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0 INTRODUCTION

In this paper we consider an autonomous nonlinear control system described
by the differential equations

&= f(z,u), (1)

where [ is a continuous function. The state variable = belongs to R" and
the control variable u belongs to a set U(x) C R™ depending on z. The
assumptions on the multivalued map z — UU(x) will be precised later.The
control problem for system (1) that we consider in this paper is in the class of
control problems involving sliding manifolds. Specifically, the problem that
we consider here can be formulated as follows.



* Given a “sufficiently” smooth, nonempty, closed set A € R™. Given a
suitable neighborhood 1 of K and an initial state x5 € 1\ K. We want,
by means of a control v which takes value in U(z), x € I \ K, to steer
in finite time and then hold the state z of system (1) in a prescribed
e-neighborhood of K.

The set K represents the required behaviour of the controlled dynamics. In
the case when K can be defined as the zeros of a continuously differentiable

map s : R* - R™ m < n, s = (SJ‘)T:1 and one uses feedback control
laws u = u(x) which are discontinuous along the surfaces s;(x) = 0, usually
u;(z) = —sgns;(z), 7 =1,2,...,m, then this is the classical nonlinear vari-

able structure control problem for which there is a very broad literature, see
e.g. the monographs [16] and [17].

Another approach for solving the proposed problem is based on the theory of
singularly perturbed ordinary differential equations and it was proposed in
[7]. It consists in defining a dynamical feedback controller as the solution of
a differential equation containing a small parameter ¢ > 0. This equation is
directly derived from the dynamics f and the function s. In fact, the states
corresponding to such controls enter any prescribed neighborhood of K and
remain in it for all the future times. One of the advantage of this approach
is that these controls are absolutely continuous and so the corresponding
dynamics (1) does not require any regularization, for instance in the sense
of Filippov or Krasowski, as in the case of discontinuous feedback controls.
Furthermore, the so-called chattering phenomenon, which is one of the main
drawbacks of discontinuous feedback controls, is eliminated.

In this paper we aimn at solving the above problem in a different way, that
is we will use tools and methods of the multivalued analysis, in particular
we will consider the external contingent Bouligand cone 7% (x) to the set K,
r € [, and the selection theory for multivalued maps. Indeed, multivalued
analysis is of great relevance for the study of control problems: viability,
invariance and stability problems for system (1), among many others, are
widely investigated by methods of the multivalued analysis, see the mono-
graphs [1], [2], [3], [4], [14] and the paper [12]. One of the main difficultics
here is to establish the lower semicontinuity of the external contingent Bouli-
gand cone Ty () at any « € I, in order to use a selection result from [5] for
a suitably defined regulation map associated to (1). This permits to derive
the existence of a trajectory of (1) starting from z, and having the required




property. We would like also to point out that we do not require any partic-
ular conditions on (1), like / to be affine in u, in order to ensure the lower
semicontinuity of the considered regulation map. In fact, the employed se-
lection result does not require such a condition. Therefore the advantages of
our approach are related to the generality of the control system (1) and of
the control set U{x).

The paper is organized as follows. In Section 1, for a large class of sets
K, Proposition 1 provides the lower semicontinuity of the cone-valued map
x — Tk(z), x € 1. For this, we prove a suitable representation for the cone
T:K(;r), which is known in the case when K is a convex set. In Proposition 2
and 3 under different assuimnptions we show the lower semicontinuity of suit-
able cone-valued selections 71»17(.1:) of T:K(m), x € [, which permit to define
the suitable regulation map for (1) as the intersection of Ty ,(z) with the
set of velocities F(z) := [(z,U(z)),z € 1. Finally, in Section 2 we show
how to solve the proposed problem. Indeed, by using both a selection result
of [5] for the regulation map and a result for the approximation in graph
of multivalued maps of [11], we prove in Theorem 2 the existence of a tra-
jectory x = z(t), t > 0, 2(0) = x¢ € I, of (1) corresponding to a control
u(t) € U(x(t)) which reaches in finite time a prescribed neighborhood of K
and remains in it for all future times. Moreover, we also outline other pos-
sible controllability results which can be obtained by means of the proposed
procedure.

1 EXTERNAL CONTINGENT BOULIGAND CONE

In this section we establish some relevant properties of the external contingent
Bouligand cone for a class of nonempty, closed sets of R". These properties
will be employed in the next section for solving the control problem for (1)
stated above.We start with some definitions.

Definition 1 Let K C R" be nonempty. Let 2 € K, the closure of K. The
contingent Bouligand cone Tk () is defined by

di(z + Tv)

el e il ; Fecoe =
Tk(z) ={veR": llTnj)érJl = 0}.
Here di(-) is the distance function defined as dg(z) = 12}; d(x,y) where
ye
d(z,y) = |x — y| and | - | denotes the Euclidean norm in R™. It turns out
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that Tk (z) is a closed cone. If the cone-valued map 2 — Tk (x) is lower
semicontinuous at any r € K, the set K is said to be sleek. Finally, the
polar cone of Ti(z) is the normal cone to K, denoted by Ng(x).

Definition 2 Let K ¢ R” be a nonempty, closed set. Denote by 7y (-) the
metric projection on K defined by

Tr(x) = {y € K : |z —y| = dp(z)}.
We assume the following conditions on K.

(C) There exists an open neighborhood / of K in R" such that for any
r € I\ K the metric projection 7 () is single valued.

Remark 1 In ([10], Theorem 4.8) for a nonempty, closed set K C R" satis-
fying (C) it is shown that z — T () is continuous in  and locally Lipschitz
in /'\ K together with grad dg (). Furthermore, in ([10], Theorem 4.18) it is
proved, in an implicit way, that condition (C) is equivalent to the following
property.

(I') There exists a continuous function ¢ K x K — R, such that for all
T,y € K,v € Ng(z) we have that (v,y — 2} < o(z, y)|v| |y — =%

Here (-, -) denotes the inner product in R™. A nonempty, closed set satisfying
this property is called y-convex set (see [6]). In [8] it is shown that a (-convex
set of an infinite dimensional Hilbert space satifics (C) with 2 — 7y (x)
continuous in /. Furthermore, a nonempty, closed set A of a Banach space
which satisfies (C) with 7x(z) : I — K continuous (metric retraction) is
called proximate retract (see e.g. [5], [13] and [15]). Therefore, in a finite
dimensional space, the class of p-convex sets coincides with that of proximate
retracts. It is still an open question if a proximate retract in an infinite
dimensional Hilbert space is ¢-convex.

Remark 2 Note that any o-convex set K is sleek see [9]). Moreover, convex
y :
sets as well as sets with C'-boundary are y-convex.

For any = € I, consider the set K (x) defined as follows:
K(z) := K + dg(z)B,
where B; C R" denotes the unit, closed ball centered at the origin. We pose

the following problem.



(P) To show that the cone-valued map defined in I by
z — Tk(z)(z)

is lower semicontinuous at any x € I, i.e. the set K(z) is sleek at any
zel.

To solve problem (P) is one of the aims of this section.

Remark 3 Note that by ([3], Theorem 4.1) we have that if 2 — Tk, () is
lower semicontinuous at x then the cone Ti(;)(x) is convex.

The first step to solve () is to prove the following result which is know in
the case when K is convex ([3], p. 141).

Lemma 1 Assume that K is a nonempty, closed set satisfying condition
(C). Then

Tx@)(z) = Tr(tk(2)) + Tag@p, (t — 7k (2)), T €I

Proof: Obviously if € K there is nothing to prove. Therefore let v € I\ K
and assume that v € Tk ;) (), this means that there exist sequences 7,, — 0+,
vp — v such that z, =z + 7v, € K(z), ie. di(){zn) = 0. By property
(C) and Remark 1, there exists [ = [(z) > 0 such that |y — y,| < |z, — 2|
for n sufficiently large with y = ng(z) and y, = wx(x,). On the other
hand for n € N there exists b, € By such that x, = y, + |z — y|b,, since
|Tn — yn| = dx(z) < dg(x). In fact, from z, € K(z) it follows that there
exist ¥, € K and b, € By such that Tn = Un + d;((:r)hbn, thus dg(z,) =
d,r({@,ﬁ—d;((w)an) < dg (Gn) +d;((.r)ignl < dg (). Furthermo(re, by)passing to
r—y

a subsequence if necessary, we have that b, — b, where b = | K Rewrite
-y
Ty = 1 + T, as follows
n - b, —b
T+ Ty =Y+ |Yp — ylu +(z—y)+ |z -yl by — bl—, (2)
|Yn — ¥l |6, — 0]
T Yn — Y o
where b, = . Observe that y, = y + |yn — y|——— € K, with
|z -yl [Yn — %'
[¢n — y| — 0+ and |x — ylb, = (x — y) + |z — y| |bn — b'h € dg(r)B



with |2 — y||b, — b] — 0+. Then wy := lim =
n=0 [yn =yl

im ik
M T,

On the other hand from (2) we have

€ Tk(y) and 2z =

= Biel enil)

i |yn - yl Yn — Y + EJ, - ?f| |bn - h‘ bn =P ! (3)
Tn |yn = y[ Tn lbn - b'

with M = Jlwy

< M for n sufliciently large. Thus by passing to a
n
subsequence if necessary, we have

[ — | b —

U — 1
MJ—'%%EO and ~ = G >0

Tn Tn

obtaining from (3)
v = agwy + Fpzo € TK(y) ok TdK(:n)Bl(I = y).

Viceversa, let us prove now that from w € Tk(y) and z € Ty (), (¥ — ¥),
where y = i (z) and 2 € I\ K, it follows that w + z € Tk;)(x). Observe
that, without loss of generality, we can assume that |z| = |z — y|. Assume
w € Tk(y) then there exist sequences 7,, — 04 and w, — w such that
1y -+ Thw, € K. We show now the existence of a sequence z, — z, such that
|zn| = |z — y| and

(x — y} + Trzn € dg(x)Bs.
In fact, for any z € Ty @p, (v — y), with |z] = |2 — y|, and any sequence
T, — 04 there exists a sequence z, — z such that |z,| = |z — y| for any
n € N, and

(x —y) + Tnzn € dg(2) By,

for n sufficiently large. In particular,
(x —y) + Tpzn € di(r)By.
In conclusion,
Y+ Toty + (2 — Y) + Tnzn = 2+ Tr(wn + 2,) € K(2)

with 7, — 0+, thus w + 2 € T,z (x). This completes the proof. O




Remark 4 As a consequence of Lemma 1 and the closedness of T () (z) we
have that, in our case, the set

Tk (rtr(x)) + Tap @b (x — Tr(2)), €I,
is closed.

Definition 3 Let v > 0 and K as in Lemma 1, for any x € I\ K, we define
the closed affine cone Tk () as follows

~ s )} — di(x
Tialz) =4ve R" : iminf dele) —de(z)

70+ T

Sl

For simplicity, we denote by fK(L) the external contingent Bouligand cone
Tk o(z). Observe that if # € K then Tk o(x) reduces to Tx(x).

We can now prove the following result.

Lemma 2 Ty (2) = Tk (x) for any x € 1.

dg(z)(x
Proof: Let v € Tk(y(z), ie. Iimgﬂf i) (@ +70) = 0. On the other hand

=
di(z(z + Tv) = (x + v, 2), where z = { + dg(z)b, ( € K, b € By.
Thus

inf d
26K (a)

Ay (T + T0) > dge( + ) — dge (),
since d(x + 7v,{ + dg(x)b) > d(z + 7v,() — dg(z), for any ¢ € K and any

b € By. In conclusion

B~
s i ) Sl
T—0+ T

which implies v € T (z).Viceversa, assume that v € Tk (x) hence there exist

sequences 7, — 0+, v,, — v such that
dic(x + Tavn) < dic(x). (4)

Let y, = Tx(x + Tatn), thus [@ — yn + Tvn| = di(x +7,v,) and by (4) we get
|2 — yn + Twn| < |z — y| for any n € N. This implies that o + 7,v, € K(2),
since @ + T,v, € yn + dg (z) B1. Consequently, we obtain dg () (2 + Tovn) = 0
for any n € N, hence v € Tk(,)(x). This completes the proof. O

We have the following result.



Proposition 1 Assume that K C R" is a nonempty, closed set which satis-
fies condition (C). Then the cone-valued map v — T (x) is lower semicon-
tinuous at any x € I with nonempty, closed, convex values.

Proof: The proof easily follows from Lemmas 1 and 2, taking into account
Remarks 1 and 3. O

Definition 4 Let ¢ : Dom (/) — R be a function and 2 € Dom (1). We
define the contingent epiderivative Db (z)(v) of ¢ at = in the direction v as
follows ‘ , ‘
L W+ Tv) — Yl
Dyip(z)(v) := liminf - Codeakaf o )
T—0+ T

v =

As pointed out in Remark 1, if K is a nonempty, closed set satisfying condi-
tion (C) then 2 — dg(x) is continuously differentiable in / \ K. Therefore,
in this case we have that

Dydg(x)(v) = (grad dg(z), v)

for any € I\ K and v € R". Furthermore, if K is any nonempty, closed
set of R" and xq € R" \ K is such that z — dg(z) is differentiable at
7o then 7x (o) is a singleton (see [10]). Finally, since the distance function
x — dy(z), x € R", is Lipschitz of constant 1, then by ([3], Proposition 6.1.7)
it follows that for any = € R"”

s 8 8 L L < Cn ) el 52

, for any v € R".
T—0+ T

(ii) |Dvdr(z)(v)| < |vl, for any v € R™

In particular from (ii) it follows that dg is contingently epidifferentiable,
ie. Dydg(z)(0) = 0 at any z € R", or equivalently Didg(z)(v) > —oo
at any * € R" whenever v € R". Finally, observe that if the epigraph of
di : I5,(dk) is sleek with Domdyg = D, ie. 2 — Te,(dx)(x, dg () is lower
semicontinuous at any x € D, then the cone-valued map = — E,(Ddg(x))
is also lower semicontinuous with closed, convex values at any 2 € D; in fact
T ax) (T, di (2)) = E,(Dyd(x)), see ([3], proposition 6.1.4).

ip

The following two results are in the spirit of those of ([1], Section 9.4.4).



Proposition 2 Assume that K C R" is a nonempty, closed set which sat-
isfies condition (C). Moreover, assume that for v sufficiently small and any
v € I\ K there exists T € R"™ such that Ddy(z)(W) < —~. Then the cone-
valued map x — Ty ~(2), x € I\ K, is lower semicontinuous with nonempty,
closed, conver values.

Proof: Forax el \ K, let us define the map
Tr () ;= {v € R": Dydg(z)(v) < =7}

By assumption this set is nonempty. We show that the Graph 7§ ~ 1s open,
where Dom TK = I\ K. For this, let (z,v) € Graph T;‘ v, for any sequence
(2, v0) — (, ?f) we have that

n}lnolc DTG?.K(;T”)(?;“) = Didg(z)(v) < —7.

Furthermore, the set Ty, (x) is convex, since Didg(z)(v) = {grad dg(z),v).
Finally, consider the map

z — Tr(x) N Tg(z) = T, (z), z€l\K,

it is lower semicontinuous, since it is the intersection of the lower semicon-
tinuous map z — Ty (x) (Proposition 1) with a map having open graph.
Furthermore, it is convex valued and so 2 — Tk () = Ty, (z) is also lower
semicontinuous. As a consequence = — Ty () is lower semicontinuous at
any zr € I\ K. O

Finally, we can also prove the following result, which provides the same
conclusion of Proposition 2 under different assumptions.

Proposition 3 Let K C R" be a nonemply, closed set. Let I be a neigh-
borhood of K. Assume that F,(dk) is sleek with Domdx = I, assume that
for v > 0 sufficiently small and any « € I\ K there exists v € R" such that
Didg(z)(T) < —v. Then the cone-valued map x — Tx(z), x € T\ K, is
lower semicontinuous with nonempty, closed, convex values.

Proof: Let x, — = and v € Tk, (z), hence (v, —v) € E,(Didk(z)). By
the lower semicontinuity of the map » — E,(Ddk(x)) there exist sequences
v — v and ¢, > 0, ¢, — 0 such that

(Vny =y — €n) € Ep(Drdi(zn)).
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Let © € Tk, (), hence T = —y — Didg(2)(®) > 0 and so (v, —y — W) €
E,(Dydg (). Therefore there exist sequences T, — T and ¢/, > 0, ¢/, — 0
such that

(Tn, —y — T+ ¢,,) € E(Dydi(z,)).
€n

Define now w,, = (1 — 8, )v, + 6,7, where 6, = m

€ [0, 1]. We have
that

('wm It (.,-,,/2) - (1 - 9%)(“7@: S e Gn) + 671('1_"'71; Y- U+ Cn)-

Since Ep,(Dydg(x,)) is convex it follows that (wy,, —y—¢,/2) € Ey(Didk(x,)),
that is Dydg (2,)(vn) < =7 —€,/2 and 50 wy, € Th o (wn) with w, — v. More-
over, Tk () is convex. Indeed, the fact that I5,(dk) is sleek implies the up-
per semicontinuous of the map (z,v) — Didg(z)(v),z € I\ K and v € R".
Now, for v;,v2 € T;(ﬂ(:n). define E = {0 € [0,1] : Dydg(z)(8v,+ (1 —8)vo) <
—v}. It is nonempty by assumption, moreover it is easy to verify that F is
both closed and open relatively to [0, 1] and so E = [0, 1]. O

Remark 5 To the best knowledge of the authors the characterization of the
nonempty, closed sets K for which FE,(dg) is sleek is an open question.

2 CONTROL PROBLEMS

In this section we consider the autonomous nonlinear control system (1). We
assume the following conditions

(Ay) f: 1 xR"™ — R"is a continuous map and / is an open set of R".
The control parameter u belongs to the set U(x) depending on « € [.
The set-valued map z — U(z) C R™ is upper semicontinuous with
nonempty, compact, convex values.

We aim at solving the following control problem for system (1).

(CP) Given a nonempty, closed set K C R" satisfying condition (C). Given
@y € I'\ K, with I neighborhood of K assigned by condition (C). We
want to show the existence of a trajectory z = z(t), t > 0, z(0) =
xo € I\ K, of the control system (1) corresponding to a control u(t) €
U(x(t)), t > 0, which reaches a prescribed neighborhood of K in finite
time and remains in it for all future times.
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Observe that here problem (CP) is formulated having in mind Proposition 1
and 2 as tools to solve it. Clearly, if one wants to use Proposition 3 then K
and / are the sets satisfying the conditions of Proposition 3. Moreover, in
this case we also assume that K is sleek.

Consider the set of velocities

F@) = f(z.U(z)), €l

It results that the map » — F(x), © € I, is upper semicontinuous with
nonempty, compact values. Furthermore we assume the following condition.

(A1) F(x)is a convex set for any z € 1.

Definition 5 For 2 € I\ K, we define the regulation map associated to (1)
as follows .

Rk 4(z) == F(z) N Tk ().
We assume that

(A3) Rg~(2) is nonempty for any x € I\ K and for v > 0 sufficiently small.

Proposition 4 Under assumptions (Ap)-(Az) and the assumptions of Propo-
sition 2, for any & > 0 there exists a continuous map g : I — R" such that

(i) g(x) € Ty~ () for anyz € I\ K;

(i1) g 1s a d-approximation in graph of the map F. That is Graph (g +
dB1) C Graph (F') + 6 B;.

Proof:  Under our assumption the regulation map z — Ry (z), © €
I'\ K, has nonempty, compact, convex values. Thus the proofl is a direct
consequence of Lemma 5.1 and Remark 5.2 of [5]. 0

The following result provides the relevant behaviour of the trajectories of the
dynamical system & = g(z).

Theorem 1 Under assumptions of Proposition 4 any solution of the initial
value problem
i = g(x)
(5)
LC(O):QT(), :L‘DEI\K.,
reaches the set K in finite time tg > 0 and remains in it for all t > 5.

Moreover tq < dg(x0)/7.
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Proof: Let # = z(t) be any solution of the initial value problem (5). Let
t > 0 and d({) := dg(z(l)). Observe that { — dy(x(l)) is an absolutely
continuous function. For 7 > 0 we can write z(t +7) = z(t) + 72(t) + 7o(7),
where «(7) — 0 as 7 — 0. We have that

dg(x(t+ 7)) — dg(x(L))

d(f) - TILI(I)IJF T B
2 Tli%ll dr(z(t) + Tz(t) +TT(.I(T)) — dg(z(1)) S

Since i(t) = g(x(t)) € Tk (2(t)). Thus for ¢ > 0 such that z(t) € I \ K we
have proved that d(t) < —v, namely

d(t) < d(0) — vt = dg(zg) — .

Let £, > 0 such that d(¢) = 0 and d(¢) > 0 for all 0 < t < ty, then

i
ty < M ]
Y

As a straightforward consequence of ([11], Theorem 1, p. 87) and ([3], The-
orem 8.2.10), we can derive the following.

Theorem 2 For any ¢ > 0 there exists § > 0 such that if g : [\ K — R"
is a conlinuous §-approximation in graph of the multivalued map I then, for
any solution y = y(t), t > 0, of the initial-value problem (5), there exists a
solution x = x(1), t > 0, of the initial-value problem

{ & € F(x)
z(0) = x
such that for any time interval |0, a] we have

x(t) — y(t) < e.
fg}ggﬁl?() y(t) < e

Moreover, there exists a measurable control u(t) € U(x(l)), such that (1) =
flz(t),u(t)) for a.a. 1 = 0.

It is now evident that, as a consequence of Theorems 1 and 2, the trajectory
x = x(t), ¢ > 0, reaches in finite time the e-neighborhood of K and remains
in it for all the future times. Hence, problem (CP) is solved.

12




Remark 6 If v — F'(z) is lower semicontinuous, then the celebrated Michael
selection theorem ensures the existence of a continuous selection g(x) of the
regulation map x — Rg,(z), x € I\ K, and so we can take x(t) = y(t),
t > 0. Note that, under our assumptions, x — F(z) is lower semicontinuous
if # — U(z) is lower semicontinuous.

Remark 7 Observe that if, in Theorem 1, we assume the conditions of
Proposition 1 then by means of the above arguments we can show the exis-
tence of a trajectory « = x(t), { > 0, of the control system which does not
leave a prescribed e-neighborhood of I. Finally, observe that the condition
F(z) C Tk, (z), or F(z) C Tk(x), allows to prove the same behaviour for
all the trajectories of the control system.
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