of proximal retracts in Hilbert spaces can be found
in Colombo & Goncharov (1999).

Finally, we would like to point out that we can use both the previous approaches to
solve exactly the problem (CP) whenevey € R". Indeed, givenxg € R", we can
design, by the singular perturbation method, a control law which steers the state in a
prescribed neighbourhood &f and then we can change the control law according to the
exact attainability method of the second approach.

The paper is organized as follows. In Section 2, we discuss the singular perturbation
method. For finite time intervals we provide a preliminary result (Proposition 1) and the
conditions under which we will establish the main result of the paper (Theorem 1). This
result states the convergencesas> 0 of the pair(x;, u;) to a solution(xj, ug) of the
reduced problem (corresponding to a system dynamics) and also the convergeredlas
of the valuesG(x;) to G(xj). We shall show that} — x§ in C([0, T],R") andu} — uj
intheL2((0, T), RM)-topology. Furthermore, in the second part of Section 2 we prove the
uniform convergence af, to xp in [0, +00). In Section 3 we state an exact attainability
result and in Section 4 we provide some examples to illustrate how our results can be
applied.

2. Control design viaa singular perturbation approach

We first consider the case whén< +oo.

2.1 Convergence on finite time intervals

In this section we assume the following conditions on the dynarfiesd the functions
s, V:

(f1) For any (x,u,v) € R" x R™ x RP the mapt — f(t, x,u,v) is Lebesgue
measurable onf0, T]. Furthermore, for almost all (a.at) € [0, T], the map
(X, u,v) —» f(t, x,u,v)is Lipschitz.
(f2) Foranyp > 0 there existg > 0 such that
[f(t, X, u,v)| < c(@+ [X]+ [u]),

fora.a.t € [0, T]and|v| < p.
(f3) The multivalued maygt, x, u) — F(t, X, u) given by

Ft, x,u) ={ft,x,u,v):veV({t,x)},

has nonempty, compact, convex values.

TT0Z ‘92 Atenuer uo 1pnis 1j6aq elsIaAlun 1e Bio sjeuinolpioxo owew woly papeojumod


http://imamci.oxfordjournals.org/

SLIDING MODE CONTROL OF UNCERTAIN SYSTEMS 381

(s1) The maps: [0, T] x R" — R™M is continuously differentiable. Moreover, for any
t € [0, T] there existx e R" such that

(t,X) € S={(t,x) € [0, T] x R" : s(t, x) = 0}.

as as . . .
(2) The mapsx — ﬁ(t’ X) andx — 5(t, X) are Lipschitz and there exists> 0

such that 3
s
ﬁ(t’ X)| < €A+ |x]) fora.at € [0, T].
Moreover, there existdl > 0 such that
as
—(t, X)| <N,
ax( )

fora.a.t € [0, T]and anyx € R".

(V) The multivalued mapt, x) — V(t, x) is bounded, i.e|V(t, x)| < M for some
M > O and(t, x) € [0, T] x R", Lebesgue measurable fih T] for anyx € R" and
Lipschitz with respect tx for a.a.t € [0, T]. Moreover, we assume th¥(t(t, x) is
a nonempty closed convex setRP for a.a.t € [0, T] and anyx € R".

Observe that f) and (V) imply that the multivalued magx,u) — F(, x,u) is
Lipschitz for a.at € [0, T].
Finally, we make the following crucial assumption.

(H) There existe > 0 such that

0

2 S
_U|ul - U2| 2 &(tv X)(f(ta X, U]_"U) - f(ta X, Uz, v))a up —uzj,

fora.ait € [0,T], any u, up € R™, anyx € R" and anyv € RP.

REMARK 1 If the initial states¢g for system (1) belong to a specified bounded sék'4f
then all the previous assumptions can be reformulated floelonging to a bounded set
of R". Moreover, note that (V) implies that the mép x) — V (t, x) has the Lipschitz
selection property. That is, fdtg, xo) € [0, T] x R™ and anyyp € V (to, Xo) there exists
at-measurable ang-Lipschitz selectiornv(t, X) € V(t, X) such thatyg = v(tp, Xg) (see
Aubin & Frankowska (1990)).

Fore > 0, we consider now the following system of differential equations:

X = f(t,x,u,v(t, x)), x(0)=xg

. 0s as (2.1)
el = ﬁ(t’ X) + a_x(t’ x) f(t, X, u, v(t, X)), u(0) = up,

wheret € [0, T]. Together with (2.1) we consider a continuous cost functi@ial defined
on the set), of all the possible system trajectori@s(t) of (1), where(x. (1), u.(t)),
t € [0, T], is the solution of (2.1) corresponding to the uncertainty, t) andv.(t) =
v(t, X (1)) fort € [0, T]. The cost functionaz(-) is defined as follows:

!
G(x) = / St X ()] dt.
0
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REMARK 2 Note that for our purposes we can take any continuous cost functBoal
C([0, T1,R™ having the property thaB(x) = 0, with x € C([0, T], R™), implies that
(t, x(t)) € Sforanyt € [0, T].

We have the following proposition.

PrROPGsITION 1 Under assumptions 10i-(f3), (s1)—(s2) and (V), for anye > 0 the
solution set given by

S = {(x,u) e C([0, T],R") x C([0, T],R™ : (x,u) satisfies
(2.1) for some uncertainty(t, x) € V (t, X)}

is compact inC([0, T], R").

Proof. Lete > 0 be fixed gnd consider a sequen¢éxn, up)} C S. Obviously,
{(xn, Un)} C S, where(x, u) € S if and only if (x, u) € C([0, T], R") x C([0, T],R™)
satisfies the differential system

X(t) € F(t, x(), u(t)), x(0)=Xo
{ Ut—a—stxt+§txt>'(t u@O)=u
€ ()_at(’ () ax(’ () x(t), u(0) = uo,
fora.a.t € [0, T]. Or equivalently,
[ X(t) € F(t, x(t), u()), x(0)=Xxp

1
[s(t, x(t)) — s(0, x(0))] + Uo,

where F(t, x,u) = f(t,x,u, V(t, x)). It turns out that, under our assumptions Bn

S is a compact set, see for instance Theorem 10.1.9 of Aubin & Frankowska (1990).

Therefore, by passing to a subsequence, if necessary, we havgthat) — (Xo, Up)
in C([0,T],RM x C([0, T],R™) and (xp, Up) satisfies for a.at € [0, T] the system of
differential inclusions

%o(t) € F(t. ¥o(t). Uo(t).  X(0) = %o
Uo(t 8St t os t t)) Xo(t 0) =
elo(t) € =2 (6, Xo(0) + 5 (L Xo() Xo(D),  u(O) = o,

whereF (t, Xg(t), ug(t)) = f(t, xo(t), up(t), V(t, Xo(t))). To prove this, le{(xn, un)} C
C([0,T],RM x C([0,T],R™ be a sequence of solutions of (2.1) corresponding to
uncertaintiesun (t, X) € V(t, x). Assume thaixn, un) — (Xo, Ug) in C([0, T],R") x
C([0, T], R™M) and consider

t
Xn(t) = Xo+/0 (S, Xn(S), Un(S), un(S, Xn(S))) ds.

Put on(t) = f(t, Xn(t), Un(t), vn(t, Xa(t))), then g, converges weakly to somgy in
L1([0, T1, R") such that

t
Xo(t) = Xo + /0 ®o(S) ds.

TT0Z ‘92 Atenuer uo 1pnis 1j6aq elsIaAlun 1e Bio sjeuinolpioxo owew woly papeojumod


http://imamci.oxfordjournals.org/

SLIDING MODE CONTROL OF UNCERTAIN SYSTEMS 383

Fromon(t) € f(t, xn(t), un(t), V(t, Xa(t))) for a.a.t € [0, T] and the weak convergence
of ¢n to gg; for a.a.t € [0, T] and anyy € R" we have that

Iimsup|: sup (y,f(t,xn(t),un(t),v))}

N—0o0 | veV(t,Xn(t))

> > limi i .
2 (Y, po(t)) = 'h”l'orlf [vevzgin(t))w, f(t, Xn (1), un(D), v))]

By (f1), (V) and using Theorem 6, p. 53, of Aubin & Cellina (1984) we obtain

sup (y, f(t, Xo(t), uo(t), v)) = (y, po(t))
veV (t,Xg(t))

= inf , F(t, Xo(t), up(t), v)).
vevszO(m(y (t, Xo(t), Uo(D), v))

Then, by (§) we get
po(t) € f(t, xo(t), Uo(t), V(t, Xo(t)))

for a.a.t € [0,T] and so by Filippov’s selection theorem we have the existence of a

measurable functiom(t) € V(t, Xo(t)) such that

po(t) = f(t, Xo(t), ug(t), vo(t))

fora.a.t € [0, T]. In conclusionXg(t) € F(t, Xo(t), ug(t)) fora.a.t € [0, T].

Therefore there exists a measurable seleciigih) € V (t, Xp(t)) such thatxg(t) =
f(t, Xo(t), up(t), vo(t)) for a.a.t € [0, T]. On the other hand, by (V) and Theorem 9.5.3
of Aubin & Frankowska (1990), there exists a (modelled) uncertaigty, x) € V (t, X)
such thawg(t) = vo(t, Xo(t)). O

By virtue of Proposition 1, for any > 0, the cost functionaB(-) attains its maximum
on Y, := P1S, whereP; is the projection on the first component.
Let x(t) = xJ(t, ui(t), vi(t)) such thatG(x}) = mEaxG(xg), where (X}, u¥) is a

solution of (2.1) and*(t) = v*(t, x*(t)), t € [0, T1, with v*(t, x) € V(t, x).
For e = 0 and for any system dynamick(t, x, u, v(t, X)) we obtain the reduced
system

X = f(t,x,u,v(t, x)), X(O0)=xp
{ (2.2)

0= as(t X) + as(t x) f(t, x,u,v(t,x)), u@=u
- 3'[ k) aX k] ’ ’ 7v ’ ’ - O

Now we pose the following condition on (2.2).

(Ro) Weassume that there exists an uncertainft, x) such that the set
0s 0s
Ro(t, X) = {u eR™: E(t’ X) + a_x(t’ x) f(t, X, u, vo(t, X)) = 0}

is nonempty for a.a. € [0, T] and anyx € R".
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Observe that, by virtue of assumptions (HyX¥gs) and (f)—(f2) condition (R) implies
that

(t,X) = Ro(t, X)

is a locallyx-Lipschitz single-valued map with linear growth. Therefore, there is defined a
t-measurable and locall-Lipschitz single-valued ma, x) — up(t, X) such that

as(t X) + as(t xX) f(t, X, ug(t, X), vo(t, X)) =0
it 2 . —
T ax U s X, Up(t, X), vo(t,

for a.a.t € [0,T] and anyx € R". The control lawug(t, x) is called the ‘equivalent
control’ in the classical theory of the sliding modes, see Utkin (1978).

Observe that — ug(t, X) is anL ([0, T], R™) function for anyx. Furthermore, if
(X3, ug) with ug(t) = uo(t, X3(1)) is the solution of (2.2) corresponding t@(t, x) €
V(t, x) with x5(0) € Sthens(t, x5(t)) = 0 for anyt € [0, T] and soG(xg) = 0. In fact,
from

x5t = f(t, (), us®), v5®), x50)eS

O—astx*t 8stx*t>‘<*t
—ﬁ(, o())+&(, 0 (D) X (1)

d
for a.a.t € [0, T], wherevj(t) = vo(t, x3(1)), it follows that —s(t, x5(t)) = 0 for any
t € [0, T] with s(0, x5(0)) = 0 and sas(t, x;(t)) = 0 for anyt [0, T].

REMARK 3 Observe that for any system dynamité, x, u, tg(t, X)), with 0g(t, X) €

V(t, x), which satisfies (R the previous considerations apply. Namelt, X;(t)) = 0

for anyt e [0, T], where(X3, GF) is the solution of (2.2) withi(t, x) = Do(t, X). In what
follows we will refer to any such solution of (2.2) as an optimal pair of the reduced system
(2.2).

We are now in the position to formulate our main result.

THEOREM1 Assume (f)—(f3), (s1)—(=), (V), (H) and (Ry). Let (0, xg) € S, thenx} —
X5 weakly in Hy ([0, T], R™ andu* — ug in L2((0, T), RM ase — O, where(xg. ug)
is an optimal pair of (2.2). Furthermorg; — x3 in C([0, T],R") and soG(x}) —
G(x5) =0ase— 0.

Proof. Weconsider(x;, uz, v;) and(Xg, 45, 0g), where(Xj, Ug) is an optimal pair of (2.2)

corresponding tdo(t, x) andoj(t) = Do(t, X3 (1)). We putXy = x —X§ andu} = u} — 0.
Consider the differential system

d. SE Y () B -
axf(t) = f(t. X0, Uz (M), v (V) — F(t, XG(®), GV, Dp(1)), X(0)=0

d
8au:(t) = g(t, X (1), uz (1), v (1) — g(t, KoV, Up(1), I5(1),  %5(0) = uo,

(2.3)

as as .
where we have pui(t, X, u, v) = ﬁ(t’ X) + 8—X(t, x) f (t, X, u, v). Rewrite the second
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equation in the form
d
dtus(t)—g(t S(0, Uz (), v (1) — g(t, K5 (1), UL (L), Dg(1))

Multiplying this equation by’ (t) we obtain from (f), (s2) and (H)

1d
8§alu OF < LAXE 1) = &GO + F 1) — D50 [uF )]
— [T + (g(t, K5 (1), uE (), (1)), G5(t))

for someL > O.
By (f1), (f2) and () integrating from 0 and > 0 we get

t
VT2 < f X2 ()] ug (S)IdS+2LM/|u (s)lds
0
+(€+ Nc)/(1+ 1% (S)]) 105(s)| ds

N &
+ Nc/ |u¥(s)] 05 (s)| ds+ E|uo|2.

By the Cauchy—Schwartz inequality we obtain

VITEIE 0.0 < LIRE L0 U2l L. + 2L MVEIUZ L0
+ NellGgllLy0,0 Uz ILy©.1) + Cos

t
wherecg = (€ + Nc)/ A+ %5 [05(s)| ds+ E|uo|2.

Sincellu} L0, < 1T IL0.0 + 1G51L0.0 we have
VT2 0.0 < LURE L 00 T Ly0.0 + Co. (2.4)
where 0< € = Co + i (IXS llLo0.0) 1G5l Ly0.1) @nd
w(IKEL0.0) = LIRS L,0.0 + 2L MV + Ncl|OgllL,0.0.-

Using the fact thal X} ||,y < 1+ ||?*|||_ »O.1) from (2.4) we obtain

< T L0t < KUIXE ILy0,t) + Ko, (2.5)

with kg, ko > 0.
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We prove now that there exis®® > 0 such that|X|| 0.ty < Rforanye > 0 and
t € [0, T]. From the first equation of (2.3) by means of)(@&nd (V) we get

1d Sk 2 vz fvz Nk * A
57 X O <KX O10X O] + U O] + oz (1) — 05 (D1)

2dt
< KIXEOIIXE (O] + [T ()] 4 2M). (2.6)

Integrating from 0 and > 0 we have

t t
FIRED1? < 2kM/ X (s)| ds+ k/ X (s)|% ds
0 0

t
+k / %5(9)] [T(9)] ds
0

2kMt+ 2KMIKE (12 0.0 + KIKENZ 0.0 + KIKE 0.0 1T Lo00.0
2kMt+ (2kM + K) [ KE [l L.t + CalXENZ 0.0 + C2lIRE ILo0.)-

NN

and using once again the inequali¥ || ,0.t) < 1+ ||%;‘||E2(O y We get

IIREM)2 < (KME+Go) + (kM + K+ c1 + ) K512 0 -
Integrating from 0 and > 0 and using the @Gnwall inequality we derive
1% IL0 < R (2.7)

for any e > O sufficiently small and any € [0, T]. From (2.5)—(2.7) we conclude the
existence of a subsequence such that

X — xg weakly inH1 ([0, T], R™)

uf — ug weakly inL2((0, T), R™).

Observe that, sincg<*}.~o is bounded inH1 ([0, T1, R™), by using (H), () and (3) we
easily obtain that
L0 2 < —olur 2 + cur )] 1 )] + et O + ¢

2 dt € ~ & & 3 3
v - ~
< —SIUEOP + Ex O + €

for some positive constants€.
By the Gibnwall inequality we get

luz ()| < M (2.8)

forsomeM > 0 and allt € [0, T].
We can then prove that; — ugin L2((0,T), R™),. For this, observe that by (H) we
have that the applications defined By : z(-) — —g(-, x}(-), z(-), v}(-)) for ¢ > 0, and
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by Ao : z(-) = —g(-, x§(-), z(-), v§(-)) for ¢ = 0, are monotone fronh.2((0, T), R™)

d
into themselves. Furthermoreauj(t) = —A(ui(t)) fort € [0,T]. Thanks to the
monotonicity we have

(Ac(U) — Ac(D), U — 2)1,01) 20,
foranyz e Lo((0,T),R™).
In particular, takingz = ug by (H) we have
(AcUf) — Ac(Ug), Ui — ug) = vluf — uglif o4 > 0. (2.9)

On the other handA. (u}), uj)L,(,T) tends to zero as — 0 sinceA.(u;) — 0 weakly
ase — 0. In fact, for anyn € C°°([0, T]) with support contained if0, T] we have by
integrating by parts

(Ac(U3), M Ly0.1) = —e(uz, ')
which converges to zero, sineg — ufj weakly in L2(0, T). Thus A.(u}) converges
weakly to zero. To show thadt, (u}), u}),©,1) — 0 as e— 0 we simply observe that

£
(Ac(UD), UF) 0T = —§<|u:<T>|2 — [uol®)

and by using (2.8) the right-hand side tends to zero. Finally, passing to the limita®
we obtain that; — ugin L2(0, T).
Consider now the limit as — 0 in the system of differential inclusions

Xa (1) € F(t, X3 (1), uz ()
U (t) € L(t, X*(t), uX(t))

fora.a.t € [0, T], where

L(t, x2 (1), uz () = ﬁ(t, X (1) + &(t, Xz M) (L, X7 (1), ug(1)).

We obtain
)'(g;(t) e F(t, xg(t), uz")(t))
0 e L(t, x5, uj(t)).

In fact, sincesu, is bounded in_»(0, T) it converges weakly to some € L2(0, T). We
show now thaiw = O; for this observe that

(U, n) = —&(Ue, ') = 0

ass — 0 for anyn € C*([0, T], R™). Therefore(w, n) = 0 for anyn thusw = 0.
Therefore, there exists a measurable seledljgh)  V (t, Xj(t)) such that

Ro(t) = f(&, K5, G5, ()
0 = g(t, X5 (1), G5 (1), D5 (1)),
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fora.at € [0, T]. By (V) and Theorem 9.5.3 of Aubin & Frankowska (1990) there exists a
(modelled) uncertaintyo(t, x) € V (t, x) such thaig(t) = vo(t, X5 (1)) fora.at € [0, T].
Thus &3, G5) is an optimal solution of (2.2) and B(X;) = 0, sinces(t, X§(t)) = 0 for
aate[0,T].

Finally, u*(t) € U for anyt € [0, T] ande > O sufficiently smallU c R™ bounded
set. Thus, by assumptions)fand (V) we have thafx*}.-o c C([0,T],R") is a set
of equibounded and equicontinuous functions. Therefore, by passing to a subsequence, if
necessary, we have thet — %3 in C([0, T],R") and soG(x;}) — Go(X}) = 0. This
concludes the proof. O

A direct consequence of the previous result is the following corollary.

COROLLARY 1 If (X¢, U,), € > 0, is the solution of (2.1), witli0, x.(0)) = (0,Xg) € S,
corresponding to any uncertainty(t, x) € V(t, x). Then{x.}.-0 converges as — 0 to
some functiorkg in C([0, T], R™) such thas(t, Xp(t)) = 0 for anyt € [0, T].

Proof. Let (Xs, Ug), ¢ > 0, be the solution of (2.1) corresponding to a modelled
uncertaintyv, (t, x) € V(t, x). By repeating the arguments of Theorem 1 wi#, u,)
instead of (x¥, x¥) we can prove thak, — Xo in C([0, T],R") andu, — 0o in
L2((0, T), R™ and (X, Gg) is an optimal pair, that isXg, Ug) is the solution of (2.2)
corresponding to some uncertairiy(t, x) for which (Ry) is satisfied. Thus, in particular
G(Xo) = 0 and sas(t, Xo(t)) = 0 for anyt € [0, T]. O

REMARK 4 Observe that if there exists a unique uncertaintgt, x) such that (I3) is
satisfied then for any fixed initial staxg € R" there is a unique equivalent contrgj(t, X)
and then a unique pafKp, Upg) satisfying (2.2).

2.2 Convergence in infinite time intervals

As is easy to see, by means of the arguments employed in the proof of Theorem 1 we cannot
extend the uniform convergencexfto xg to the infinite time interval0, +oc0) ase — 0
without any other assumptions on the system dynarhitsx, u, v(t, x)). Indeed, even in
the classical singular perturbation theory, i.e. in the absence of the uncertainty patameter
as shown in Hoppensteadt (1966) the zero solutien0 of the reduced system is required
to be asymptotically stable uniformly with respect to the other parameters involved.
These considerations lead us to attempt to obtain the uniform convergerceoofy
in [0, +00) ase — 0, by means of the introduction of appropriate Liapunov functions for
the reduced system. This property is of relevance in many control problems, in particular
the tracking problems. We will do this in the following, assuming that the conditions of
the previous section are reformulated foe [0, +o0) and requiring extra conditions in
Theorem 2.
First, observe that for any system dynamfas, x, u, v(t, X)) for which the equivalent
control u, (t, X) exists, namelyg(t, x, u,(t, X), v(t, x)) = 0 for anyt > 0 andx € R",
condition (H) provides the uniform exponential stability of the boundary layer

z=((, B,z v(x, B))
z(0) = uo.
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In fact, introducing as Liapunov function

U — Uy(t, x)|2
Wv(t7X7 u): %a

it turns out that

d d
d Wv(av ﬁ?z(‘[)) = Wv(av ;692(‘[)) : g(av ﬂ,Z(‘L’), U(C{, ﬂ))
T 0z

= (2(t) — Uy(a, B), 9(a, B, 2(T), v(a, B)) — (e, B, Uy(a, B), v(a, B)))
< —v[2(7) — Uy (e, B)I%.

Then, for the corresponding reduced problem
X = f(ta Xv uv(t» X)’ U(t, X))
X(0) = Xo,

2
X|< . . , .

wheret € [0, +00), we assume thaZ (x) = Lls is a Liapunov function: precisely, we

assume the existence of a positive constgnt 0 such that

d
S5 200 T, Uy (0, v(t, X)) < —ay|x?,

for t sufficiently large.

Observe that the existence of such a Liapunov function impliextkea® is an asymp-
totically stable equilibrium point for the reduced system, and &0, u, (t, 0), v(t, 0)) =
0, for anyt > 0.

Consider now fon € [0, 1] the candidate Liapunov function

AW, (t, X, U) + (L= A) Z(X) := Tt x, u)

for the system dynamics

(2.10)

x = f(t, x,u,v(t, X))
el = g(t, x, u, v(t, X)),

. d . .
with ¢ > 0 andt € [0, +o00) and compute(ﬁ w,} (t, x, u) with respect to (2.10). We obtain
0 d
A _Wv(ta X, u) + _WU(t’ X, u) : f(t7 X, U, U(t’ X))
at ax

+}iwv(t, x,u - f(t,x, u,v(t, x))} +@-2) [iZ(x) - f (L, X, uy(t, X), v(t, X))
g au 0X

+ %Z(x) - (F(t, X, u,v(t, X)) — f(t, X, uy(t, X), v(t, x))} .
(2.11)

We are now in the position to prove the following theorem.
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THEOREM 2 Assume (#), (f3), (), (V), and (H) fort € [0, +00). Moreover we assume:

(f1) f e CL([0,400) x R" x R™ x RP);

(81) s e C2([0, +o0) x RM);

(Rg) for any uncertainty v(t,x) € V(t,x) there is u,(t,x) such that
g(t, X, Uy(t, X), v(t,x)) = 0 for anyt € [0,+00) and anyx € R". In other
words, we assume that for any system dynanfi@s x, u, v(t, X)) there exists the
equivalent control;

(Z) there exists > 0 andtg > 0 such that

%zm (L X, Uyt X0, 0L X)) < —alX]2,

for any uncertainty(t, x) € V(t, x) andt > to.

Then for any sequenag,, U,) of solutions to (2.10), such th&d, x.(0)) = (0,Xg) € S
andu, (0) = ug, for ¢ > 0, we have thak, — Xg uniformly in [0, +00).

Proof. From (2.11) under our assumptions we obtain

d
5 WAL, X, U) < Ady U — Uy(t, X)|(L|u — uy(t, X)| 4 y[X])

A
— gv|u — Uy(t, x)|2 —-(1- )L)ozlxl2 + (L= A)LIX]|Ju — uy(t, X)|

for anyt > tg and any(x, u) such thatx| + |u| < 7.
0 ad .
Hered, > max{supawv(t, X, U), SUpa_xW”(t’ X, u)}, where the suprema are consid-

ered on[0, +00) x {(X,u) : [X| 4+ |u] < n}. Note that our assumptions ensure tais
finite for anyn > 0.
Equivalently, we can write

d
awhtxm

1- Mo —1/2[(1- AL — rd,y]
< =(X], Ju = uy(t, ) N
—1/2[(1— AL — Ad,y] gLv—kdn

x|
u— Uyt )

It is easy to see that for anysatisfying the inequality

av

O<e<e*:=

ald [(1— )L 4 Ad,y1?

”+4a—mx

we have that for any. € (0, 1), any uncertaintyv(t, x) € V(t, X) and anyt > tg, the
function ¥’ (t, x, u) is a Liapunov function for (2.10). Therefore, the origin= 0 is an

TT0Z ‘92 Atenuer uo 1pnis 1j6aq elsIaAlun 1e Bio sjeuinolpioxo owew woly papeojumod


http://imamci.oxfordjournals.org/

SLIDING MODE CONTROL OF UNCERTAIN SYSTEMS 391

asymptotically stable equilibrium point for (2.10) for any (0, £*) and any uncertainty
v(t, X) e V(t, X).

Consider now any sequenog., U.) of solutions to (2.10), from the previous
considerations we have that for anye (0, £*) there exist two continuous, non-negative
functions p. (-) ando,(-) defined in[0, +o00), with p.(-) strictly increasing,0.(0) = 0,

0. (-) strictly decreasings.(s) — 0 as s— oo, and such that

[Xe ()] < pe(Xe (to)) o (1),

for anyt > to, see Hoppensteadt (1966).
Letr > 0 andt > tg, consider

SUR.¢[0,6+)Pe () 0e (1) = X (r, 1).

It turns out that¥'(r1,t) < X(rp,t) for anyry < rp andt > tg, and X' (r, t1) > X(r, t2)
foranyr > 0 andtg < t; < tp. FurthermoreX'(r,t) — 0 asr — 0 for anyt > tg and
X(r,t) > 0ast— oo foranyr > 0.

Therefore, for any > 0 there existd, > tp such that”'(r,t) < r/2 for anyt > t,
and anys € [0, %), and so|x.(t) — Xo(t)| < r for anyt > t, and anys € [0, £*). On
the other hand, by Corollary 1 we have that for any O there existg, > 0 such that
[Xe (1) — Xo(t)| < r, foranye € [0, &) and anyt € [0, t,].

In conclusion, for any > 0 there existsg > 0, with &g = min{e*, &}, such that
[Xe (1) — Xp(t)| < r foranye € [0, gg) andt > 0. That is,x, converges top uniformly in
[0, +00) ase — 0. Furthermore, as far as concerns the conigalve have thatu, (t) —
Uy(t, Xe (1))| — 0 as t— +oo. O

3. Exact attainability

Our goal in this short section is to present a method extensively studied in Krastanov &
Quincampoix (2001), Nistri & Quincampoix (2000) and Veliov (1994, 1997) for obtaining
local attainability in small time of the s&t.

PROPGSITION 2 Assume (V). Assume that € U, U compact set oR™, and thatf, k
are Lipschitz continuous, wheke: [0, T] x R" — R. Assume that

K={(,x) €[0,T] x R", k(t, x) =0}

is aC11 manifold. Moreover, assume that there exists- 0 such that for anyt, x)
[0,T) x K
ak

{ (i) minuey < f(t, X, U v), 56,0 > +5(t, %) < —a

. . A1
(i) a<maye < ft,x,uv), Kt,x) >+, x) (3.1)
for all v € V(t, x). Then there exists a neighbourhobaf K such that starting from
any point of I \K, and for any uncertainty(t, x), there exists a control for which the
corresponding solution to (1.2) reach€sn finite time and remains iK for all the future
timet < T.
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Proof. We only sketch the proof: for the details we refer the reader to Proposition 3.3 of
Nistri & Quincampoix (2000). Lev(t, x) be any Lipschitz selection of (t, x). For any

(t, x), the vectorst-VK(t, x) and—VKk(t, x) are (proximal) normals t& at (t, x). By the
viability theorem expressed in terms of proximal normals (see for instance Veliov (1994))
condition (3.1)(i) implies that the set

{(t,x,2) €[0,T) x R" x R, k(t, x) < z}
is locally viable for the differential systems
(t, %, 2) e (1, f(t,x, U, v(t, X)), —a). (3.2)

Thus starting from any pointtg, xo) with k(tg, Xo) > 0 small enough, there exists a
measurable contral(t) such that the corresponding solutibr> (t, x(t), K(to, Xo) — at)
of (3.2) satisfies the inequality

k(t, X(t)) < K(to, o) — at,

and so fort = k(tp, Xp)/a the trajectoryx reacheX. Using (3.1)(ii), a similar argument
shows the attainability oK in finite time starting from any point of

{(t,X,2) € [0,T) x R" x R, k(t, x) > z}.

Because of the continuity dff, there existsl such that
ok ok
f(t, x,u,v), —(, x —(t,x) =0.
< ( V), o >>+8t( )

Therefore K is locally viable. O

4. Applications

In this section we present some illustrative applications of the results obtained in this paper.

4.1 A tracking problem

In order to clarify the meaning of our assumptions and of the obtained results we
first consider a simple tracking problem for a nonlinear, dynamical system affected by
deterministic uncertainty which can be modelled by the differential system (1.1). The
dynamicsf will be detailed later.

Specifically, given a smooth reference trajectay(t), t € [0, T], with T > O large,
and given any initial conditiomy € R" we want, by means of the control design proposed
in Section 2, to solve problem (CP). For this, we introduce a smooth funsti¢f, T] x
R" — R" as follows:

s(t, X) := € (X0 — Xref(0)) + Xref(t) — X. 4.1)

whereA(C) < —a < 0. HereA(C) denotes the eigenvalues of the symmatric n matrix
C.
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Note that(0, Xg) € S= {(t, Xx) € [0, T] x R": s(t, X) = 0}. We consider here the case
when f is of the form

X = ¢(t, X, v) + Bu, x(0) = Xo, (4.2)

wheregp(t, X, v) is a function depending on the tinhes [0, T], the statex € R" and it is
affected by the uncertainty € V (t, x). In other words, the considered real dynamics is
among the possible system dynamics

X = o(t, X, v(t, X)) + Bu, (4.3)

where(t, X) € [0, T] x R" and the functiont, X) — v(t, X) € V(t, X) is t-measurable
and x-Lipschitz. Finally,B is an x n matrix andu € U C R" is the control variable.
On the map(t, x, v) — ¢(t, X, v) we assume conditions;{f-(f3) and on the multivalued
map(t, x) — V(t, X) we assume condition (V). It is also easy to verify that the funcsion
defined in (4.1) satisfies{5(%). In the present case assumption (H) takes the form

2
—vluy — U2|® = (B(u1 — u2), ug — Uy),

which means that the matrR is negative defined.

Under the previous assumptions it is easy to see thgti§Rsatisfied for any modelled
uncertaintyv(t, x) € V(t, x) and so we can apply our main result to conclude that problem
(CP) is solved for system (4.2).

In fact, letx, be the solution of (4.3) corresponding to some uncertaipty, x) and
fix a 25-neighbourhood of the trajectoryes, then we have that

Xe (1) — Xref(t)| < [Xref(t) — Xo(D)| + [Xo() — X (D], t€[0,T],

wherexg is the limit trajectory of X, }.~¢o in the uniform topology (Corollary 1). Therefore,
sinces(t, Xp(t)) = 0 for anyt € [0, T], we have for ¢ >0 sufficiently small

IXe (1) — Xref(1)] < [€° (Xref(0) — X0)| + [Xo(t) — Xe ()] < € %! Xref(0) — Xo| + 8. (4.4)

Note that the larger i& > 0, the smaller is the tim& > 0, and the following property
holds:

e xef(0) — %o =6 and €*0|xef(0) — xo| > 8 for 0<t < fo.

Observe thatr > 0 can be arbitrarily chosen for defining the functi®and hence for
designing the control law.

Furthermore, after replacir[@, T] with [0, +00) in all the previous assumptions, it is
easy to see that conditiofkg) is also verified. Moreover, if we solve the second equation
of the reduced system with respectuavheneven(t, x) € V(t, x) and we replace it in
the first equation we obtain

X(t) = Xref(t) + CES(Xg — Xref(0))

which is independent af(t, x) and represents the dynamicg®§(t) —Xref(t)) in [0, +00).
Itis also clear that the change of varialde= x — x;ef makes the equilibrium poirX = 0
of this dynamics asymptotically stable: in fact

(X, X) = (X, C X) < —a|X[2.

Letting Z(X) = @ we have that conditionZ) is also satisfied and then, assumirfg)(
Theorem 2 applies to conclude that (4.4) holdg@nt-o0).
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4.2 Control of a rigid robot manipulator

We now present an application of our results to a tracking control problem of a rigid robot
manipulator. To introduce the problem we closely follow Cavali@l. (1996), where the
tracking problem was considered in the deterministic case. In this case the manipulator
dynamical model can be written in the form

B(6)d + ¢, 6) +e®) =1, (4.5)

where6 is the vector of generalized coordinatesijs the vector of generalized forces
applied at various jointsB(9) is the inertia matrix, the vectax(®, 6) takes into account
Coriolis and centrifugal torques, ae@) is the vector of gravitational torques. We rewrite
(4.5) in state variable form for a manipulator with degrees of freedom. For this, it is
convenient to introduce the column state veota R?™ as follows:

Xi =6, Xi+m=éi, U =1, Wwhere i=1,2,...,m
0 m .
and sox = p andu = (uj);.;. Furthermore, define

B(x) = B71(9).
Therefore (4.5) assumes the form
X = A(X)X + B(x)u,

where
3 0 Im
A ‘( Por(X)  Aga(X) )

0
800 = (Ex))

with B(x) symmetric and positive defined. We consider the case wB@n, C(9, 6)
ande(@) and soAx1(X), A2a(x) and B(x) are affected by deterministic uncertainty. We
assume that for any system dynamics the ma(i is a inertia matrix. In fact, the matrix
coefficient ofd must be an inertia matrix and so for any system dynamics we consider only
symmetric and positive definite matrices for such a role.

Moreover, we assume that the uncertainty?en(x), Axo(x) andB(x) can be modelled
respectively by means of multivalued maps—> Vi(x) ¢ R™, i = 1,2, 3, such that all
possible system dynamics are obtained as Lipschitz seleatiaid/; as follows:

and

X = A(X, v(X))X + B(X, w(X))u, (4.6)

wherev(x) = (v1(X), v2(X)) andw(X) = v3(X). For instance, this is the case when, as in
Bartolini & Zolezzi (1991), we have explicit knowledge of the upper and lower bounds of
each component of the x m matricesAz1(x), Ax2(x) and B(x). We assume condition
(V) onthe maps/i,i = 1,2, 3, and condition @) on the dynamicg\(x, v)X + B(Xx, w)u.
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Furthermore, we assume that the mapsv) — A(X,v) and (X, w) — B(X, w) are
Lipschitz and we also assume)f

Sincex — A(x, v) andx — B(x, v) are bounded functions d&?™, whenv belongs
to a bounded set, conditionpffis satisfied.

Now, given a reference state trajectogys(t) which the statex(t) of system (4.6) is
required to track if0, T], with T > 0 large, and given an initial stakg for x(t) we define
a smooth functiors : [0, T] x R2™ — R™M as follows:

s(t, X) = S[e°! (X0 — Xref(0)) + Xref(t) — X]

whereS = (S, $), andS;, S m x m are matrices to be specified later. Moreo¥&is a
2m x 2m symmetric matrix with.(C) < —« for somex > 0.

Clearlys satisfies (g) and ($). For any system dynamics (4.6) condition (H) takes the
form

(SB(X, w(X))(Ug — Up), Ug — Up) < —vug — Up|?

for somev > 0.

Since we have assumed th¢x, w(x)) is an inertia matrix for any(x) € Va(x), in
order to satisfy (H) in any compact setof R2™M it is sufficient to choos&; in such a way
that $B(x, w(x)) is symmetric and negative defined BA™ and soS, in particular, is
invertible. Finally, if Q is any compact set containing the reference trajectasiyand if

we takeS; and$S in such a way that- S, 'Sy is a symmetric matrix with.(S;'Sy) > i

2 1
then we have solved problem (CP) for any initial condit@ne Q.
Indeed, if we puk(t) = Xp(t) — Xef(t) we have that

Sqt) = SeCle(0),

or equivalentlySie; + Seo = SeCle(0), wheree = <212)e, eR"i=1,2ande = &.
Therefore
o1 — 1. Ct
& =-S'Se + S 'see(0)
and
& =-S, 'S + S;1SCECe(0).

Observe that the error dynamics does not depend on the uncertainty.
Now, from the conditiom(Sglsl) > % it can be proved as in Cavalkt al. (1996)

thate; and soe; have exponential decay. This argument together with Corollary 1 leads to
the conclusion that problem (CP) is solved on any large interval {im€].
2
. : . - €|
Furthermore, a simple calculation shows that (Z) is satisfied it = % together
(81) and (Ro) and thus Theorem 2 applies to conclude that (CP) is solvéd, iroo) for
anyxg € Q. Finally, we would like to point out that other relevant control problems can be
represented in the form (4.6) as in the case of the attitude control of a satellite, see Cavallo
et al.(1993hb).
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4.3 Adirect Liapunov function approach

Consider the nonlinear uncertain system

(4.7)

X = f(x,u,v)
x(0) = Xp

with f : R" x R" x RP — R" Lipschitz with respect to the variablés, u, v) € R" x
R" x RP, f(0,u,v) = 0 for anyu € R" and anyv € V(x) c RP. Assume (§)—(f3) and
condition(V) on the multivalued mag — V(x).

We assume that = 0 is the isolated equilibrium point for the reduced system

(4.8)

x = f(X, up(x), vo(X))
x(0) = Xxp

Let Z : R" — R be a Liapunov function for (4.8) and we assume that

Z
0] aa—x(x) =0ifand only ifx = 0;
3°Z
ii) det—(0) #£0.
(i) det=-5(0) #
Givenxg € R", let us defines : [0, T] x R" — R" as follows:

9z Z
s(t,x) = a—X(X) - a—X(Xo)e

wherex > 0 and we assume(5-(S).

We want to design a dynamical feedback control by means of the approach presented
in Section 2 in order to solve problem (CP) in any prescribed neighbourhood-00 of
(4.7). For this, we form the singularly perturbed system

x=fx uvX), x0)=xo
827 87 : (4.9)
[ — —

el = W(X) f (X, u, v(x)) —|—a8—x(x0)e , u(0) = uo.

We assume condition (H), that is
32z )
W(f(x, u, v) — f(X, Uz, v)), Ug — Uz ) < —v|us — Uy

for somev > 0, anyx € R" and anyw € RP.

We also assume (3. Therefore we can apply Corollary 1 to deduce thatl..o
converges uniformly ori0, T], wheneverT > 0, to some solutiorxg of the reduced
problem. Furthermore, we hagé, xo(t)) = 0 for anyt € [0, T], namely

%(x(t) _ 92 et =0
ax Do) — == (xo)e " =
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for anyt € [0, T]. Under assumptions (i) and (ii), for any neighbourhdodf the origin

we have that
Xo(t) = 9z N E(x e ) el
0=\ ax ax 0

for anyt > to, wheretg depends only on the data, in particular, frans- 0 andl .

In conclusion, for any neighbourhood of the origin = 0 the trajectoryx,
corresponding to any system dynamics (4.9) belongs to that neighbourhoed>fof
sufficiently small and fot € [0, T]. Indeed,

IXe (D] < [Xe (1) — Xo(D)] + [Xo(t)].

Observe that ifZ(x) = x'Cx, detC # 0, then conditions (i) and (ii) are satisfied.
Moreover, if f (x, U, v) = g(X, v) + B(X)u with g(0, v) = B(0) = 0 for anyv € RP,
the condition (H) becomes

(CB(X)(Ug — U2), Ug — Uz) < —vlug — Uz|?

and (R) is satisfied for any modelled dynamics, that Ro) is satisfied. If the other
assumptions of Theorem 2 are also satisfied theronverges uniformly tag in [0, +00)
ase — 0.

5. Conclusions

We have presented an approach for the control of nonlinear dynamical systems affected
by deterministic uncertainty. We have considered as possible system dynamics any
t-measurable and-Lipschitz selections of the multivalued map which models the

uncertainty. Our approach is based on the theory of singular perturbation for dynamical

systems depending on a parameter (in our case the uncertainty) as presented in Bensoussan

(1988) and Quincampoix & Zhang (1995).

First, it is shown that we can solve the proposed problem (CP) in any time interval
[0, T] by choosing in a convenient way a smooth funct®depending on the control
objective which in turn permits us to define the dynamical feedback control law which
solves the problem.

Then, under more restrictive assumptions, the uniform convergence of the states can
be extended to all of0, +00) and so problem (CP) is solved in infinite time intervals.
Some applications of our method show that a large class of relevant control problems can
be solved by means of our approach.
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