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Abstract

In this note, we investigate the existence of controls which allow to reach a given closed
set K through trajectories of a nonlinear control system. In the case where the set is
sufficiently regular we give a condition allowing to find a feedback control law which
ensures the existence of trajectories to reach the set. We also consider the case where all
the trajectories reack. WhenK is not necessarily attainable but only viable, we build
a set-valued feedback for which the set is invariant. Our approach concerns continuous
dynamics, possibly nof?, so our methods do not come from geometric control theory.
Furthermore, we do not require any regularity of the Keh order to obtain our results,
except when we want to establish the existence of a feedback control law to achieve our
goals.O 2002 Elsevier Science (USA). All rights reserved.
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1. Introduction

Throughout the paper we consider a control system

x'(t) = f(x(@),u(r)), foralmostallr >0, (1)
with initial condition
x(0) = xo, (2)

where f:R" x U — R" is continuous with linear growth, and is a compact
subset oR!.
Moreover, we assume

Vx € R", f(x,U)is a nonempty convex compact set 3)

Let K C R" be a nonempty closed set. The main question we address is the
open-loop attainability of the sét by trajectories of (1). Namely, we pose the
following question:

— Does there exist a neighborhodd= K + B(0,r) of K such that for any
point xg € I\ K, there exists a measurable control such that a corresponding
solution to (1) reaches the sktin finite small time?

More precisely, for any € 9K andT > 0, does there exist some> 0 such
that from any pointkg € B(x, r)\K starts a trajectory of (1), (2) reachirkgin a
time less than or equal tB?

When the control is derived from a feedback law, the above property will be
calledfeedback attainability

Before answering this question, let us give two important consequences of a
possible positive answer to the previous question:

C1 The setK is viable for the control system (1). Namely, starting from any
initial condition xp € K there exists a solution(-) to (1) remaining ink;
that is:

vVt €[0,4+00), x(t)eK. (4)
C2 The minimal time function

O (xo) :=inf{r > 0, there exists a solution(-) to (1), (2)
such thate (1) € K }

takes finite values whery € 7. Let us remark that in generdl is only lower
semicontinuous (cf. [1]).

The problem of attainability, or equivalently controllability for the backward
dynamics, has been mainly studied in the case wkeis a singleton (cf., for
instance, [2]).
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The set-attainability has been studied in [3-5] using various expansions of the
trajectories of the dynamics. This approach requires the smoothness (atipast
of the dynamics (and also of the set for [3] and [5]) and it allows to prove the
Holder continuity of the minimal time id.

A second type of approach for the set attainability [6—8] requires only the
closedness oK and the Lipschitz continuity of the dynamics and as a conse-
guence the Lipschitz continuity of the minimal time function can be derived.

A third approach [9] considers sufficiently regular sets, called proximate
retracts, and by means of the construction of a feedback control law the set at-
tainability can be obtained (cf. also [15]).

This approach implies also the Lipschitz continuity of the minimal time
function.

Of course, each of the previous three approaches requires different sufficient
conditions for obtaining the set attainability.

The main goal of the present note is to study the attainability cdrhitrary
closed setfor a continuous dynamics and to derive continuity properties of
the minimal time function. Surprisingly, when neither the set nor the dynamics
are smooth, our approach can cover cases where the minimal time is Holder
continuous. If the set is more regular, then our results permit us to derive the
existence of a feedback control law providing the set attainability property. We
shall also give sufficient conditions for the attainabilitykoby all the trajectories
starting from a neighborhood &f.

When the sef is only viable, namely it satisfie§1, the following natural
guestion arises:

— Is it possible to find a set-valued map— W(x) C U such that for any
xo € K, the set of solutions to

x'(t) € f(x(@®), W(x(®)), x(O0)=xo0, >0, (5)
coincides with the set of solutions to (1), (2) which are viabl&in

This question was positively solved by Veliov [10] for Lipschitz dynamics by
using proximal normals. Here we propose a different simple proof of this fact
using viability theory.

We want also to stress that our results can be easily adapted to the case of
nonautonomous dynamics.

2. Somepreliminaries

We denote bylx the Euclidean distance function ¥ and byITk (x) the set
of projection ofx ontoK:

Mg (x):={zeK, |x—z| =dx(x)}.
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Under our assumptions on the dynamjtcghe multivalued map
x> F(x):={f(x,u), ueU}

is upper semicontinuous with nhonempty compact convex values. So we can
interpret the control system through the following differential inclusion:

x'(t) e F(x(1)), foralmostevery > 0. (6)
FromC1, we know that the following condition is necessary for the attainability:

VxeK, F@x)NTk(x)#9, )
where

Tx (x) := [v e R, iminfdi (x + hv)/h = 0}
is the Bouligand contingent cone ¥ at x. Condition (7) can also be equivalently
written in terms of proximal normals:

Vx e K, Vp e NPg(x), min (v, p) <0, (8)
veF(x)

where

NPk (x):={p eR", dk(x + p)=Ipll}

is the set of proximal normals (cf. [8]). Recall also that i K andz € Tk (x),
thenx — z € NPk (2).

In fact, according to the celebrated Viability Theorem [11], the condition (7)
is equivalent to the fact that the sitis viable for (1). Note that the condition (7)
does not give any information for a point¢ K because in such a poiffi (x)
is reduced tad. So one can define thexternal Bouligand conestilll denoted
by Tk (x), in the following way:

Tk (x) := {v eR", Dydg(x)v < 0},

where the contingent epiderivative (see [12]) of a fun&ipnR” — [0, +00] is
defined by

Dip(yw= liminf L&D Z O

h—0%, u—v h

Following [9], for x ¢ K we propose to define the following “affine external
cone™® associated with any > 0:

TK,)/(X) = {U S Rn, DTdK(x)U < _)/}.

1 Because obviously these two definitions coincide for any poiatk .

2 Note that for a Lipschitz function the contingent epiderivative coincide with the lower Dini
derivative.

3 which is not a cone whep # 0.
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Also, for anya > 0, we define
dg(x) = inf{||y —x|% ye K}
and the set
T,‘é"y(x) = {v eR", Dydg(x)v < —]/}

which reduces tdl’x,, (x) whena = 1. Note that ify > 0 andx € K, then
Tg’y(x) =, whenever > 0.

Recall also that a sé is saidsleek(cf. [12, p. 101]) when the map+—> Tk (x)
is lower semicontinuous at every point &f. In this case the contingent cone is
CONVex.

3. Set attainability
We are now in the position to formulate our main result.

Theorem 1. Let F be an upper semicontinuous map with nonempty compact
convex values and linear growth. LEt= K + r B be an open neighborhood of
the closed seK C R". We suppose that there exists a Lipschitz positive function
A = A(-) such that for anyg > 0 the solutiony(-) to

Y1) =—=r(y®), yO=yo, =0, 9)

assumes the valu@in a finite minimal time denoted b¥/(yo).
Suppose that there exists> 0 such that

VxeI\K, Fx)N T;;Md%(x))(x) 0. (10)

Then starting from anywg € I\K there exists at least one solution {6)
reachingk in finite time. Moreoverm is continuous o\ K and

O (x0) < ¥(d§ (x0)). (11)
Before proving this theorem, let us present some of its consequences.

Corallary 2. Assume thaf is a Lipschitz map with nonempty compact convex
values and define the constant functiar) := —3§ with § > 0. Suppose that there
exists some > 0 such that conditiorf10) holds true. Then from anyp € I\ K
there exists at least a solution {6) reachingK in finite time. Moreover® is
Holder continuous o\ K with exponeni.

Remark 1. In the particular case wheete= 1, we get the Lipschitz continuity of
the minimal time function as obtained in [6-8].
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As it can be easily seen in the following two-dimensional example with
K ={(0,0)} andU :=10, 1]

2., .2\1/2

x = - (3 ),
2., .2v1/2

y/ = _7()C +; ) (3“[‘ u),

the minimal time® (xo, yo) = (x3 + y3)Y/2 is Holder continuous of exponenta.

Proof of Theorem 1. Denote byr — y(z, yo) the unique solution to (9) with
initial conditiony(0) = yo. First, observe that becausés positive and Lipschitz,
then standard arguments based on the Gronwall inequality implydhat & (yo)
is a Lipschitz function. Moreover, by [12, Proposition 6.1.4]

Vx € R", TEpi(d%)(xa d%(x)) = Epi(DTd%(x)),
where
Epi(y) :={(x,y) eR" x R, ¥(x) < y}
denotes the epigraph of a functign R"” +— R U {+o00}.
So condition (10) implies in particular
Vyel, weFx), (v, —r(dgx))) € Tepiay)(x, di (x)). (12)

Therefore, for anyxg € I\ K, according to the Viability Theorem [11, Theo-
rem 3.3.2], there exists a solutign(-), y(-)) to

{x/(t) € F(x(1)), x(0)=xo,
YD) ==x(y(®), y(0)=d§(x0),
and a timer > 0 such that

Ve e[0,7], d%(x(n) < y);

thatis,(x(-), y(-)) belongs to the epigraph af for ¢ € [0, 7].

One can easily show that this solution is extendable into a maximal viable
solution (x(-), y(-)) on [0, #(d% (x0))]. Then, sincey (¥ (d% (xo)), d§ (x0)) =0,
we get

di; (x (¢ (dk (x0)))) =0.

Sox (¥ (d% (x0))) € K. From this we obtain tha® (xo) < 9 (d% (x0)).

On the other hand, for anyp € I\K there exists an optimal time control
(cf. [1]). Fix x1 andx2 in I\K and suppose (x1) < ©(x2). Denote byu;
the optimal time control and hy1(-) a corresponding trajectory, with associated
s1:= O (x1), and byz the solution to the Cauchy problem

(1) = f(z(0), u1(0)), z(0) =x2.
Clearly,
O (x2) < O(x1) + O (2(s1)).

(13)



480 P. Nistri, M. Quincampoix / J. Math. Anal. Appl. 270 (2002) 474-487

But

O(z(s1) <9 (d% (z(s0)) < ¥{dk (x1(s2)) + [[x2(51) — z(s1) | *}-
Sincedk (x1(s1)) = 0 we obtain

0< O (x2) — O (x1) <O ([Jxalsn) — 20 |%). (14)
Because

|x1(s1) —z(sD)| = 0 whenxp — x1,
we obtain

O(x2) — O(x1) > 0 whenxa — x1
by the continuity of¢. Interchanging:; andxy, the proof is achieved. O
Proof of Corollary 2. Whena is constant equal te-8, theny(¢, yo) = yo — #6.
Equation (11) implies

Vxoe I\K, ©(xq) < ¥ (d¥(x0) = %d% (x0). (15)

Then we can proceed as in the proof of Theorem 1.
Fix x1 andx2 in I\ K with ®(x1) < ©(x2) as above. Sinc& is Lipschitz,
there exists a constagt> 0 such that

|x1(s1) — 2(s1) || < Cllxr — x2|l.

This and Egs. (14) and (15) imply
l o o
O(x2) — O(x1) < SC X1 — x2||%.

Interchanging:; andxy, the proof is complete. O

Remark 2. In [6-8], the set attainability property is defined from a condition of
the type

Vx e K, Vp e NPk (x), n (p.z) < —allpl (16)

mi
zeF(x)
which is in fact equivalent to the Lipschitz continuity 6f. Moreover, it is clear
from the proof of [10, Theorem 5] that condition (16) implies the viability for (13)
of Epi(dk) restricted tol := K + (a/L)B(0, r), whereL is a Lipschitz constant.
So (16) implies (10) withk = 1 andx = —(a/L).

Proposition 3. Assume that conditions of Theordrhold true. Moreover, assume
that F is a continuous set-valued map with nonempty closed compact values and
A(-) = —4 is constant.
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If Epi(d%) is a sleek subsétof R"*1 then there exists a feedback control
i: I+ U such that

X > f(x, ﬁ(x))
is continuous and for anyg € 7\ K there exists a solution to
x'@) = f(x@®),4(x@®)), x(0)=xo, (17)

which reache< in finite time. Furthermore, all the solutions (&7) reachK in
finite time.

Proof. If Epi(d%) is a sleek subset @1 then, by (10) and (12), the map
(x,y) € \K xRy — (F(x),=8)N Tepias) (x, y)

is closed convex nonempty valued. Then by Lemma 4 (postponed after the present
proof), there exists a continuous selection of the above map which is necessarily
of the form

x, )~ (f(x, u(x, y)), —8).
Defineii(x) = iu(x, dg (x)). Then the map
X f(x, ﬁ(x))

is continuous. Following the arguments in the proof of Theorem 1, one can prove
that Ep(d) is a viable set for the differential equation

(x’(t), y/(t)) = (f(x(t), ﬁ(x(t))), —8).

Thus starting from(xo, d% (xo)) there exists a viable solutiofx(-), y(-)) to the
above differential equation. Note thaf-) reachesK in a time not greater than

d% (x0) /8.
Now fix xg € I\ K and considek(-) a solution to (17).
Define ¥ (¢) := dg (x(¢)) which is absolutely continuous on every interval
whereyr (r) do not vanish. So for almost allbelonging to such an interval
Y/ (1) = Dyd (x (1)) X' (1)
= Dyd% (x(®)) f(x (@), i (x (1), dE (x(1)))) < =8

by the definition ofi.
Thus on every interval wergx (x (1)) # 0 we have

(1) = d3 (x(1) < d (x0) — 1.

Hencey (¢) is equal to O beford$ (xo) /6.
This completes the proof.O

4 1tis enough to assume that Egf, ) is sleek at every pointx, d§ (x)) wherex € I\K.
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Lemma4. LetU c R be an open set; and H be two set-valued maps frobh
to RY. Assume thatG and H have nonempty convex closed values, tHait
continuous and{ is lower semicontinuous. If

VxeU, Gkx)NH(x)#9,
then there exists a continuous functipnU - RY with
VxeU, fx)eGx)NH(x).

Proof. This is based mainly on an idea in [13].
Fix ¢ > 0. By Lemma 5.1 and Remark 5.2 in [13], there exists a continuous
selectiong, of H with

VxeU, g(x)eG(x+¢eB)+¢eB.

Using ideas developed in the proof of Michael's Selection Theorem (cf.
Lemma 9.1.4 and proof of Theorem 9.1.2 in [12]), one can obtain a continuous
selectionf of GNH. O

Using the fact that Egil%) is sleek on/\ K when the map — d% (x) is Clﬁ’cl
onI\K (see Proposition 9 in the Appendix), we can obtain the following:

Corallary 5. Assume all the conditions of Propositi@n Furthermore, assume
that F is Lipschitz and thak + d%(x) is locally of classC! on I\K. Then
there exists a feedback lawwhich steers taK all the solutions tq17) starting
from anyxg € I\ K. Moreover, the minimal time function associated with @q)
is Holder continuous o\ K of exponent.

We have also the following result.

Proposition 6. Let F be an upper semicontinuous map with nonempty compact
convex values and linear growth. L®€t: R” — R be a continuous nonnegative
function. Consider

K = {x eR", V(x) < 0}

andl:=K +rB C {x e R", V(x) <s}, r > 0. We assume that there exists a

Lipschitz continuous positive functiarsuch that, for anyg > 0, the correspond-

ing solution to(9) assumes the valuin a finite minimal time denoted(yo).
Suppose that for any in I\ K, there exists some € F(x) such that

D1V (0w < —A(V(x)). (18)

Then the seK is attainable by trajectories of6).

Furthermore, if we assume thét is of classC'! on 7\ K with nonvanish-
ing gradient on/\ K (thenEpi(V) is sleek and if . = —4 is constant, therK is
feedback attainable.
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Proof. Fix xp € I\K. From (18) and [12, Proposition 6.1.4] we deduce

Vx e I\K, Jv e F(x), (v, —A(V(x))) € TEpi(v)(x, V(x)). (29)
By using similar arguments as in Theorem 1 and Proposition 3, one can easily
complete the proof. Let us underline that whéris of classC1 on I\ K with

nonvanishing gradient oh\ K, then Ep{V) is sleek at any pointx, V (x)) with
xeI\K andV(x) #0. O

Set-attainability by all trajectories. We say that the sekt’ is a global attainable
set if starting from any poinkg € I\ K of a neighborhood\K of K all the
solutions to the differential inclusion (6) reaghin finite time.

Proposition 7. Assume that the set-valued mapis Lipschitz continuous with
compact convex values. Suppose that there exists a furiciieiin Theoreni.
If there existsx > 0 such that

Vxe\K. F(x) CTg ;a0 (20)

then starting from anyg € I, every solution t¢6) reaches in finite time smaller
or equal tod (d§ (x0)).

The idea is very similar to that of Theorem 1, the only difference being that we
have to apply the Invariance Theorem [11, Theorem 5.3.4] instead the Viability
Theorem. So we omit the proof.

4. Viability and invariance by set-valued selection

In this section K is assumed to be compact aRdLipschitz continuous. Let
us define the following function which was proposed by Veliov in [10]:

max min (=% v) ifx ¢ K,

xeR > I(x):= :zemx) veF(x) =2l (21)

0 otherwise

Proposition 8. Let K be a compact set anBl be a Lipschitz continuous map with
Lipschitz constant. > 0in I = K + B(O, r).
AssumeX is viable, so it satisfies

VxeK, Fx)NTg(x)#D.
Define on/ the multivalued mab
x> Gx):=Fx)N Tk _jx)(x).

S Observe that the “sub-mapG is equivalently defined by the formul&(x) = {v € F(x),
Dydg (x)v < 1(x)}, and its restriction oK coincide withF(x) N Tk (x).



484 P. Nistri, M. Quincampoix / J. Math. Anal. Appl. 270 (2002) 474-487

Then the set of solutions to

x'(1) e G(x(1), x(0)=xo, (22)
is nonempty and closed for amy € 7. Furthermore, ifxg € K then it coincides
with the set of viable solutions {6).

Proof. The first part of the proof is taken from [10] and it is given here for the
reader’s convenience. Denote bfyan upper bound of on K.
Part I. Fix x € I\K. For anyz € [Tk (x) andv € R" we have

. X — X —2Z
Dydg(x)v=min < Y ,u><< ,v>.
yelg )\ [[x — | lx =zl

Thus there exists somee F(x) such that

Dydg(x)v < min < roc ,v><l(x). (23)
veF()\ [lx — z|l

ConsequentlyG (x) # . Forx € K, G has also nonempty values by (8).
Fix x € I\K. We claim that

~M <1(x) < Ld (x). (24)

The first inequality follows from the definitions @f and of the functior; let us
prove the second inequality. Let Tk (x). BecauseX is viable so it satisfies (8).
Hence, there exists € F(z) such that

< R ,w><0.
lx —zl

The Lipschitz continuity of implies that there exists € F(x) with

lv—wl|l < Ldg (x).
Thus

<i,v><< S ,w>+< i ,v—w><LdK(X).
lx —zll lx —zll lx —zll

This proves our claim.
Part 1l. Let us remark that € G(x), with x € I\ K, if and only if

(U, l(x)) € Tepi(dy) (x, dg (x)), (25)
and equivalently by (24)
({v} x [-M, 1(x)]) N Tepiag) (x. dk (x)) # 0.

As G has nonempty values an we deduce that Efiy) is locally viable (in the
interior of I') for

(x’(t), y/(t)) € F(x(t)) X [—M, l(x(t))]. (26)
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In fact, it is possible to use the Viability Theorem because
(x,y) > F(x) x [-M,1(x)]

is an upper semicontinuous map sihég upper semicontinuous. Hence the set of
solution to (22) is closed because it is the projection of the set of viable solutions
to (26) which is compact.

Now let us choose a solutior(-) to (22). Fort > 0 let defineg(¢) = dg (x (1))
which is an absolutely continuous function. Forzalt 0, for whichx (¢) ¢ K, we
have in virtue of (24)

g'(t) = Dydg (x)x'(1) <I(x) < Ldg (x) = Lg(1).
From Gronwall’'s Lemma we obtain

d (x(1)) < dg (xo)e™, ¥t >0 such thak(r) € I\K. (27)
Takingxp € K, we obtain that all the solutions to (22) are viablex

Remark 3. Observe that in general the map is not convex-valued. How-
ever,G has convex values when Hgj) is sleek. This follows from [12, The-
orem 4.1.8] and (25).

Remark 4. First, we want to stress that the map
x> Hx):=Fx)NTk(x)

is not suitable to obtain the invariance property @fdescribed in the above
Proposition 8. In fact, the invariance property involves the behaviour of the map
outsidek .

Furthermore, wher¥ is not Lipschitz,G is not suitable to obtain the Invari-
ance Property. We illustrate this fact in the following elementary example in di-
mension 1.

Example. Considerk := {0} and the ordinary differential equatior = 2x/2,

Clearly, foranyL > 0, we haveG = H = x1/2, and obviously; — 72 is a solution
of the above differential equation starting from 0 which is not viable.
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Appendix A. Sleek property of the epigraph of dg

In this paper, we have often used the assumption thaikpiis sleek. We
shall now give an equivalent formulation of this condition.
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Proposition 9. Let K be a closed nonempty subsetRif. Then the following
conditions are equivalent

(i) the setEpi(dk) is sleek o'\ K,
(i) the projectionx — ITg (x) is single-valued od,
(iii) the distance function - d (x) is locally of classC11 on 1\ K.

Proof. Clearly (iii) = (i). The equivalence of (ii) and (iii) is due to Federer [14,
Theorem 4.8]. Let us prove that & (ii). For this, assume that Eplk ) is sleek
on/\K.Assume by contradiction that for some I\ K there exist two elements
y17# y2in Ik (x).

Taking into account thatlx is differentiable on the open segment, x),
i=1,2,we get

Vi=1,2, Vz; € (yi,x),

Z. P . -
Tepica) (2, dk (zi)) = (Vdm)’—y’,—l) , (28)
llzi — yill
where
AT = {p eR", (p,a)<0, Vae A}.

Since Epidk) is sleek its contingent cone is convex, so from [12, Theorem 4.1.9]
we obtair?

21— )1 -
Tepiay) (X, di (x) Dco<<Vd (11)7,—1)
o (- () iz =l

U (VdK ()22 —1>_). (29)
lz2 — y2ll

We end the proof by considering the following two cases.
Casel. The vectors — y; andx — y, are parallel and consequently of opposite
directions. On one hand, since

& > Tepicay) (5. dk (§))
is lower semicontinuous, lettinge (y;, x) — x,i =1, 2, we obtain
Tepiag) (x. dg (0)) C {(v,w) €eR" xR, (v,x —y1) =0, w>0}.

On the other hand, becaugg is Lipschitz continuous with Lipschitz constant 1,
we have

YoeR", (v, [lvll) € Tepiag) (x. dx (x)).
A contradiction is obtained taking= x — y1.

6 where co denotes the closed convex hull of a set.
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Case2. The vectors — y; andx — y» are not parallel. From (29), we obtain
Tepiag) (*. dg (1)) =R" x R_.

This is a contradiction with the lower semicontinuity of the tangent cone to the
epigraph Epidg) together with (28). O
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