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Abstract. We consider the problem of finding positive solutions to a family of
nonlocal partial differential equations, with mixed boundary conditions. It is a
feature of these problems that maximum principle methods are not applicable,
and we employ topological methods in the analysis. A key role is played by
related eigenvalue estimates.

1 Introduction

Let Bs(z,y) denote a mollifier in RY, ie., Bs(z,y) = Bs(lz — y|) € C§°,
Jan Bs(z,y)dy = 1 for any z, Bs(|lz —y|) = 0if |z — y| = §, Bg(]z — y|) bounded
away from zero if |z — y| < u < 6. Consider a smooth bounded domain 2 C RN
and define for any u € L'(Q),

a(z) = /Q By (z, v)u(y)dy.

In this paper we consider the problem of finding positive solutions to the nonlocal
partial differential equation:

—V]aVu + bu] = [h — gau (1)
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subject to the mixed boundary conditions:

u=0 on 0p;

natural boundary conditions on 9}y, i.e., in this case : (2)

a % +(b-@Bu=0
where 9y, 00y are disjoint parts of 9Q, 99 = 00p U 0y, 0p closed. We
shall consider explicitly only cases where 9Qp and 0y are not trivial but simpler
versions of our proofs work in the other cases. We also require that regularity
conditions be obtained at points of Q (resp. 9Qp NNy ) by means of biLipschitz
maps to hemispheres (resp. quarter spheres).

Furthermore, given any constant K we ask that there exists a neighbourhood
N of € such that

f a|lVw|]® + (5 Vw)w > K/ w? (3)
N N

for any nontrivial w € Hy (N N (2 U dNx)). The reader interested in detailed
descriptions of such conditions may find some of them given in, e.g., [18], [19],
[22], [24] and elsewhere. As for the functions a, b, g, bin (1), we recall their possible
physical meanings: a(z) represents the diffusion process; b(z) = (b1(x),...,bn(x))
is a possible drift; h(z) the growth condition and g(x) a factor to describe the
magnitude of the “crowding effects”. We ask that a, h, g be nonnegative in L>(Q2)
and piecewise smooth with o < a(z) < 8 for some constants 0 < o < 3, a smooth
near dQx and that b be C'. We thus allow for some abrupt environmental changes
in the physical problem being described as was earlier done by H. I. Freedman and
his coworkers, [10], [11], for local problems. Unlike such earlier approaches, we do
not consider the problem in separate “patches”, with suitable continuity conditions
at the patch boundaries. Instead we formulate the problem globally in weak form
and recover the patch continuity conditions as a consequence. This is indicated
at the end of the paper. Consequently, we feel that this approach has also some
advantages for purely local problems, although we do not pursue this topic here.

Observe that we require more smoothness for b than for the other coefficients.
This has to do with our method of proof, but we conjecture that the results are
true for b piecewise smooth, say.

Nonlocal equations similar to (1) have been previously introduced to model
biological processes by [13], [8, 9], [5]. In these papers, further significant references
may be found.

Some differences between the present results and earlier work with which we
are familiar are as follows: as mentioned above, we consider the case of mixed
boundary conditions, with piecewise smooth L% coefficients in which ¢ is also
allowed to vanish somewhere in Q. Furthermore, the kernel Bs(z,y) vanishes for
|z — y| > 6. We do not require that the left-hand side of (1) be coercive. We feel
that these conditions are more realistic than many often used, and certainly more
general. They do introduce new difficulties in the proofs.

We note that here 7 is calculated using only values of y inside €2, i.e., the effects
on u(zx), for x with dist (z, dQ) < 8, of values u(y) with y ¢ Q are disregarded except
through the boundary conditions. If such interaction effects were significant, then
Q could be enlarged. It may also be of interest to assume that u is given outside
. This is actually what we do here, with the choice u(y) = 0 if y ¢ 2, for most of
the paper, but the small & case is treated differently.
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We emphasize to the reader that order arguments (i.e., upper /lower solutions)
are in general not applicable to this family of problems, as was illustrated by explicit
example in [5], even if g(z) = € ~ 0. The problem we consider is thus different from
those considered in [3], [9], [12], (15], where if g(z) was small enough then order
procedures were indeed applicable, and from those considered in, e.g., [20], [21]
where order arguments can always be employed. We thus proceed by Topological
Methods (Degree Theory).

The paper is in final form and structured as follows: We shall first consider
the case where g is bounded (essentially) away from zero. Next, we will allow g
to be zero at some points of 2. The case of § small will then be considered. Some
comments, related results and open problems will conclude the paper.

Finally, we point out that our proofs work without any changes in the case that
the right-hand side of (1) is replaced by the more general expression f (z,u, T(u))u
under suitable assumptions on f and the operator T. More comments on this will
be made in the last section.

2 Existence for general §

Note first that equation (1) and the maximum principle show that if 0 < u e
L%, nontrivial, then u > 0. Since most of the coefficients are only in L™, to see this
note that we must still have u € oo (92) for some « determined by the problem
data but not u, [24]. If u(P) = 0 at some P ¢ £, then |ull11(s, (p)) = 0 for small 7
by the generalized Harnack’s Inequality, [14, p. 194], where S-(P) denotes the ball
of radius r, center P. It follows that u = 0 in Sy(P) and thus u > 0 in £ since € is
connected.

As may be expected, we shall formulate results in the sequel based on suitable
eigenvalue estimates. Specifically here we consider the two parameter local problem:

low = —Vi[aVw + gw] +ngw = 1 (n)hw (4)

subject to boundary conditions (2), where p1(n) denotes the eigenvalue with a
positive eigenvector. Problem (4) is classical, it and related problems have been
studied by many authors, see, e.g., [4], [6]. It is well known that w > 0 exists, and
#1(n) is monotone increasing in 7.

Our specific assumption is:

#1(0) < 1 < py(K) (5)

for large K, i.e., “eigenvalue crossing” occurs for this related problem. It is fairly
easy to see that if this condition is dropped, then the nonlocal problem (1) - (2)
may not have a positive solution.

We collect such preliminary facts as well as other results for the reader’s con-
venience in Lemma 0, and give brief proofs.

Lemma 1 Forn>0:

(a) pi(n) exists and w > 0 in QU . Moreover, u1(n) and w are unique.
(b) 1a(n) Tn. If 9> ctg > 0 then py(n) — o0 as 1 — oo

e —————————————
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(c) 61(n) < pi(n) < 6a2(n)
where 61(n), 02(n) are the first eigenvalues of the formally self-adjoint problems:

b bV
V0% + o] = LT g = 0,
and - . =
b b Vw: b|?
V{ang + EL”QJ + 7—2 $ [% 3 ng] wz = O(n)hw,
respectively, with the associated conditions (2). Here the existence of 61(n) is
assumed.

(d) If problem (1) - (2) has a positive solution then condition (5) holds.
(e) Let 0 <u e C* satisfy

{ ~V[aVu + bu] < hu

Boundary conditions (2)

and assume P € Q. Let §* > 0 be given, and let Ss-(P) denote the sphere centered
at P of radius 8*. Then there exists K, ey > 0 independent of u, P such that

1/2
sup  u(x) < K(f ug) :
Seq (P)NQ2 S+ (P)NQ

(f) Let z € C*(Q) satisfy —V[aVz+bz]—Ahz = f with boundary conditions (2) and
0= f € L. There exists A\g > 0 independent of f, z such that if 0 < X < )\g
and z > 0 then z = 0.

Proof (a) That u(n) exists and w > 0 is an immediate consequence of the fact
£y ! is a positive map for 7 > 0 (by the maximum principle applied to the formal
L? adjoint, ([23], p. 97)) from C®° to itself if the coefficients are smooth. See, e.g.,
([16], p. 67), and note that (£y)~*(hz) > cz for some ¢ > 0,0 < z € C° and ifw > 0
then w > 0 in Q by our earlier comments at the start of this section. To obtain the
result in our case we pass to the limit over a normalized (in L?) sequence, emploving
the estimates of part (c) to show that the sequence of approximating eigenvalues is
bounded. That w > 0 in 9y follows from the extension process of part (e).

"To see that there is only one such p(n), note that by the Fredholm Alternative
we also have

£3(w") & i (e
for some pj(n), w* > 0 where £ denotes the formal adjoint, i.e.,

p () (hw”, w) = (W7, bow) = pi(n) (hw*, w).

Since (hw*,w) > 0, this shows u1(n) is unique. Finally to see that w > 0 is also
unique (up to scalar multiples), note that if there were two such eigenfunctions:
w, v then fy(w — ev) — p1(n)(w — ev) = 0. Set £ = {e¢ |w —ev > 0 in Q}. Clearly
0 € E, Fis closed and if ¢ € F then (w — (¢ 4+ §)v)” must have support near
09 for small § > 0, since given any connected compact set K C then, again by
Harnack’s Inequality, either w —ev = 0 in K or it is bounded away from zero in K.
But the form associated with £, is coercive over such functions, by inequality (3),
whence € + 6 € E for § small, i.e., E is also open, and the result follows.
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(b) Again by the Fredholm Alternative (see also [2] for related concepts) we
have for any 0 < w € Domain(4y), fyu — pa(mhu € C*, and assuming at first
smooth coefficients with h > 0 that:

(w*, fou — pa(n)hu) = 0,

i.e., for some x4 € 0,
bou(zo) = p (n)h(zo)u(xo)

. fou fou
— | < < — .
:clrelsfz(hu) < mln) < f‘ég (hu)

For example, if —V[aVu; + 5u1} +migui = p(ni)hu; with i = 1,2 and 1, > ny, then

whence

—V]aVuy + bus] + 1y qu-
m(m)Ssup[ g 2l £ mg 2}

e hus
R _
— [#2(772) U -fi; (m HQ)QUQJ N
TEN U2

Passing to a limit then gives the result for our case. That p1(n) — oo as n — oo
for g > ag > 0 follows from p(n) > 6;(n) (shown in part (c)) and the Courant
Min-Max Principle.

(c) Observe 01(n) < uy(n) follows from:

JqalVw|* + (5 Vw)w + ngw?
fQ hw?

while 61 (n) is the infimum of the right-hand side over w € HS’Q(Q UoQN), hw # 0.
Next we obtain #3(n) > u1(n) by modifying the arguments in [1]. Specifically, let
@ € C5°(QU d0y), and observe the identity

[wra]v ()] +urgh-v (£) + e

p(n) =

6]

= b ,
:]alvwl2+(b-vw)w+ (4+ng) 992*#1(7?)/}1%02'
Q a Q

As in [1], we observe that the left-hand side is nonnegative definite and obtain the
result by taking the infimum over (.
(d) Suppose (1) — (2) has a solution 0 < u € L>. Then

—V[aVu+ bu] — hu = —gTiu <0 (£ 0).

We thus have (by the arguments in (b)) that there exists 0 < < 1 and w > 0
such that
~V[aVw + bw] — fhw = 0
and w satisfies condition (2). In fact, u1(0) = # < 1 since § = 1 implies guu = 0.
Furthermore, if we choose K > % in ) then

~V[aVu + bu] + gKu > hu.

For example, 41 (K) > 1. We can only have equality if u is actually the eigenvector,
Le., K =u. But in this case, ui (K +1) > 1.
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(e) Note that for each point @ € dQx we have a neighbourhood A such that
QNN can be mapped either to a hemisphere or a quarter sphere if Q € 9Qy NNy
of radius r = r(€)) by biLipschitz maps L. Without loss of generality, N" C S5 (Q).
Set M = L71[S..(L(Q))], 0 < e < 1. First cover 80y N AN p in this way and then
the remainder of 80y so that for each A we have either NN oNp =0 or A is a
neighbourhood of some @Q € 9Qx N IQp. By compactness of 9y we have

m‘w 5 UJ’V;
1

and thus
B\nﬁl\" C UMz
1

for some £, 0 < £ < 1. Clearly we have dist (a(iji)} S_QN) > > 0 for some p.

Now if dist (P, d2y) > p then the result is immediate by [14] for some go < /2.
On the other hand, if dist (P, Bﬁy) < p then P € M; for some i. Let L : N;NQ —
H; where H; is a hemisphere of radius r; (and thus L(AM; N Q) is a hemisphere
of radius er;) if N; N Qp = 0. H;, L(M; N Q) are quarter spheres otherwise.
We extend u as an even function to the whole sphere of radius r; (resp. to the
upper hemisphere) if H; is a hemisphere (resp. quarter sphere) and extend the
coeflicients as outlined in [23]. In the latter case where H; is a quarter sphere, we
extend u to the whole sphere by taking » = 0 on the bottom hemisphere. Note
that this is different from what was done in [23] where the extension across the
Dirichlet boundary was as an odd function, not as zero. Since P € M;, z; < 1,
we now apply the interior results of [14] to the extended problem in each sphere
and conclude the result for gy small enough. Since L~! is also Lipschitz, the result
holds for P and . Finally, since the number of N, M, is finite, we need only take
the smallest g7 and largest K.

(f) Again by part (a) we have the existence of an eigenvalue £ and positive
eigenvector 7 to the problem

Lir=\tr

with boundary conditions (2), where
L(w) = —V[aVw + bu).
We then note:
02 (7, f) = (1, £z = Ahz) = (§ — A[h|p=)(, 2)

and the conclusion if Ay < &/]h|pe=.
O

Observe that Lemma 1(c) makes it possible to estimate u; by first estimating
f1, 6 via the Courant Min-Max principle. We shall use this later.

Lemma 2 Let g > ay > 0 ae. Q, and let a,, gn, h, be smooth pointwise
approximations to a, g, h with o < a, < 8, ag < gn 1 9, 0 < h, T h. Consider the
reqularized problem:

—V[anVy + bun] = [hn — gnlin]un (1%)
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subject to conditions (2). If assumption (5) holds, then problem (1*) — (2) has «
solution 0 < up, € C*(Q) with ||luplca < K1, ||unllce > Ko, for some positive
constants «, K1, Ko, independent of u,,, n.

Remark We recall that upper/lower solutions procedures cannot be applied
to (1*) due to the presence of 7. Note also that by Lemma 1(b), for assumption (5)
to hold it suffices to have p,(0) < 1.

Proof We may assume that b-7 > 0 on 9y, for if not we need only make
the variable change u, = e“v, with Vw -7 > 0 with w chosen suitably. This will
also change the coefficients and Bs but it will not affect their relevant properties.
In particular, we will still have #1(0) < 1. Next, add a large positive constant Cp to
both sides of (1*) so that the left-hand side becomes coercive over HM (U 00N ).
We thus obtain the equation:

Ly = =V]a,Vu, + Eun] + Cotn = [hn + Co — gnlin|uy,.
With which we associate family of problems:
Eun = /\[hn +Co - gnﬁn}u:-, (1**)

for 0 < A < 1. A routine bootstrap argument shows that any nontrivial solution
un € L of (1**) must be classical except at Ap : 8Qp N 3y, and furthermore
u, = 0 by choice of (. The earlier arguments then show u, > 0. Observe that there
exists a Agp > 0 independent of n such that if A < ), then un = 0 by Lemma 1(e)
and w, is thus bounded in this case. While, if Ay < A < 1 then u,, cannot have a
positive maximum on 92 since on 90y we would have % = —(b-@)u < 0 at such
a point. It follows that if P, € 0 is a maximum of U, then from the equation we
have at P, :
~div (b) + Co < Alhn + Co — gnTi,]

and we conclude %, (P,) is bounded independently of n. By the definition of @
and by the assumed smoothness of 9 we have /. S,(Pa)na Un < C for some sphere

Sp(Pr). We need only apply Lemma 1(e) to obtain

1/2
[un (P)| < K[/ uQJ
8p(Pn)NSY

and thus s
Jnllz = fun(B)) < K [l [ ]
S (Pr)NQ
ie.,
ln ||z < K’f U
Sp(Pr)NQ
for some K'.

We conclude Hunl\,gx(g) < K for some K independent of n, \. But then, u,
satisfies a differential equation with bounded coefficients and we conclude by, e.g.,
[24], ”“ana(ﬁ) < K, for some a, K independent of u,, A. On the other hand,
note that if the right-hand side of (1**) is replaced by:

[hn +Cy — Qnﬁn]ui + 0
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with ¢ > 0 and some smooth § > 0, by (5) we must have for any nontrivial solution
u SoIe point P € © such that

Tn(P)>c¢>0 (6)

with ¢ independent of ¢, and thus Hunﬂca(ﬁ) = Ky with Ky independent of n, t.
Since C is compactly embedded in C®° for o > oy, we then have by a routine but
lengthy argument using Degree Theory, [25], that (1**) —(2) has a positive solution
in some annulus Br — B, where B, denotes the sphere of radius p in C for some
a > 0.

O

Theorem 1 Problem (1) — (2) has a positive solution u.

Proof Note that {u,} are bounded in H'2 N L>= and thus we may assume
Un — u weakly in H'? and strongly in L¢ for any large £. By (6), un(P,) > ¢
and since we also may assume P, — P and thus Un(P,) — u(P) by the mollifier
properties, we must have 0 < u nontrivial. Finally note that fQ aVu - Vi is an
equivalent inner product to the usual one in H2 N {v|y = 0 on J p} and thus

/ @n Vi, - V(p-/ aVu - Vga:/[a,, —a]Vu, - Ve +/aV(un —u)- V.
7} Q 0 0

The first term converges to zero by Holder’s Inequality since 0 < o < an T ain Lt
for any large &, while the second term tends to zero by inner product equivalence.
Since convergence of the other terms is immediate, we conclude that u is a positive
(weak) solution of (1) — (2) in L, and thus in C*(Q) for some a and classical

where the coefficients are smooth, except on dQp N ANy.
O

We now pass to the situation where g 2 0 may actually vanish on parts of
). We present the results assuming all coefficients to be smooth, since arguments
identical to Theorem 1 can then be used to extend the results to more general cases.
Elementary examples show that now the existence of positive solutions depends on
the relation between the various coefficients in (1) = (2). We shall assume the
following condition:

Let K > 0 be given and consider the eigenvalue problem:

—V[aVw + bw] + 9KI(Ss (z))w = e(K)hw (7)

with boundary conditions (2) and some &’ < § where & is as given in the definition
of . We recall that Ss () is the ball centered at z of radius &, I(Se(z))(y) =1 if
Y € Sp(z), = 0 otherwise. We then assume that there exists a K such that given
any x € €2 at which g(z) = 0, e()\) satisfies:

e(0) < 1 < e(K). (8)

Clearly condition (8) excludes problems with very small §, all other quantities be-
ing fixed. For these situations an analysis can however be made by perturbation
arguments as we show in the next section.

Theorem 2 If condition (8) holds, problem (1) — (2) has a positive solution.
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Proof The arguments are similar to those of Lemma 1. We thus only make
the following comments where some differences do arise. If (8) holds, then any
nonnegative solution u € L™ of

—V]aVu+ bu] = A[h — gulu

and conditions (2) must vanish for A < e(0) and is thus clearly bounded. Note that
e(0) depends only on the coefficients.

To show that any solution must be bounded in L, it suffices by our earlier
arguments to show there exist numbers £ > 0, K; > 0 independent of u such that
fS&( pyng ¥ < K, at any maximum point P.

Set Z = {z|g(z) = 0}, Q = {z|dist (z, Z) > &y} with &y, 8" such that 0 < §, <
8 < & + 6y < 8" < 6 and choose 6 > 0 such that g(z) > @ for z in Q. Now if
P € @ then we proceed exactly as before. If P € Q2 — () then there exists y € Z
such that |P — y|| < &y. Condition (8) implies the existence of some z € Sy (y)
such that K > @(z). Since ||z — P|| < & + 6o < & < & we obtain the result with
£=8" — (&8 + 6p). The rest of the proof is identical to the earlier one.

|

3 The small § case

We consider here the case of § small with g still allowed to vanish somewhere
in 2, and smooth coefficients. Qur starting points are the local problem:

—V[aVu + bu] = [h — gulu (9)

subject to conditions (2), and the fact that the degree is invariant under perturba-
tion. We basically exploit the observation that @(z) and u(z) are near each other
if § is sufficiently small. The existence of a solution to (9) will then imply the
existence of a solution to (1).

We modify the definition of @ as follows: If u € C*(Q) then there exists @, C®
extension of u, with ||ul|carv) £ Kl|ullga ). There are clearly infinitely many
possible extensions, but here we select one such and then define @ by

a(z) = L Bs(x, y)i (y)dy

in this section. Note that this is different from the earlier 7, unless Dirichlet con-
ditions are chosen on the whole 9 and we set v* = 0 in IR" — (0.

Unlike the earlier results, problem (9) - (2) can be considered by upper/lower
solution arguments, but it is advantageous for our purposes to use only half of these
arguments. Specifically, consider once again the related linear eigenvalue problem
(4) with conditions (2), and again assume that condition (5) holds if K is large
enough. It follows that we can find a value of K and a @ > 0 such that for any
constant z > 0 the problem:

—V[aVw + buwr] + Kgwr = (1 4 6)hw
a4t (b-fMun=0 on (10)

wy =2 on dQp

ﬂ.
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has a positive solution wy. This follows from the observation that for Cy sufficiently
large the problem

—V[aVws + bwa] + [Aag — (1 + 8)h + Colws = 0
Wy = 1 on BQD
a %"7'3 + (I;- M)ws =0 on QN

has a solution ws > 0 by coercivity of the left-hand side. Indeed wo > 0 in § since
it cannot have a minimum of zero in the interior by the Generalized Harnack’s
Inequality while on the boundary either ws = 1 or without loss of generality b-7 > 0.
On the other hand the equation:

lozg = —V|[aVz + 520} + [Aog — (1 +0)h]zg =0

with the same boundary conditions has a solution zq by our eigenvalue assumptions.
But then we have £3(20 —ws) > 0 and thus 2y — ws > 0 by the same arguments as
in Lemma 0(a). We then need only note that w; = zz. By the maximum prineiple,
if 7 is large enough we have for the solution w; of (10):

—V]aVw; + (;wl] + gw? > hwy
a % + (5 ﬁ)wl =0 on 0y
w; >0 on BQD

Le., wy is an upper solution to (9) — (2).

Theorem 3 If (5) holds then problem (1) - (2) has for § small enough a positive
solution.

Proof Note that (9) may be rewritten as
~V[aVu + bu] + cu = f(z, u) (11)

with a ¢ > 0 chosen large enough so that the left-hand side is coercive and fis
monotone in u for u in the interval 0 < u < wy. Let ¥ = min (w1,u) and replace
f(z,u) in (11) by f(z,%). We now apply the same Degree Theory arguments as
before, setting

T=[-V[aV +b] + ]} (f(z, 7)),

we again find that Deg[l — T, By — B,,0] = 1 for some 0 < r < R with B, the
ball of radius p in C*(12).

For example, there is a positive solution of (9) — (2) since wy is an upper
solution and furthermore this solution is unique since if U1, uz are two solutions
then we may construct a supersolution w*, by solving (10) with z > 0, such that
w* > max(u1, uz). By the usual local problem iteration procedure we construct a
sequence {wy} such that wy = w* and w, > W1 = max(ug, us). Furthermore, w,,
converges to a solution pointwise, so that we may conclude the existence of three
solutions wuy, us, ug with uz > wu1. But then we have from (9) that guz > gu; and
by the same arguments as in the Proof of Lemma 1(b) it follows that gus = gu;
somewhere in 2 and thus it follows that us = u; and hence Uy = uy. If need be
we replace wy by w* and thus conclude without loss of generality that the (unique)
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positive solution u satisfies u < w; in Q. If we now choose a small ball in C'* about
the unique local problem solution just found, then the perturbed problem:

~V[eVu+bu] +cu= f(z,a") +guat —gua’

must also have a solution in this ball for § small enough, since || — || o () < K6
by the (present) definition of @. In summary, we have found a solution u* of

~V]aVu* +bu*] +cu* = [h+c—g(a™) |@*)*

near u. We conclude for § small enough, that u* < wy, i.e., u* = u* and we have
thus found a solution to the original nonlocal problem.
|

4 Examples

In this section we illustrate the above results with a pair of concrete examples.

0, h =1 and

Example 1 Suppose that in Equation (1) we have a = 1, b=
) = 0. We find that

Q@ = (0,L). Finally assume Dirichlet conditions: u(0) = u(L
e(0) = %22 . Suppose g is given by:

{0 for ze(f-¢ L+¢)
g =
go (constant) otherwise

with0 < ¢ —e < £+ < L. Now if § > 2¢ as K — oo in (7), e(K) converges to a
value at least equal to the smaller of the three eigenvalues obtained by considering
the three segments: (0, x—9§), (%—5, %-Hs), (z+6, L). By symmetry and eigenvalue
monotonicity, this will be least for Q* = (0, £ 4+ — §). If we choose £ > §+¢ > 3¢

then the least eigenvalue will be no less than ﬁ. A sufficient requirement
2
for the existence of a positive solution to (1) - (2) thus becomes:
LQﬂ_Q
2 2
<Lt ——————.
(5 +e-6)2

Observe that g does not appear in this condition. Its magnitude will have an effect
on the size/shape of the solution u but not on its existence.

Example 2 Assume now g > 0 in Q, that the coefficients are smooth and the
boundary conditions are purely Dirichlet. To apply our results we need only show
that the eigenvalue problem

—V]aVw + bw] = 1 (0)hw

with conditions (2) has least eigenvalue p1(0) < 1, since 1 (K) > 1 for K large by
Lemma 1(b).
We apply Lemma 1(c) by comparing (1 (0) with 62(0) where this is given by:
—V[aVws] + [f ld' () + |5—|2w = 05(0) hw
a Vo B v A 2| = U9 2.

|
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That £41(0) < 1 is thus ensured by showing the existence of a w3 such that

2 b|2
j;),@JVw_g\z + (b ng)w3 -+ %wﬁ — hw§ < 0,

where we recall 0 < o < a < 3. This becomes:

1. =t |52
/;3|Vw3\2 + [w —div (b) + Ll }w% =0
Q 2 dov
It is easy to obtain sufficient conditions for this to be the case. Suppose, for
N
example, that ) contains a cube C' = '1—11 {0 < z; < L}. The least eigenvalue for

the Dirichlet Problem associated with the cube is (Z)?" with associated eigenvector

v = I’II sin("7*). We pick w;y by setting v = 0 in 2 — € and thus obtain our result if:

N

2N B B2 ) )
sz [, [ 38O+ G —H] Tl (32) <o

5 Open questions and related problems

A natural question concerns the uniqueness of the solutions to (1) - (2) found in
the preceding sections. In general, no uniqueness results are known to the authors,
but in some specific cases, uniqueness can be established. We note, see also 1],
that if B is constant, i.e., if we consider

—V]aVu + bu] = {h—gfu}u,
)

then the solution must be unique: w is the least eigenvector of (10) with e( u)=1
and [, u = p. We conjecture that the solution is unique for (1) - (2), but observe
that if we allow the kernel Bs to be smooth but otherwise arbitrary, then this is
not the case. To see this, consider, e.g., the least eigenvalue Dirichlet problem for:

—Au +gl(1 +£1)’U;+g‘2(l +£2)u = ;,t,l(é‘l,é‘g)u,

with g1, g2 smooth nonnegative functions with disjoint supports. We may choose
€1, €2 such that y;(e1,0) = 141(0,€2). The choice of any two functions fi, f» such

that:
fﬂfl_u1:(1+€1), /ﬂf@uzzi, /sz’m:la /Qf2u2:(1+52)

yields a nonlocal problem with kernel g1 (z) f1(y) + g2(z) f2(y), g = 1, h = py(e1,0)
and two positive solutions: wuy, .

Finally, as mentioned earlier, [h — gu]u can be replaced by a more general f
and U can be replaced by a more general operator T'u. One case arises from a kernel
Bs(|x — y|) which satisfies similar properties to the ones postulated before, except
Bs(0) = co. One possible such situation comes from the system

{ —Au = [h — gv]u

—-Av=1u
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with, for simplicity, Dirichlet conditions. We then obviously have:

—Au = [h — gT(u)]u

where T(u) = (-A) " 1(u) :_/QG(:c,y)u(y)dy

and G(z,y) represents the Green’s Function for —A. The earlier procedures are
applicable as follows: Let u > 0 be a solution of
—Au = Ah — gT(u)]u

with 0 < Ap < A < 1. Choose £, = {z|z € Q, dist (z,00) < €} and let w > 0 solve
in Q, :

—Aw—hw=20
w=1 on (092.)N%
w=0 on 5.

This is possible if 80 is regular enough and ¢ is small. Since —Au — hu < 0 in
Q. we then have: u < wlju||, @ and thus the maximum of u must occur inside
some compact set K < §2. But if P € K then v > Cch/z(P) u for some constants
¢, 6 > 0. Indeed, v exceeds —Az = u in Bs(P), z = 0 on dBs(P), for some small é
independent of u, P, i.e.,

1 1
v(P 20/ - N
F)za \Pfy|<a[|P—y|”_2 5”_2]

= Cgf U.
Bs;a(P)

We can thus bound ||u| - as before.

Note also that if the coefficients are assumed regular near Jf2, then the neigh-
bourhood A of the introduction need only be a neighbourhood of 8Qp N Q. If
8/ a is a gradient field, then this condition can be dropped altogether.

As a final observation, we point out that if the coefficients in (1) are subject
to a finite jump at some point zy € I', where I' is a smooth surface in {2 then
besides the C'* continuity of u we may also conclude by [17, p. 222] that, the “flux
matching” condition holds. For example, if a(z) has a jump at zp then a g—g o 18
continuous, where n here denotes the normal to I' in a chosen direction.
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