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0. INTRODUCTION

Ler X, Y be Banach spaces, L: D(L) € X — Y be a Fredholm operator of nonnegative index and
F:X-—Y be a multivalued map. We shall be interested in finding sufficient conditions for the
solvability of the abstract equation

Lue F(u). (LF)

In Section 1, imposing assumptions concerning the kernel of L and the asymptotic behaviour of
F we shall show, using the Liapunov-Schmidt method, that problem (LF) can be formulated in
terms of a fixed-point problem in a suitable Banach space (cf. [2-4, 14] for single-valued non-
linearities as well as the extensive references in these papers).

Thus, applying topological degree arguments for upper-semicontinuous (u.s.c.) maps, the
solvability of (LF) can be reduced to the study of the topological degree of an u.s.c. finite dimen-
sional range map in a suitable ball (Theorem 1.1).

In Section 2 we give two examples of mappings L and F which satisfy the hypothesis of Theorem
1.1. The first one is a nonlinear elliptic boundary value problem of the form

Zulx)e f(x,u(x)) inQ

1))
Bu(x) =0 on 0Q
where % is a uniformly elliptic linear partial differential operator of order 2m in a bounded
domain Q, whose boundary d€) is smooth. % represents a normal family of m smooth boundary
operators of order less or equal to 2m — 1 which cover ¥ on dQ (cf. [1,9])and f:Q x R—oR
is a multivalued map with the following properties

f is a Borel-function

f(x, u)is a nonempty, compact and convex subset of R for almost all xe Q and allue R; (f1)
f(x,.) is an upper-semicontinuous map for almost all x € Q;

[ 1s uniformly bounded.

The second one is concerned with a nonlinear parabolic equation of the form

%u(x, f+ Hux, t)e flx,t,ulx, 1) in€ x (0,1)

u(x,t) =0 on dQ x (0, 1) (I
u(x,0) = u(x, 1) in
1031
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where . # is a formally self-adjoint uniformly elliptic operator of order 2m in a bounded domain €2
of R" (with smooth boundary ¢€2) and

f:Qx0,1)x R—-R

is a multivalued map satisfying (f1) (where x is replaced by (x, t)).

Imposing an appropriate Landesman—Lazer type condition on the asymptotic behaviour of
f we show that problem (I) has infinitely many solutions and problem (II) has at least one periodic
solution. In the context of single-valued nonlinearities our results are contained in [2] and [3]
respectively.

Finally in Section 3, Theorem 1.1 is applied to study the existence of periodic solutions of a
multivalued differential equation of the form

() € £(t, u(t) (I
where f:[0,1] x R” —R" is a multivalued map satisfying the following conditions
f(.,u)is measurable for all ueR";
f(r, u)is a nonempty, compact and convex subset of R" for almost all t e [0,1] and all ue R"; (f2)

f(z, .)is an upper-semicontinuous map for almost all t e [0, 1];
£ is uniformly bounded.

We show that (III) has solutions if a Landesman—Lazer type condition is imposed on the nonlinear
term f. This result contains in particular a result stated in [11] in the context of single-valued
non-linearities.

1. AN ABSTRACT THEOREM

Let X, Y be Banach spaces and I': X — Y be a multivalued map. Firstly we recall some basic
definitions. I' is said to be upper-semicontinuous (us.c.) on X, if for every point xe X, I'(x) is a
nonempty ‘convex’ compact subset of ¥, and for any open neighbourhood V of I'(x) there exists
an open neighborhood U of x such that I'(U) = V, where I'(U) = |J I(z). Moreover, I is said

zelU

to be compact if it sends bounded sets into relatively compact sets. In the sequel we make use
of the following characterization for u.s.c. maps. I is u.s.c. if and only if I" is a non-empty, convex,
compact valued map with closed graph and sends compact sets into relatively compact ones.
Finally, T is said to be uniformly bounded in X if there exists M € R such that ||y < M for all
yeI'(x)and all x e X, where ||. | denotes the norm in Y.

Let us consider the equation

Lu e F(u), (1.

where L:D(L) = X — Yisaclosed linear operator with densedomain D(L)and F:D(F) = X — Y
is a multivalued closed, convex, bounded valued map with D(L) n D(F) # .

Assume that L is a Fredholm operator of nonnegative index. We denote by N(L) and R(L) the
kernel and the range of L respectively. Since L is a Fredholm operator, there exist a closed linear
subspace W < X such that X = N(L)® W and a closed linear subspace Z = Y such that
Y = Z@® R(L). Let Q denote the projection onto R(L) parallel to Z, that is (I — Q)Y = Z.
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Recall that the restriction of L to W ~ D(L) has a right continuous inverse H: R(L) —» W : There-
fore it is obvious that (1.1) is equivalent to the following system

we HQF(v + w) (1.2y

Ol — Q)F(v +w) 1.2y

withu =v+ we NL)y@ W.
Moreover, since the index of L is nonnegative, there exists a one to one linear operator
T: Z - N(L). Hence a solution of the following system

we HOF(Tz + w) (1.3y
O — Q)F(T: + w) (1.3y’

where ze Z and we W, is a solution of (1.2)«(1.2)". Now it is obvious that a solution of (1.3~
(1.3)" is a fixed point of the multivalued map R:Z x W — Z x W defined by R(z,w) =
(z — (I — Q)F(Tz + w), HQF(Tz + w)). Next we show that imposing some more assumptions
on L and F problem (1.1) can be solved using the topological degree for u.s.c. maps introduced by
Ma in [10].

Assume that

LEF) () —-QF:X—-oZisusc onX;HQF: X —o W is us.c. on X and compact;

(i) for some ¢ e Ker L\{TZ\{0}} there exists a positive constant ¢, such that if

wetHQF(Tz + ¢ + w)forte[0,1]and z € Z, then |w|| < ¢ ;
(iii) there exists a positive constant ¢, such that if [[z]| > ¢, and ||w] < ¢,
thenO¢ (I — Q) F(Tz + & + w).
Then the following existence theorem can be stated

THEOREM 1.1. Suppose that the assumptions (L.F), (i), (i), (iii) are satisfied. Assume that
deg((l — Q) F(Tz + &), B,, 0) # 0 for some r > ¢,, where deg((I — Q) F(Tz + ¢&), B,, 0) denotes
the topological degree of the map (I — Q) F(1z + &) with respect to 0 and the open ball B, of
radius r centered at zero. Then (1.1) has a solution of the form u = Tz + & + w.

Proof. Consider the map G: Z x W x [0,1] - Z x W defined by

Giz,w, A) = (I — QF(Tz + £ + Aw),w — JHQF(Tz + & + w)).

By the assumptions, it follows that G is an admissible homotopy in B, x B, x [0, 1], with
r > ¢,, in the sense of Ma [10, p. 10]. Then by the homotopy invariance [10, Theorem 7.7] and
the product of domains [10, Theorem 13.1] properties of the topological degree, we have that

deg((l — QYF(Iz + £ + w),w — HQF(T: + & + w), B, x B .0)
Then the result follows from the solution property [10, Theorem 10.1].

It is our opinion that Theorem 1.1 can be proved with a different approach by using a suitably
extended notion of coincidence degree [ 5] for multivalued maps.
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2. PARTIAL DIFFERENTIAL BOUNDARY VALUE PROBLEMS

Throughout this section we denote by Q a bounded domain of R" whose boundary ¢Q is an
(n — 1) dimensional C*-manifold such that Q lies locally on one side of 0Q. Furthermore let
f:Q x R — R be a multivalued map satisfying (f1).

2.1. A semilinear elliptic boundary value problem

Let # be a linear uniformly elliptic partial differential operator of order 2m, m > 1, with smooth
real valued coefficient and let # be a normal family of m smooth boundary operators of order
less or equal to 2m — 1 which covers .# on dQ (see [ 1, 9]).

We seek solutions of the multivalued elliptic boundary value problem

Lu(x)e f(x, ulx)) inQ
Bulx) = 0 in 20 1)

where [ satisfies (f1).
By a solution of (2.1) we mean a function u € W:”'(Q) for some p > 1 which satisfies the multi-

valued equation pointwise almost everywhere in © and the boundary conditions in the sense of
the traces (see [1,9]).

It is known (e.g. [1] for the case p = 2) that (&, #) induces a closed linear operator which is
Fredhoim of nonnegative index L: LP(Q) - LP(Q), the L -realization of (¥, %), with domain
D(L) = W;"'(Q).

Then it is easily verified that the set

{weLP(Q):j wy = forallveN(L)}
9]

is a topological complement for N(L) in L (Q). Following the notation in Segfion 1, we can
identify W with this subspace; analogously we can identify Z with the subspace N(L*) of L (€2),
where N(I¥) is the kernel of the adjoint * of L.

Consider now the multivalued map F defined by F(u) = {z: Q — R,z measurable; z(x)e
f(x, u(x)) a.e. in Q}.

The following lemma state some properties of the multivalued map F which will be used in the
sequel.

Lemma 2.1. Let pe[1, 4 <o) and let f satisfy (f1). Then:
(i) F(u)is a nonempty, convex, closed, and bounded subset of L (€) for all ue L (Q);
(ii) if u, —» u in L(Q) and if z, € F(u,) then 31}171 dist(z,, F(u)) = 0 (where dist(z, F(u)) =
infljz — y”LP(Q): y € F(w);
(iii} F is uniformly bounded.

For the proof see [8].
Let us rewrite problem (2.1) in the form of finding a solution

u=v-+weNL®W
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such that
we HQF(v + w),
O — Q)F(v + w)

Let p > 1 from Lemma 2.1 and the reflexivity of L (Q) we have that HQF and (I — Q)F have
closed graph since H: R(L) — W is compact (via the Sobolev imbedding theorem of Wz”'(.Q)
mto L (Q)) and I — Q) is a finite dimensional range map. Moreover HQF sends bounded sets
into relatxvely compact ones. Since the maps have convex and compact values we have that
HQF:N(L)® W —sWand (I — Q)F:N(L) ® W — Z are u.s.c. and compact.

To solve problem (2.2), we shall show that Theorem [.1 can be applied under some additional
conditions on f.

Indeed assume that (%, #) has ‘the unique continuation property’, that is

(2.2)

if v e N(L) vanishes on a set of positive measure, then v = 0 in Q. (UQ)

Moreover for any ue R let s (x) = {sup y:y € f(x,u)} and m (x) = {infy:ye f(x, u)}.

Since f is a closed map, by the Castaing representation we have that s, and m are measurable
functions for every u e R (see, e.g. [13]).

We denote by

s, (x) = lim sup s (x), m  (x) = lim inf m (x),

u—+tow u—>t oo

and we assume that s, and m, are measurable functions.

Remark 2.1. Notice that the above assumption is satisfied if:
(i) f is a single-valued map;
(i) f(x,u) = glu) — h(x) with he L (Q) and g:R —o R verifies (f1);
(1ii) there exists a multivalued map f Q — R with compact and convex values such that

Jim 3(f0x,w), f() =
uniformly with respect to x, where é denote the Hausdorff distance. In this case

s, (x)= DIm s(x); mx)= 11m m (x).

u—> ke )
If T:Z — N(L) is a linear injective operator, z*(x) = max{z(x),0} and z7(x) = min{z(x), 0}, we
denote by
M, (z) =J mozt +5.z7 + J m_zt +s_z”
Tz>0 Tz<0

and by

M (z) =J szt 4+ mozT + j s_zt 4+ m_z".
Tz>0 Tz<0

Then the following result can be stated.

THEOREM 2.2. Suppose that the assumptions (f1) and (UC) are satisfied. Moreover assume that
there exists a linear operator T:Z — N(L) such that M (z) > 0 for all ze Z\{0} or M, (2) < O for
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all z € Z\{0}. Then for every ¢ € N(L) with j'chTz = 0, for all z € Z\{0}, there exists a solution u of
(22 oftheformu = Tz + & + u, withzeZand we W

Proof. Without loss of generality we can assume that p = 2.

Let us discuss the case M ,(z) > 0 for all z e Z\{0}. Let £ € N(L) with jrsz =0, Vze Z.

By the continuity of T it follows that the maps (z, w} — HQF(Tz + ¢ + w) from Z x W into
W and (z, w)o(l — Q)F(Tz + ¢ + w) from Z x W into Z are us.c, compact and uniformiy
bounded. Hence (L.F),, is satisﬁeq. Moreover the uniform boundedness of f and the L-
estimates for linear elliptic equations, imply the existence of a constant K > 0 such that
|wilysm< Kforal we AHQF(Tz + & + w), 1€ [0,1], and so (L. F), 1s satisfied with ¢, = K.

To prove (L. F);;, assume the contrary, i.e. there exist sequences {r, } < R, {z,} < Z,{w } =« W
such that

(iii}

lim r = +o0, ]|z"HL2 =1, HW"“W%,,, <e¢, and

n-ry

O -~ QF(Trz + &+ w), YneN

Therefore there exists a uniformly bounded sequence {y} of measurable functions with
y(X)€ fx, Tr z (x) + &(x) + w(x)) ae. in Q such that (I — Q)y, = 0. This implies that
(I — Qu,z > =0 forevery ne N; hence

J vz, =0 foreveryne N (2.3)
Q

Since Z is finite dimensional we can assume that z_— Z in L,(€). Moreover by the compact im-
bedding of W3™(Q) in L,(Q) we can assume that w, — w in L,(Q).
Hence, by passing to a subsequence, if necessary, we can assume that

Tz, + (E+w)r, — Tz ae. InQ

Since [|Z], o, = . we have that TZe N(L)\{0}. Thus for almost all x eQ with TZ(x) > 0 it

results that

lim (T z (x) + &(x) + w (X)) = + o0;

n-—+oo

while for almost all x € Q with Tz(x) < 0 it results that

lim (Trz (x) + &(x) + w(x)) = — o0.

n-*on

Set
Q = {xeQy (x)¢ [(x, Tz, (x) + &(x) + w (X))}

Clearly meas(€2)) = 0, Vne N.

Define Q' = Q\[JQ ; let
Q, ={xeQ:TZx) >0} and Q = {xeQ:Tix) <0}
Notice that (UC) implies that meas(Q\(Q, |JQ_)) = 0.
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From (2.3) it follows that

= hf.llia?f “ ¥z, = “,{‘li?ff vz, + limglfj Vi,
Q Qs Q.

2.4)
Since {y,} is bounded and z, — Z in L,(€), if we denote by

Q, = {xeQ:z(x) = 0} wehavethat lim j vz, = 0.

n-+a

Hence by Fatou’s Lemma and (2.4) we obtain

contradicting the hypotheses on M (z).
It remain to show that for some r > ¢,, deg(tl — Q) F(Tz + &), B,, 0) is different from zero. In
fact the following homotopy

(hz2)—( = Nz+ M -~ QFT+&, ie[0,1]

is an admissible homotopy in the sense of Ma (see [10, p. 107).
Assume the contrary. Then there exist sequences

{r}eR with limr =+o0, {z}cZ |zl =1 and {1} c<[01]

n—=*ao

such that Oe (1 — 4 )z, + A (I — Q) F(Tr,z + &) for all ne N. Therefore there exists a sequence
"}y (x)e f(x, Trz,(x) + &x)) for a.a. x € Q, such that (1 — 4 )z, + 4 — Q)y, = 0.
Hence (1 — 4 )z, + A (I — Q)y,, z,> = 0. This implies that

1 - AH)J 22 + /lnj yz, =0; thenJ‘ vz, <0
Q Q Q

forallne N.
Using the same argument as above, we get a contradiction with the assumption M, (z) > 0.
By the same argument it is possible to treat: M (z) < O for all z e Z\{0}.

Remark 2.2. If f(x,u) = g(u) — h(x) with he L (Q) and g:R - R verifying (fl), then Theorem 2.2
contains a result due to McKenna [12] in the case where g is obtained from a discontinuous map
when all the jumps are filled in.

2.2. Periodic solutions for parabolic equations
In this paragraph we denote by .# a formally self-adjoint uniformly elliptic operator of order
2m with smooth coefficients.
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We seek periodic solutions in time of the multivalued parabolic equation

8“(;’ D 4 ttutx, e f(x, 6 utx, 1) inQ x 0, 1)
u(x, ) = 0 on éQ x (0, 1) 2.5)
u(x, 0) = u(x, 1) inQ

with f:Q x (0,1) x R — R satisfying (f1) (where x is replaced by (x, t)).

THEOREM 2.3. Assuine

J m+v+j m v>0 foreveryve N(L), v # 0.
{(x, 1) eQx(0, 1)1 0> 0} {(x,eQ % (0, 1): v> 0}

Then (2.5) has a solution.

Proof. Together with homogeneus Dirichlet boundary conditions, .# induces a self-adjoint
differential operator

M:D(M) © L,(Q) » L,(Q) where D(M) = W2™Q)~ W' (Q),
Mu = #u for ueD(M).
Following [3],set X = Y = L,(Q x (0,1)) and Lu = (u/dt) + Mu with
D(L) = {ue L(W™Q) n W, (), (0, 1)), du/dt € L,(Q x (0, 1)),
u(x, 0) = u(x, 1), xeQl

Clearly N(L) = N(I*) = N(M) (since M is self-adjoint). R(L) is closed and L has a right-inverse
H which is compact (e.g. [3]).

Here again we define the multivalued map F: X — X by F(u) = {z:Q x (0, 1) — R, z measur-
able: z(x, )€ f(x, t,u(x, 1)) ae. inQ x (0,1)}.

Hence by (f1) F has the properties as in Lemma 2.1 and problem (2.5) can be rewritten in the
following form: Find u = v + we N(L)@® R(L) such that:

we HQF(v + w),

O ~ Q)YF(v + w), (26)

where Q is the projection of X onto R(L) parallel to N(L). We may therefore proceed as in the
proof of Theorem 2.2.

3. PERIODIC SOLUTIONS OF A MULTIVALUED DIFFERENTIAL EQUATION
Let J = [0,1]and f:J x R" — R” satisfy condition (f2). We shall be interested in proving the
existence of 1-periodic solutions for the multivalued differential equation

(e frut) (3.1)
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over J. Solutions are understood in the Caratheodory sense, i.e. absolutely continuous functions
u:J — R" verifying (3.1) for a.a. t € J together with

w0) = u(l). (3.2)
Let X be the space AC(J, R" of the absolutely continuous functions with the form |ju|,. =
max |u(t)[ + [alu(r)] de.
t10,

Let Y = L (J,R") with the norm [jul|, = [3{u(t)] dt.

If we deﬁne L:D(L)yc Y — Y and FiY =Y by D(L) = {ue X:u(0) = u(l)}, (Lu)(t) = ult)
for a.a. teJ and F(u) = {z:J - R", z measurable: z(t) € f(t, u(t)) a. in J}, then our problem
takes the abstract form

Lu e F(u). (3.3)

It is clear that L takes values in Y. Moreover, following [6] and [7], (2) implies that F is a non-
empty, closed, convex and bounded valued map from Y into itself which has cloded graph.
Furthermore F is uniformly bounded. By classical results on ordinary differential equations, we
have that

= {ue D(L): u(t) = w(0) foreverytelJj,

(L)
R(L) = {ye Y:J‘1y=0},
0

so that L:D(L) © Y — Y is Fredholm of index zero and Y can be decomposed in the topological
direct sum Y = N(L)® R(L).

Let Q be the projection of Y onto R(L) parallel to N(L) defined by (Qy) (1) = y(t) — L‘)y(t) dt
Therefore problem (3.3) is equivalent to the system

we HQF(cl + w) 3.4y
0e(l — Q) F(cl + w) 34y’

where 1(t): = 1 for every teJ,c is a real constant, cl + we N(L)® R(L) and H is the right
inverse of L composed with the compact imbedding of D(L) into Y. To prove that problem (3.3)
has a solution, we shall apply Theorem 1.1 to (3.4)—(3.4)" in the particular case X =Y, Z = N(L),
W = R(L), T = I (the identity on N(L)) and R(c, w) = (c1 — (I — Q) F(c1 + w), HQF(c1 + w)).
Now we are in a position of proving the following theorem.

THEOREM 3.1. Suppose that (f2) is satisfied. Moreover assume that

1 1
j m, >0 and J s_ < 0.
4] (4]

Then there exists a solution of (3.3) of the form

u=cl +weN(L)® R(L).

Proof. The maps (c,w) - HQF(cl + w) and (c,w) — (I — Q) F(c1 + w) from N(L) x R(L)
into Im L and N(L) x R(L)into N(L)respectively are u.s.c. and compact. Moreover the uniform

s R S O S S o L P RS S e S s, B T N TN TE SR R P e e
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boundedness of f implies the existence of a constant K > 0 such that |w|,. < K for all
weAHQF(cl + w), A [0, 1], and ¢ € R. Therefore (L.F); and (L.F)_,, are satisfied.

To prove (L. F),,, assume the contrary. Then there exist sequences {r } < R and {w } =« W
such that lim |r | = + o and |w | < ¢, with 0Oe(l — Q)F (r1 + w) for all ne N. Therefore

there exists a sequence {y,} with y (t) e f(t, r, + w,(t))fora.a.te J such that (I — Q)y, = 0, that is

1
J y,=0 forall neN. (3.5)

0

Suppose now that hmr, = + co; then lim (r, + w (1)) = + » for every t e J. Denote by

J,={teJ:y ¢ f(t.r,+ w)and J = J\{ JJ . Clearly meas J, =0 for allne N.

We have 0 = liminf{j y > {} liminfy > [} m, contradicting the hypotheses. Analogously
for the case where lim r, = — 0.

Hence there exists a positive constant ¢, such that 0¢ (I — Q) F(cl + w) for all |w| <c,
and |¢| > ¢,.

Finally, we prove that for some ¢ > ¢, we have that deg((/ — Q) F(cl), B, 0} is different from
zero. In fact the map

(A cl) —(1 — Al + A — Q) F(cl)
is an admissible homotopy in the sense of Ma [10].
Assume thecontrary ; thenthereexist sequences {r,} < Rwith lim .| = + coand {4,} < [0,1]

such that
Oe(l —A)r, + 4(1 -~ Q)F(r,1) forall neN.

Hence there exists a sequence {yn} with y (x)e f(x,r) for a.a. teJ such that (1 — A+
A — Q)y (t) = 0 for all ne N. This implies that

1 1
(1~An)f rn+ﬁ,nj v, =0
0 0

Therefore if lim r = -+ o0, for n sufficiently large we have that [}y, < 0 and, using the same
argument as above, we get a contradiction. Analogously if lim r = —o0,

n—+ao

Remark 3.1. The same result can be obtained with {{s, < Oand [} m_ > 0.

Remark 32. If f is a single-valued continuous map and there exist lim f(x, ) and lim f(x, 1),

-+ + o 1= —on

our result is contained in [11].
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