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Abstract: By means of the Hausdorff measure of noncompactness and the topological degree
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of a singularly perturbed system of differential inclusions in infinite dimensional Banach spaces.
Moreover, the behaviour of such periodic solutions when the parameter € tends to zero is also
investigated.
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INTRODUCTION

The aim of this chapter is to investigate the existence of periodic solutions for a system of
differential inclusions in infinite dimensional spaces, depending on a small parameter
€ > 0, which has the form

Z'(t) € Ax(t) + fi(t,z(t),y(t)), t>0

e/ (t) € By(t) + falt,x(0), (1)), M

where A and B are infinitesimal generators of C*-semigroups of linear operators e’ and

eBtt >0,z € F; and y € Ey with Ej, E, infinite dimensional Banach spaces. The
nonlinear multivalued operators f;, i = 1,2, are T-periodic in time with nonempty,
convex and compact values and satisfying suitable conditions expressed in terms of the
Hausdorff measure of noncompactness. All the assumptions will be precised in the next
section.

*The Research of Mikhail Kamenski is supported by R.F.F.I. Grant 96-01-00333 and G.N.A.F.A. and the
Research of Paolo Nistri is supported by G.N.A.F.A.
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In [2] we provide conditions which guarantee the upper semicontinuity at e = 0 of the
solution map € — S, of the Cauchy problem for (1). The considered topology for the
solution pair (z, y) is that of the uniform topology with respect to the x-variable and that
of the L'(E,)-weak convergence with respect to the y-variable. For singularly perturbed
systems of differential inclusions in finite dimensional spaces in [10] and [15] the same
result is proved by using completely different methods. In this case, if the uniform
convergence is also considered for the y-variable then the upper semicontinuity can be
obtained for a suitable subset of S, (see [8,18,19]). In fact, in general, the map € — S, is
not upper semicontinuous at ¢ = 0 (see [9]). Finally, In ([11] and [12], see also the
references therein), an approach in order to approximate the slow motions of a singularly
perturbed control system in finite dimension by a limit differential inclusion was pro-
posed. This approach is based on the averaging method applied to the fast dynamics,
as result the uniform convergence of the slow motions to a solution of the limit differ-
ential inclusion is obtained. Furthermore, any such solution is the uniform limit of slow
motions. Singular perturbation methods for partial differential equations are also
intensively studied (see e.g., [16,17]).

In this chapter our attention is devoted to the existence of periodic solutions for small
€ > 0 and to their behaviour when € tends to zero. It is still convenient for our purposes
to consider here the uniform topology for the z-variable and the weak topology for the
y-variable. In fact, with this choice we will be able to show the upper semicontinuity at
€ =0 of a suitably defined condensing operator, whose fixed points represent the
T-periodic solutions of our problem. Roughly speaking, we will show that if the reduced
problem at € = 0 admits isolated T-periodic solutions with topological degree different
from zero then we provide sufficient conditions to guarantee the existence of T-periodic
solutions (z, y.) for small € > 0 and also that for every sequence ¢, — 0 the sequence
(z,,ye,) converge, in the above topology, to a T-periodic solution of the reduced pro-
blem. Observe that here the topological degree is that for condensing operators in locally
convex spaces.

The methods presented in this chapter are similar to those of [2], but here we use
different measures of noncompactness which turn out to be more suitable for the present
problem. Furthermore, the topological degree theory is used in a different way.

The chapter is organized as follows. In Section 1 we state the problem and we
formulate the assumptions which permit to solve it. Furthermore, we introduce con-
venient operators in order to rewrite our problem in terms of a multivalued fixed point
problem. In Section 2 we prove in Theorem 1 the relevant properties of the resulting fixed
point operator, in particular the condensivity with respect to a suitably introduced
measure of noncompactness and the upper semicontinuity in the considered topology.
These properties will permit to use the topological degree theory for condensing oper-
ators in locally convex spaces in order to prove the existence of fixed points for € > 0
sufficiently small and their behaviour when e tends to zero.

1. STATEMENT OF THE PROBLEM, DEFINITIONS
AND ASSUMPTIONS

Through this chapter we consider a system of differential inclusions of the form

Z'(t) € Ax(t) + fi(t,z(t),y(t)), t>0
Ey/(t) € By(t) + f?(twr(t ’y(t))v
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where A and B are infinitesimal generators of C*-semigroups of linear operators e’ and
eP', t > 0, respectively, acting in the Banach spaces F; and E, with E, satisfying the
Radon-Nikodym condition (see [7]), € > 0 is a small parameter and f;: R} x Ej X
Ey, — Ku(E;),i = 1,2, are multivalued operators. Here Kv(FE) denotes the set of all the
nonempty, convex, compact subsets of the Banach space E.

Statement of the Problem: we want to provide conditions under which system (1) can
be rewritten as a fixed point problem in a suitable chosen functional space F for a
multivalued condensing operator F;. Moreover, these conditions must guarantee that F; is
upper semicontinuous at any € > 0 in a prescribed topology of the underlying functional
space F.

As a result we can apply the related topological degree theory for multivalued con-
densing operator defined in F (see e.g., [1,4]) to derive the following relevant property:

If there exists an open set U C F such that
deg(I — Fy,U) #0

then for € > 0 sufficiently small the set X, of periodic solutions of (1) is nonempty and
the map € — X, is upper semicontinuous in the considered topology of F.

To make precise the setting in which we will solve the above problem we first choose
for the functions ¢t — x(¢) and ¢t — y(¢) the functional spaces Cp(E;) and LlT(Eg)
respectively, and so F = Cp(E1) X LlT(EQ). We recall that C'p(F) denotes the space of
T-periodic continuous functions z: [0,7] — E equipped with the uniform norm:
max, || z(t) || ; and LlT(E) is the space of Tiperiodic strongly measurable functions
z: [0,T] — FE having finite norm || z ||L; := J, [[z(@) || dt. In the sequel by ' E we will
denote the space F equipped with the weak topology of E, while Kv — w(E) will denote
the set of all the nonempty, convex, weakly compact subsets of F.

We assume that

(Sp) there exist positive constants 71,72 > 0 such that
e < e and

le™ [lp,< e

for any ¢ > 0. Moreover D(B*), the domain of the adjoint operator B*, is dense in
Es (see [14]).

(Ag) fi: Ry X By x By — Ku(E;),i = 1,2, are T-periodic with respect to time, that is

fi(t + T,x,y) = fl(t7x7y)

for any ¢t >0 and (x,y) € E; X FE>. Furthermore, the Nemytskii operators
®;: Cr(Ey) x LY(Ey) — Kv—w(LL(E;)) generated by f;, i = 1,2, as follows

®i(z,y) = {g € Ly(E:) 1 g(t) € filt,x(t), y(1))
for almost all (a.a) ¢ € [0,7]}

are well defined.
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The following assumptions are formulated in terms of the Nemytskii operators
®;i=1,2.

(Ay) For any pair of bounded sets Q; C Cr(Ey), Q2 C LL(E») there exists a function
¢ € LL(R) such that

19:(0) I, < #(t)

for a.a. t € R and any g; € ®,;(z,y),7 = 1,2, whenever (x,y) € ; X (.

(Ay) ®; are upper semicontinuous multivalued operators from Cp(F7) X leT(Eg) to
v LL(Ey).
7\

Remark 1: Explicit conditions on f;,7 = 1,2, which ensure that the related Nemytskii
operators are well defined will be given in Section 3. For the finite dimensional case (see [3]).

We also need suitable compactness conditions on ®;,7 = 1,2, expressed in terms of
the Hausdorff measure of noncompactness. To this aim we give the following definitions.

Definition 1: Let £ be a Banach space. Let 2 C E be a bounded set. The Hausdorff
measure of noncompactness X z(€2) of the set (2 is the infimum of the numbers o > 0
such that €2 has a finite c-net in E. For the relevant properties of xyg we refer to [1].

Definition 2: Let £ be a Banach space. Let {2 C E be a bounded set of E. The measure
of weak noncompactness x,,({2) of the set €2 is the infimum of the number o > 0 such
that 2 has a weakly compact a-net in E. This measure of weak compactness and its
properties have been studied by De Blasi in [6].

Definition 3: Let ) be a bounded set of LIT(E). A function b € LlT(R) is called a weak
bound for the Hausdorff measure of noncompactness x LL(B) of the set € if for every 6 > 0
there exist a measurable set es C [0, 7] and a compact set K5 C E such that meas es < §
and for every f € () there exists g € LIT(E) satisfying g(t) € Ks for a.a. t € [0,7] and

() = g(®) | p< b(t) + 6

for a.a. t € [0,T7]\es.

In the sequel the set of all the functions b € LL(R) with the previous properties will be
denoted by WB(£2). Observe that we can always assume that g(t) = 0 for ¢ € es.

We introduce now the operators I, e € [0, 1], whose fixed points will represent the
T-periodic solutions of (1). For this, we need first to define the linear operators

A LA(Ey) x LA(Ey) — Cp(Ey) x LY(E,) defined as follows

¢
f 6A<t’5>gl(s) ds

A ~%
A, (91> (t) = (A (169)1 )(t) = t , €>0.
9 2(€)92 L [ ell/aBli=s)gy(s) ds

While, for ¢ = 0 we set Ao(0) = —B~L. Finally we pose

Fo(x,y) = {A‘@D 191 € ®y(,y), g2 € <I>z(x7y)}
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We formulate now the assumptions under which Fi, e € [0, 1], is a well defined con-
densing operator.

(A3) There exists closed, convex set (Q C leT(EQ) such that @ is bounded in L'(F>)
and

As(€) @2 : Cr(Er) x Q—oQ

(Ay) There exist positive constants k13 and kjo such that for any pair of bounded sets
Q1 C Cr(Ey) and ©y C @ the constant function

K =kn SUp X, (1)) + Fraxw(22)

belongs to WB(®1(£2; X 9)).

(As) There exist positive constants k9; and koo such that for any pair of bounded sets
Q1 C Cr(Ey) and 9 C @ one has

X (P2(21 X Q2)) < ko Slth XE (Q21(1)) + kaaxw(22).
Finally, we now formulate the last assumption.

(Ag) The eigenvalues A of the matrix

(kn/’h km/’h)
ka1 /v kaa/7ve

satisfy |A| < 1.

Remark 2: The assumption (Aj) is verified if, for instance, there exist positive constants
M and [ such that

I fat, 2, 9) [l g, < M+ 1y |

with [/y9 < 1. In this case, we have Q = Qr, where
Qui={9€ L}(B:) < | o(t) |y, < R, foraa.t € R},
and R > 0 is sufficiently large.
Definition 4: By a T-periodic solution of system (1) where € > 0, we mean a fixed point
(w0, y0) € Cr(E1) x LL(Ey) of the operator F..
2. RESULTS

In order to formulate our results we introduce first two measures of noncompactness. The
first is defined as follows: given a bounded set Q C Cr(F;) x LL(Fs) we put

o (XerE) (Pr())
@ = (i )
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where P is the projector on the first coordinate of the Cartesian product Cr(E;)Xx
LlT(EQ), while P is the projector on the second coordinate of the same space. The second
measure of noncompactness is defined as

o _ ((sup: XE (P1(22(2)))
wm—( X (P2(92) )

We can now prove the following.

Theorem 1: Assume that the conditions (Sy), (Ag) + (As) are satisfied, then the operator
Fo: Cp(Ey) x Q — Cp(Ey) X Q is upper semicontinuous at any € € [0, 1]. Furthermore
F. has nonempty, compact, convex values and it is (H,X, V)-bounded with respect to all
its variables, namely

x| U F© | <HH(Q) 2)
e€0,1]

for any bounded set Q) C Cp(F1) X LlT(EQ), where the inequality is understood in the
sense of the semiorder induced by the cone Ri.

Proof: Let (2 be a bounded set in Cp(FE7) x @, then Q C P x P>(). By condition (Ay)
we have

ki1 Sl;p XE, (Plﬂ(t)) + klgxw(PQQ) c WB(@l(PlQ X P2Q2)|[0,T]).

Therefore for a given 6 > 0 there exist es C [0,7], a compact Ks C E; and a set
G C LL([0,T], Ey) such that meas es < § and for all g € G one has g(t) € K; for
t €[0,T]\es, g(t) = 0 for ¢t € es. We can extend any g € G to R by T-periodicity. For
simplicity, we still denote by ¢ such an extension and by G the corresponding set.
Observe that A;G is relatively compact in Cp(E7). Let f € &1(PQ2 x PQ) and evaluate
| A1f(t) — Arg(®) || 5, as follows

t

[ ALf(8) = Arg(D) ||, S/ e ) f(s) = g(s) I, ds

—00

t
< / 1) (e sup  (PLO(E)) + Froxw(Po(€2)) ds
_ t

oo

t
+[ e M ys ()] £(5) [| g, ds,

o0

where s is the characteristic function of the set es 4 57,7 € Z. Since the function
2(t) = fioo e 1E=1)5(8)|| £(s) || g, ds is T-periodic then it is sufficient to consider z only
for t € [0,T]. Let t € [0,7] and consider

(1) :e-mi/‘J e Ys(s)[| f(s) |1 g, ds

=0 Y —(+)T

t
+AaWﬂwwﬂmmw
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T
0

—e Yy et / e T=Igy(5)] £(5) |1, s
j=0

+ / 1)y (8)]] £(5) I, ds

T
== [T 66 I

t
+ [ $06) i, d
0
2 T
< [ I s b

Since ¢ > 0 is arbitrary the last term is zero by (A;). From (2) we obtain

Xor () (M1 (PQ X PQ))

k k
< Lsupy g, (PIQt)) + — Xu(Po2).
Yot V2

By the monotonicity of the Hausdorff measure of noncompactness we get
Xcr(E) (M1P1(2)) < Xope) (AP (P x )
and so

k k
Xep(E) (M P1(Q)) < %SlfleEl (PQ()) + fxw(Pﬁ)

219

3)

Let us now show that the operator F.: Cp(F1) X Q@ — Cr(E7) X @ is upper semi-
continuous at € = 0. Observe that taking into account that the theory of the topological
degree for condensing operators is constructed by means of the restriction of the involved
operators to a fundamental compact set and the Theorem of Smulian, we can verify the
upper semicontinuity of F, on the sequences. For this, by assumption (A»), it is enough to
show that the linear operator A(e): “’LlT(EQ) — “"LlT(Eg) is sequentially continuous with
respect to e. It is clear that it is continuous for € > 0, let us show that it is continuous at
€ = 0. To this aim, consider g, — gy weakly in LlT(EQ) and ¢, — 0. Let v* be the

functional generated by the function

m—1

Y (t) = Z yﬁﬁ[t,‘,tmﬂ)(t)’
i=0

where y7 € E5 and 0 =ty <t <---<t, =T, then

T 1 t

[ o [ mmen, gas)a

0 €nJ-o

m—1 tiv1 1 t

=S [ [ g s a
i=0 Jti nJ—oo

4)
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m—1 tiv1 1 t;
=2 / <y / B3, (s) ds> di
=0 Jt €nJ—co

m—1  rt;y

N <(B*) ( (1/en)B*(tiz1—3) I)ymgn( )>d8
i=0 Jti

m—1 tit1

_ / <(B*) (1/en)B* (tis1— S)yz) gn( )>d8

i=0 v =00
m—=1 rt; 1

S A
i=0 /=

[ @)

We now prove that the first two terms tend to zero as n — oo. For this, note that, since
gn — go weakly in L} 7(&5>), we have that for any 6 > 0 there exists x> 0 such that
for any set e C [0, 7] w1th meas(e) < p it follows [ || gn(s) |z, ds < 6 for any n € N,
(see [7]). Let t € [0,T], consider

[ Byt g, as

o0

0
_ / <(B*)_1€(1/E”)B (tfs)y;k’gn(s)> ds

o0

t
+/ ((B) 1Ty g (5)) ds
0
T
= [y g BT ATy ) ds
t
[y e om ey g, (s)) ds.
0

We first write, f fOT g , and fo= "+ ft . Then we can estimate by means
of (Sy) these integrals and taking into account the observatlon above we can conclude that

t
/ <(B*)*16(1/5n)3 (lffS)y:7 gn(s)> ds — 0

o0

as n — oo. We leave the details to the reader.
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Finally, the last term tends to

T
—/O <y*(s),BflgO(s)>ds.

In conclusion, we have weak convergence of - = I ' el/aBi=9g (s)ds to —B g, with
respect to the functionals v*. On the other hand Eg has the Radon-leodym property,
then by (see Theorem 1 [7:p. 98]) we have that (L (E3))" = LF(E3). Now we can
approximate in the “almost every” convergence any function y € L“(E;) by a function
of the form (4). For this it is possible to consider the continuous function

h
a =y [ wd sepo.

which tends to y(s) as h — 0 for a.a. s € [0,7] (see Theorem 9 [7:p. 49]) and then
approximate zj( - ) by step functions. Applying now Egorov’s Theorem we finally obtain
that for any y € L77(E3)

T 1 t
/0 <y(t)7e—/ eW/e)Bi=9) g (s) ds> dt
n J—oco

‘1£ (y(s), B go(s)) ds

as n — oo. Therefore, the operator A(e)®y(x,y) is upper semicontinuous from
[0,1] x Cr(E}) x Q to Kv-w(Q). Observe that if C C LL(E») is any weakly compact set
then Uee[o 1 As(e)C is weakly compact. To conclude the proof we show that As(e),
e€[0,1],is a %—contracnon from LIT(EQ) to L} 7(E2). In fact, let € > 0, and consider

o
/ ﬁ</ / S| g(s) |, dis
Tl ~
- / L o) | s+ [ A 090 | g 5) |, d d
/ /“ wwmﬂglbﬁﬁ+/ /‘ | g(5) | 5, ds dit
0

L e o), s = [ e ) g, st
'72 - —00
T . 1 T
+ [ = et Mﬂﬂ@%)=—/nmm@w.
0 Y2 Jo

Finally, for e = 0, since B! = [,"™ ¢ dt, we have || B! || < -+ In conclusion

tends to

B(t—s)

e g(s)ds

1
Xo | [ 220022(Q) | < —xu(®2(2))
el0,1] 72 (5)

k k
S ﬂSup XE (PIQ(t)) +£XUJ(P2Q)'
Y2t 72
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In fact, if C is a weakly compact set which constitutes the a-net of ®4(£2), then
Ueero,17A2()C is a weakly compact set which represents the S-net of J.gp 1
A2 (€)Po(2).

From (3) and (5) we have (2). Inequality (2) implies that the values of F, are compact
and as it is easy to see they are also convex and nonempty. This concludes the proof. []

As a consequence of the previous result we have the following.

Corollary 1: Assume that the assumptions (Sy),(Ay) + (Ag) are satisfied, then the
operator (¢, x,y) — F.(x,y) is X-condensing with respect to all the variables.

Proof: Asitis easy to see 7(£2) < X(£2). Therefore, if for a bounded set 2 C Cp(E7) X Q
we have

X <x|( U F@® ()
ec[0,1]
then by Theorem 1 we obtain
7(Q) < Ho(Q). (7

Applying inequality (7) m times we get
7(Q) < H™p(Q). (8)

By condition (Ag) we have that || H™ | — 0 as m — oo, hence from (8) we derive
() = 0. If we apply Theorem 1 by means of (6) we have X (2) < Hv(2) = 0.
Therefore X(£2) = 0 and so (2 is relatively compact in Cp(E7) X Q. O

Now, using standard methods of the topological degree theory for multivalued
condensing operators in locally convex spaces (see [4]) we can derive the following
existence result for system (1).

Theorem 2: Assume that condition (Sy) and (Ay) + (Ag) are satisfied and assume that
there exists a relative, open, bounded set U C Cp(E7) X Q for which

deg(I — Fy,U) # 0.

Then there exists €y > 0 such that for all € € [0, eg] the set ¥, of the solutions of system

(1) belonging to the set U is nonempty and upper semicontinuous with respect to € in the
Cr(Ey) x v LlT(EQ) topology.

3. EXAMPLE

In what follows we provide an example illustrating how the assumptions on the
Nemytskii operators ®;,7 = 1, 2, presented in the previous Section can be verified. This
will be done by specifying a possible choice and the properties of the nonlinear operators
fi» which generate ®;,2 = 1,2. This example has been formulated having in mind a
concrete application of our abstract results to a control problem in infinite dimensional
spaces of the type of those considered in [?], as already pointed out in the Introduction.
Specifically, we consider the following form for f;,z = 1,2.
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filt,z,y) = Pi(t, o) + bii(x)y )

folt,z,y) = 2(t, ) + b (2)y + ba2y. (10)

We assume the following conditions.

(ap) The multivalued operators ¥;: R x Ey — Kuv(E;) are T-periodic in ¢, and for any
x € E there exists a selection g(t) € ¥;(t, x), for a.a. t € R, belonging to LIT(R),
1=1,2.

(a;) For a.a. t € R the operators (¢, -),% = 1, 2, are upper semicontinuous.

(ag) There exist positive constants /;; such that

X (Yi(t, Q) <laxe (), i=12
(a3) There exist positive constants M; such that
lilt,2) 1, < M;, i=1,2.
We now formulate the assumptions on the operators
bil ZEI —>LK(E2,EZ), 1= 1,2, (11)
where LK (FE», E;) denotes the space of linear compact operators acting from F» to F;.
(ay) There exist positive constants m;, ¢ = 1,2, such that

| bir () [|; < mai

for any « € Ey. Here || - ||; denotes the operator norm in LK (Es, E;).
(a5) The maps x — b;1(z),7 = 1,2, are continuous.
(ag) There exists a positive constant lso such that the bounded linear operator
boo: By — FEs satisfies
[[ 022 || < I (12)

(a7) Finally, we assume the following

! l
Moy g 2Ty (13)

st 72

Let R > 0 sufficiently large and let
Qr = {y € Li(B>) : || y(t) |z <R, foraa teR}.

Now we prove that by (13) we get: Ao(e)Po(Cr(E1) X Qr)p. This was already noticed
in Remark 1 (with Q = Q). For this, let ¢ > 0 and for a.a. ¢ € R we have
1 t
” Ay (6)(1)2 (:B, y) (t> HE2 < Z/ e~ (1/e)n(t=s) [MQ + (m22 + ZQQ)R] ds

< M + (mag + la2)R
B Y2 ’
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For ¢ = 0, for a.a., t € R we have

M. !
| Aa(0) () (1) |, < =2 @y +lm)R

By (13) if R > WL then we get the conclusion.

9 =M —l29 > X .
Let us prove now that the multivalued operators ®; are upper semicontinuous from

Cr(Ey) x v LlT(Eg) to Kv-w(LlT(EY;)),i = 1, 2. First observe that under our assumptions
on i; we have that the associated Nemytskii operator are upper semicontinuous (see [13]).
Therefore, it is sufficient to verify that the operators

(@, y) = bin(z()y(")

are continuous in the topologies which we have introduced in the previous section. From
(a5) we have that if z,, — z¢ in Cr(E1) and y, — yo in “LL(E;) then

(Y"5 bt (T)yn) — (", bir (w0)yo).- (14)

Let us now verify conditions (A4) and (A4s). From (a3) we have that for any Q C Cp(E4)
we have

X (it Qt))) <l SUp X, Q), i=12.
Therefore if
T,(Q) :={g: g€ Lp(E),g(t) € ¥i(t,x(t)), a.a. t € Rand x € N},

then

xE (Li(Q)(#) < la Slip X (§2(2)).

Observe that xz (bi1(£21(1))€2(t)) = 0 and so by [5], (11) and (as) we have that for
Oy C Cr(E,) and Q5 R we obtain

lil Sltlp XEI(Ql(t)) S WB(F7(Ql) + b71(Ql)QQ)

Consequently,

lin SUp X, (U (t)) € xwn(P1(21 x Q).
Furthermore, observe that if || Q(t) || < p(t),p € LL(R) and v € w5 then

T
@) < /0 2(t) di

and
Xuw(D2282) < loaxw(2)

we obtain (A4) and (Ar,) with kll = lu, klg = 0, kgl = Tl21 and kgg = 122.
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Finally, it is immediate to see that all the possible solutions (x, y) of the reduced system at
e = 0 are bounded as follows:

12l < Mi+muR and |yl @) < TR

Hence

deg(I - E); U) 7é 07

where U = Beyg,)(0, p) X Qg with p > M; 4+ my;. This concludes the example.
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