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Sy~NoPsIS

We seek non-trivial solutions (u, A)e CH[0, 1)) [0, =), with u(x)=0 for all x&[0, 1], of the non-
linear eigenvalue problem —u"(x)=Af(u(x)) for x (0, 1) and u(0)= u(1) =0, where f: 10, ) —= {0, =)
is such that f(p)=0, for pe[0, 1), and f(p) = K(p), for p € (1, ), and K: [1, ) — (0, =) is assumed to
be twice continuously differentiable. (The value f(1) is only required to be positive.)

Existence and multiplicity theorems are given in the cases where f is asymptotically sub-linear and f
is asymptotically super-linear. Moreover if strengthened assumptions are made on the growth of the
non-linear term f we obtain the precise number of non-trivial solutions for given values of A & [0, ).

INTRODUCTION
We consider the non-linear two point boundary value problem
—-u"(x)=Af(u(x)) for O0<x<1
{ u(0)=u(l)=0.

(1.0)

where f: [0, ©) — [0, =) has the following form

0 for 0=p<1

flp)= {K(p) for 1<p<o’

The function K: [1, ) — (0, ) is assumed to be twice continuously differentiable.
We suppose that f(1) is positive (f(1) need not be related to K).

The function u and the number A are unknown quantities in the problem (1.0)
and so we consider a solution of (1.0) to be an ordered pair (u, A).

Since f is discontinuous at 1, we cannot expect to find twice continuously
differentiable solutions u of (1.0) with |lul|> 1, where {Jul = max {ju(x)|: 0= x=1}.
We give the following:

DerFmviTION. A solution of (1.0) is a pair (u, A)e C'([0, 1])X[0, ) such that
u(x)z0 for all xe[0,1], w(®)=u(l)=0

u’ is absolutely continuous on [0, 1] and —u"(x) = Af(u(x)) for almost all x € [0, 1]

1 Partially supported by a C.N.R. (Italy) Fellowship
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We denote by S the subset of C'([0, 1])%[0, ®) consisting of all the solutions
(u, A) of (1.0). Since f(0)= 0, we have that {(0, A): A €[0,%)}= S and we call this
the set of trivial solutions of (1.0).

The main result in section 1 is the following Theorem:

TueoREM 1.2. For each p € (1, %) there exists exactly one solution (u, A) of (1.0)
such that |jul|=p. Moreover, S N{(u, A)e S: lul|=1}={(0, A): A €[0, )}

In order to prove this result we consider, for all n € N, the following problem
{ —u"(x)= A, (u(x)) for O0<x<1
u(®)=u(l)=0
where f,: [0, ) — (0, «) is defined by

1

— for 0=p<l1
fa(p)=4{n
K(p) for 1<p-<c.

(1.n)

The value f,(1) is only required to be positive. For all pe(1,%) and ne N, the
existence and uniqueness of the solution (u,, A,) of (1.n) such that ||u,|| = p follow
from [3, Theorem 2.2], where f on [0, 1) is defined by a twice continuously
differentiable function H: [0, 1]— (0, ).

Then passing to a limit as n — o we get that (u,, A,) —> (Ug, Ao) In c'(o, 1P x
[0,) and that (ug, Ao) is the unique solution of (1.0) such that [lul|=p. The
second part of Theorem 1.2 is proved directly.

Let us note that, from the results in [1] and [2], [3, Theorem 2.2] remains true
if H: [0, 1]— (0, %) and K: [1, %) — (0, =) are only Lipschitz continuous functions.
Therefore our Theorem 1.2 holds true also in such a case.

In [3] the number of solutions for given values of A is also determined.
Analogously in this paper, Theorem 1.7 and 1.8 state results concerning the
number of non-trivial solutions of (1.0) corresponding to given values of A, in the
case where f is asymptotically sub-linear and in the case where f is asymptotically
super-linear, respectively.

These results and Theorem 1.9 lead us to search for strengthened conditions on
K which imply that S has the structure illustrated in Figure 1 for the sub-linear
case, and the structure illustrated in Figure 2 (where 0 << A =) for the super-
linear one.

Actually in Section 2, Theorem 2.2 and 2.4 state that Figure 1 applies provided
that either K'(p)=0 and [K'(p)/K*(p)] =0 for all p=1 or 3K(1)>K'(1) and
[p3K'(p)Y =0 for all p=1 respectively.

Finally, Theorem 2.5 asserts that Figure 2 applies provided that p 'K(p) is a
non-decreasing function on (1, ) and 31_r_130 p 'K(p)=A (0<A =m).

§1. GENERAL PROPERTIES OF §

We will study the structure of S by the relationship stated in the next Lemma
1.1, between A and |juf| for any solution (u, A) of (1.0) such that {jul>1.
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For this, for every problem (1.n) we put

F (w)= wan(s) ds for w>0
and

g“<p>=¢zL {Fu(p)-Fu(@) do for p>0.

In the case of problem (1.0) we have that

0 O=p<1i

f(p)={K(p) -

sO we put

F(w)——“J' K(s)ds for w>1 and Flw)=0 for 0=w=1

1

and
() =2F(p) +92 [ {F ()~ Fl)} * do

We note that, for all n, g,(p) <<= for p>0 (since f,(p)>0), and that g,(p) is a
continuous function on [0, «) for all n, while g is a continuous function on (1, ).
We have the following:

Lemma 1.1 Suppose that (u, A) € S, with ||lull=p>1. Then Ai=g(||ul).

Proof. Let (u,A\)eS with J|jul=p>1 and A>0. Put t,=infI(u)=
inf {x €[0, 1]: u(x)=1}. We have that u(x)=u'(0)x for all x€[0, t5] and u'(x)=
uW'(0)=t;">0 for all xe(0,t,]. It follows from the results in [1] that u(x)=
u(1-—-x) for all x<[0, 1] and u is monotonically increasing on [0, ].

Furthermore u is twice continuously differentiable on (o, 3] and —#u'(x)*] =
AF (u(x)).

For t,=y =32 we obtain
() w'(y)* =2MF(ulh) - F(u(y))}
and

u'(tp)* = 2AF ([jul}).

Hence t;”=u'(y)? = 2AF(||u|) for all ye (0, t,], and

j " J2A) dy = F(lul)

Consequently from (*) we have

L“MH{F(HMH) — Flo)) do = j J(2X) dy = J: J2A) dy ~ Lts

to

=2\ —F(Jul)? andso Al=g(ul).
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This relationship was introduced in [4] to obtain some results on the number of
solutions u for fixed A in the case where f is continuous on [0, ®).

THEOREM 1.2. For each p € (1, =) there exists exactly one solution (u, X) of (1.0)
such that |lul| = p. Moreover,

SN{(u, M) eS: u=1}={0, r): A [0, )}
Proof. 1f |lull=p [0, 1) we are led to consider the boundary value problem
—-u"(x)=0 0<x<1.

u(@®=u(l)=0

If llull= p =1, since meas {x € (0, 1): u(x)=1}=0, we have to consider
{— u"(x)=0 foralmostall xe(0,1).
u()=u(l)=0

It is easily seen that for each p €[0, 1] the only solutions of (1.0) of the type stated
in the Introduction are (0, A) for all A €[0, ).

Let p> 1, from the results in [3] there exists exactly one solution (u,, A,,) of the
problem (1.n) such that |lu,|=p and A} =g,(p). We want to prove that
(U, A) = (10, Ao) in C'([0, 1]) X [0, ) and that (u,, A,) is the unique solution of
(1.0) such that ||ug|| = p.

In order to do this we first note that, for any p > 1, it follows from the definition
that

g.(p)—g(p) as n—oo.

Now, for any ne N, we have

lunl = Amax{l1, sup K(p)}=AM(p)

pefl.o]l

Where A:sup{/\"}<+oo and M(p):max{l’ Sup K(p)}<+¢0 for every pe
(1, ). Hence pell.p]

lun () —un(y)l =

| A0 | 5 AMGo) e~ y] for all x,ye[0,1)

and if we put y =3 we have [[u/[|=3AM(p) for any n, since u/()=0 for all n=1
[see 1].

Thus we see that {u}} is equicontinuous on [0, 1] and uniformly bounded.
Therefore, by the Ascoli Arzela theorem, by passing to a subsequence if neces-
sary, we have that

un g uO in Cl([O’ 1]) An i /\0 = gz(p)
and
up(0) = uy(1)=0.

For every ne N, we set

w, () = {f, (U (x)) = h, (u,, K (D)—n "}
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where
- if 0sp=1
h.(p)=
1 .
K(p)—K(1)+; if p>1
and
{0 if 0=p=1 )
W@ = kO =g k) i ey niformiyon[0.e)
Therefore
(x)_{O if w,(x)<1
Yn 1 if w(x)>1

and 0=w,(x)=1 for almost all xe[0, 1].
Furthermore

ul(x)= u{t(O)—)\"‘[)x [h,,(u,,(t))+ {K(l)—%}w,,(t)] dt forall xe[0,1]

Since {w,} is bounded in L*(0, 1), by passing to a subsequence if necessary, we
can assume that {w,} converges weakly to an element w in L*(0, 1). Setting

v, (x)= J: w,(t)dt forall xel[0,1]

we see that {v,} is uniformly bounded and equicontinuous on [0, 1]. Thus, by
passing to a further subsequence if necessary, we may assume that v, converges in
C([0, 1)) to an element v. It is easily seen that

v(x)= Lx w(t)dt forall xe[0,1]

From the properties of {w,} we have

O0=w(x)=1 for almost all x¢&{0, 1]
w(x)=0 if wuyix)<1
wx)=1 if u(x)>1.

And so, by the uniform convergence of {h,} on [0, =), we obtain

uh(x)= u6(0)~/\0(f h{uy(r)) dt +K(1)Lx w(t) dt).

Therefore u} is absolutely continuous on [0, 1] and
~ug(x) = Ag(h(ug(x))+ K(1)w(x)) for almost all x<(0, 1).
Thus
—ug(x)e Aof(uo(x)) for almost all xe€(0,1)
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where
Fua(x)) = {f(uo<x)) i ug(x)# 1
© the interval [0, K(1)] if u(x)=1"

By virtue of the properties of the solutions of (1.n), [see 1], it is easily seen that
the function u, is such that uy(x)=uy(1—x) for all x€[0, 1], us(x)=0 for all
x €(0,3] and uo(3) = u.

Put t, =inf I(uy) =inf {x €[0, 1]: us(x) =1}, 0<t,<3. Since u'(t,) =15 >0, then
I(uo) ={t5, 1 —t;} and consequently —ug = Aof(uo(x)) for almost all x € (0, 1), that
is (to, Ao) € S with [lug]|=p>1 and A} = g(llu,|).

Let (uy, A1), A, >0, be any solution of (1.0) with |lu,{|=p>1. From Lemma 1.1
we have that A; = A,. Consider the initial value problem

{— w”(x) = Aof(w(x)) foralmostall xe(0,3)
wi@)=p wE=0.

It is easily seen that this problem has an unique solution and so u; = u,.
Therefore (uy, Ao) is the unique solution of (1.0) with [u,||=p > 1. This completes
the proof.

We have just proved that for each value of p e (1, «) there exists exactly one
non-trivial solution (u, A) of (1, 0), with |lul|=p and A = g*(p). Therefore the set
S;1=8SN{(u, A)e S: |lul| = p>1} can be parametrized by p (1, «).

Indeed S, ={(¢(p),g%(p)): p>1}, where ¢:(1,x)— CY[0,1]) is the function
defined by

¢(p): =is the solution of the problem

{—v”(x) =g%(p)f(v(x)) for almost all xe(0, 1)
v(0)=v(1)=0

with [le(p)l|=p.
Similar techniques to the ones used in Theorem 1.2 allow us to prove that ¢ is
continuous on (1, ) and so the validity of the following:

LemMa 1.3. The set S, is a continuous curve in C'([0, 1]) X[0, ).

In order to study the structure of S; we seek non-trivial solutions corresponding
to fixed A >0. ~
Let us first note that lim g(p) =+ and so there exists A > 0 such that for each

p—1+

A> A there is at least one non-trivial solution of (1.0). We give now some
preliminary Lemmas.
Lemma 1.4, The function g: (1, %) - (0, ) is continuously differentiable and

F(p)* K'(w)
K(1) K*(w)

¢ () = V2K (@) ~1F(p) 1+ f{F(m—F(w)}"’ do




140 P. Nistri
Proof. Let p>1. Then

[ o)~ Flon do =2 j[{F(m F@)}] K( )

F(o)} , K'()
~2 82 [ {F(p) - Flolk 35 do

The result follows by differentiation.

Lemma 1.5. Suppose that limsup f(p)/p = a, where a>0, then liminf g(p)=

-1 —> o0 —>+0o0
a o p I3

Proof. By our hypothesis for all r>a there exists R >0 such that f(p)= R +rp,
for all p=0. Thus we have

—1

gjg) Flp)~ +£ {L K(s)ds} * do

=[ do
=) -0 R +irp+ )l

First we put p—o = x and then x* = C?sin 6, where C=2Rr ' +2p, and so we get

L=VO[ w2V Qe V()

Hence lim inf g(p)z r 3w, for all r>a, and the assertion is proved.

p—>-too

LemMa 1.6. Suppose that liminf f(p)/p=B >0 then limsup g(p)= B

p—>-+oo p—>+0

Proof. By our hypothesis for all 0 <m < B there exists M >0 such that f(p) = mp
for p>M.
Let p=2M, then

j K(s)dsé%(p"—wz) for M=w<p
and

J‘DK(s)ds=I +L: K(s)dség—l(pz—Mz) for 1=w=M.

Therefore, whenever p=2M, we get

_g\%} = {J;p K{(s) ds}‘;+ J;p {Lp K(s) ds}#% dow
S R = N R e

]

dw
{m(p22—M2)};+{m(32}\iI21\42)}%+(%)i [arcsml arcsm‘:’].

fiA

A
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Hence lim sup g(p)=m *w for all 0<m < B. This completes the proof.

P>+

We show now that the number of non-trivial solutions corresponding to A >0 is

determined by the asymptotic behaviour of f at infinity. We say that f is

asymptotically sub-linear if f(p)/p— 0 as p— +o and that f is asymptotically
super-linear if liminf f(p)/p > 0.

p—>+oo

Tueorem 1.7. Suppose that f is asymptotically sub-linear. Let A, =
inf{A>0:(u,A)eS,}. Then A,>0 and for each A >\, there are at least two
non-trivial solutions of (1.0)

Proof. Since f is asymptotically sub-linear, Lemma 1.5 applies for all « >0 and
so lim g(p)= +o. Furthermore lim g(p)= + and g is continuous on (1, ),

p—rtw p—1+

Then for each A > A, there are at least two non-trivial solutions of (1.0).
Finally A,>0. In fact suppose that A, =0 then, by the above properties of g,

there exists u,, with ||uof|> 1, such that A, = g*(lul) = 0 and —u{(x) =0 for almost

all x€(0, 1), up(0) = u,(1) =0. Hence u,=0, contradicting the fact that |u,|> 1.

THEOREM 1.8. Suppose that f is asymptotically super-linear. Then there exists A
such that for each A >\ there exists exactly one non-trivial solution u, with
=1 as A -+,

Proof. By the Lemma 1.4 we have that lim g'(p)= —. Since lim g(p)= +,

p—>1+ p—>1+
the result follows immediately from this, the continuity of g on (1, =) and Lemma
1.6.

THEOREM 1.9. Suppose that lim f(p)/)p=A(0<A =+w). Then lim g(p)=

p—>+o0 p—rtoo
A7im. If A=+ then for each Ae(0,) there exists at least one non-trivial
solution of (1.0).

Proof. The assertion is a direct consequence of Lemmas 1.5 and 1.6 and the
continuity of g on (1, «).

§2. SoME PaRTICULAR NON-LINEARITIES

In view of what has been proved in Section 1 S has the structure illustrated in
Figure 1 if we can first establish the following fact

(i) if g'(p)=0 and p>1 then g"(p)>0.
(We will see that the conditions which insure (i) imply the sub-linearity of f.)

Since (1) involves the second derivative of the function g, we first need to state
the following:

Lemma 2.1, Let

F(p)™*
K(1)

K'(w)
K*w)

Hp) = —3F(p) 1+ ) J' " (Flp) - Fla) ) 4,
1
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Then the function r is continuously differentiable on (1, ) and

PO 3. TR o (KW (K@)
T F) -3 e ey j {F(p)~ Fle)} [K3(w)]
Proof.
LK) K(w)
[ o - Py iy do=- 2|’
LK) @7
= 2RV gt j{F(p) F“”)}’[Ka(w)] do.

By differentiation we obtain the assertion.
Now we are in a position to prove the main result of this section.

THEOREM 2.2. Suppose that the function K:[1, ©) — (0, «) satisfies the following
conditions

(a) K'(p)=0 forall pz=1
(b) [E;—((?)]éo forall p=1.

Then there exists A,>0 such that for each 0=\ = A,, there is only the trivial
solution for the problem (1.0), for each A >\, there are exactly two non-trivial
solutions of (1.0) and for A = A, there is exactly one non-trivial solution.

Proof. By Lemma 1.4 we have that g'(p) =/2K(p)r(p) and by Lemma 2.1 we can
consider

g"(p)=v2{K(p)r'(p)+K'(p)r(p)} on (1,).

Since K(p)>0 for all p=1, if g'(p) =0 with p>1, then r(p)=0 and so g"(p)
has the same sign as r'(p). Therefore we need only prove that if r(p) =0, with
p>1, then r'(p)>0.

It r(p)=0, we get

F)* 1. . LK)
L= F () +I{F(p) Flo)} s do
It follows that
LF(p)> 1. . F()" . K (w)
5= For - [ )~ Flolt 5
Replacing in the expression of r'(p) we get
rip) 1 s F(p) - K'(w)
)R-t I {Flo)~ F) gz
LK@ (° LK@

This completes the proof.
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Note that the conditions of Theorem 2.2 imply that K on (1, ») is a decreasing
function. (Hence f is sub-linear.) In the case of non-linearities involving increasing
concave functions, we can obtain for S the same results of Theorem 2.2 finding

for g'(p) an alternative representation.
For this, for p>1, we have

1

57(‘2’—) = {[ K(s) ds} ™+ f‘ {L K(s) ds}% do = p—%{J:] K(pz) dz}‘i

1 1 ~1 1
+ P%j u K(pz) dZ} dt = p%[p“lR(p, P E+ I R(p,1)? dt]
! C

where R(p, t)={! K(pz) dz.

Lemma 2.3. Let T(p)=p '‘R(p,p ') #+ {3~ R(p, t) dt. Then T is twice con-

tinuously differentiable on (1, ). Furthermore

1

T'(p)=—%p 'R(p, Pﬁl)‘%{puzK(l) * J-

("]

‘%J-: R(p, t)“%{[1 zK'(pz) dz} dt

(]

zK'(pz) dz}

-1

and
2

) =307 Rip o)oK+ [ K02 da)

+%I11 R(p, t)'i{fzK’(pz) dz}2 dt

+p~*R(p, p™)FEK (D 3K (D}

-3p"'R(p, p"‘)‘%j 2’K"(pz) dz

(e

—%J'll R(p, t)wg{‘[lzzK”(pz) dz} dt.

(]

Proof. For each p>1 there exists a positive constant c(p) such that K(p)= c(p)

for all 1=p=p. Hence

R, t)=j K(pz) dzzc(p)(1—1) te(p, 1),

Since K(pz) is a twice continuously differentiable function on (p~*, 1) for
p>1, there exists a positive constant d = d(p) such that

1
Ri{p, t)’"%“’ zK'(pz) dz|=d(p)(1—1)"% forall te(p™, 1.

Therefore the formula for T(p) can be differentiated term by term on (1, ).

all
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Similarly we can easily see that T" is differentiable on (1, «). The proof of the
lemma can be completed by routine calculation.
Let us now prove the following:

THEOREM 2.4. Suppose that the function K: {1, ©) — (0, ®) satisfies the following
conditions
(@) FK(1)>K'(1)
" [PPK'(p)Y=0 forall p=1.

Then there exists A, >0 such that for each 0=\ <A, there is only the trivial solution
(0, A) for the problem (1.0), for each A >\, there are exactly two non-trivial
solutions of (1.0) and for A = A, there is exactly one non-trivial solution.

Proof. Since g(p)=+/2p*T(p) we have that g is twice continuously differentiable
on (1, %) and

g'(p)=v2Gp*T(p) +p-T'(p)).
If g'(p)=0, then
g"(p)=+2p*GT (p)+pT"(p)).
We must now prove that 3T'(p)+pT"(p)>0. For this, we have that

3T (p)+pT (p)=3p"R(p, p ") EK(1)—K'(1)}

-3 'Rip, p‘l)‘%“: BzK'(pz)+pz’K"(pz)] dZ}

—%L R(p, t)v%{,[ [3zK'(pz)+pz°K"(pz)] dz} dt

1

+3R(p, p")“%{p“2K(l)+J zK'(pz) dZ}2

p~1

1

4—%pJ;Vl R(p, t)‘g{[1 zK'(pz) dz}2 dt.

By our conditions on K, the proof is completed.

Note that the conditions (a’) and (b') of the above Theorem imply that if
K'(p)=0, for all p=1, then K"(p)=0. Moreover, in virtue of (a’) and (b), K is
asymptotically sub-linear.

Lastly we prove the following:

THEOREM 2.5. Suppose that the function K:[1,%}—(0, ®) satisfies the following
conditions

K
(a") lim ——(p—):A where 0<A =+

p-sta D

(b”) pK'(p)—K(p)=0 forall p=z=1.
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Then for each A € (A™'w?, @) there exists exactly one non-trivial solution of (1.0). If
A < +co then for each A €[0, A™'w?] there is the only trivial solution u=0).

Proof. By Theorem 1.9 the condition (") implies that lim g(p)= A "*m. Since
prtoo
liﬂll g(p) = +, the Theorem is proved if we show that g'(p) <0 for all p> 1. For
p—1+
this, we consider the formula
g'(p)=2"2p"*(T(p)+2pT (p)).
By Lemma 2.3 we get

1

T(p)+2pT'(p)=p 'R(p,p™") 3+ I R(p,0)*dt
o1
1

-R(p, p‘l)“%{p”K(l)JrJ

o™

- pJ‘ 11 R(p, t)_%{ J: 1zK'(pz) dz} dt.

1 zK'(pz) dz}

{3
Using (b”) we obtain

1
0™ R(o.07) =R, 07 2Kz dz
o1
and

1

rl R(p, 1) dtgle R(p, t)‘%{fsz(pz) dz} dt

o

Hence g'(p)<0, for all p>1. This completes the proof.
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