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Remark |: Observe that we can choose the function g in such
a way that if s(fy, T'(fn]] = 0 for some ty € [0.T], then
s(t. .‘F(.))_[} for anyre I] In [1], we proposed g(f, @, u) =
(9/0t)s(t. ) + ((2/Dx)s(t. x)) f(, . u). With this selecnon one
has 0 = g(t. I(t)‘i(f) = (d/dt)s(t, B(t)) for almost all ¢ €
[0, T). From the theory of variable structure systems, the solution
w"(t. ) of the algebraic equation g(f. ¢, u) = 0 is called “equiva-
lent control” for system (1) and (2).

Some comments on Assumptions H1)-H6) can be found in [1].

In what follows., we will select the functions s and g to address the
control problem of tracking a prescribed bounded trajectory xq(t),
t & [0. ~c). For simplicity, we henceforth limit our discussion to
linear time-invariant systems. Extensions to some nonlinear problems
can be obtained generalizing the results in [6]-[8]. Moreover, we will
make the standard assumption that the input matrix is full column
rank. Under these assumptions it is well known that it is possible to
find a change of variables bringing the system to the following form:

Wl ) (A Ay 0
= flt,x, u)= (.—121 _{22)\: - (Bg)u (5)

where -&;1 € Rlr—mix(n=m) 4., € R™*™, By € R™YT,
r={el 2 p e R e € RM u € R
The following is a well-known result of linear system theory [5].
Lemma [ If (5) is completely controllable, then the pair
(A1, A12) is completely controllable.

B. Integral Control

Let cq(#) be a given bounded trajectory that the system is required
to follow. Define the function s = s(¢, x) by s(t, ) = H{xq(t) —
2 —eCt(za(0) — 2(0))), where H € R™*™ and C' € R"*" are real
matrices to be selected, and define the function g as follows:

ot o) = L s(t, @) + 2 (s(t, @) F(t 2 w) + Ts(t, ) (6)

Jt Ju
where T' € R™*™ is a matrix to be selected.

Now partition H = (H; H»), where Hi € Rm*{n=m} and
g, € R™*™, and denote by ReAmin(A) the minimum of the real
parts of all the eigenvalues of the matrix .A. Then we can state the
following.

Theorem 2: Let §, 3, ~, and n be given positive numbers. Assume
that:

1) Re (

2) Re Aminldiz

3) Re Amin(I")

4) Re Amin(-C) > 8.

Moreover, assume that the following matching condition on the
nominal trajectory is satisfied:

g = Anwar + A2,

Then there exists ¢, > 0 with the following property. Let ¢ € (0, 1),
wo € R™, and let {w(t, €). u(t. €)) be the solution to (1) and
(2) [where f, g are as defined in (5) and (6)] which satisfies
(2(0, €), u(0, €)) = (2o, o). Then

|za(t) — a(t, €)] < & +ae™” (7

1 .
u(t, €) = . H (:‘1:,1(1‘) — z(t, €) — e("(.zrfm — &p)

! T \
+ / (‘1',1{7) — {7, €) — e (zay — ‘Uoj) (]T) + ug
Jo

(8)

forall t € [0, >c); here a is a positive constant depending on the data.
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Proof: Assumption 1) guarantees that the algebraic equation

B alkis
glt. o, )3:(HIH:!}{ al(t)— (_{1: tj)r

0 .t
=e (Bz ) w—Ce“ Nz — zo)

+ r (:i‘,j(f) — L= (.’C"(.L’,j() - -"O))} =1
9

has a unique solution w (¢, ) for any (f,z) € [0, ) x R"
(equivalent control).

Furthermore. for any (f. ) £ [0, 20) x R" the equilibrium point
w*(t, r) of (2) wrns out to be globally exponentially stable, and
Assumption 1) assures that the exponential stability is uniform in
[0, =c) x R".

Now note that (9) on a [rajectory x = x(t), t € [0, ), is
equivalent to 0 = (d/dt)s(t. x(t)) + Cs(t, x(t)).

Then the reduued order system can be rewritten as

T=AF+ Buw (10)
§= —Ts. (1)
Moreover, since s(0, xg) = 0, we have
s(t, T(1) = H(.m(r) —2(t) — % (za0 — .a-(,)) =
€ [0, =) (12)

and so, from (6), we obtain

a(t) = (H2By) ™ H (a(t) = AT(D) ~ Ce" (2ao = z)). (13)

Since (11) is exponentially stable by 3), Assumption H6) is
satisfied if we show that T = T(t) is exponentially stable. In order
to check this, we define the error variable &(t) = wa(t) — T(t)
whose dynamic behavior is described by the differential equation
= aq(t) — Alza(t) — B) + Bu™(t, xa{t) — ). It is easy to
show that € = 0 is an exponcnt]ally stable equilibrium point of this
equation. [ndeed, partitioning &° = = (el es T} in accordance with the
state partition, (12) can be written as

Fy =xan(t) — Ta (1)

= By (Biaa () = 7)) + He® (a0 - w). (4

Then, by using (10), (13), (14), and the matching condition 3) we
have
g = (A — A Hy 'Hy)# — AH7 He® (a0 — z0).  (15)
Then, by 2). all the assumptions of Theorem 1 are satisfied, hence
lim w(f, €) =%(t),
=u(t).

uniformly in [0, o)

lim w(t. €) uniformly in [t1, o¢) (16)

£—

> 0. Thus, given & > 0 there exists ¢; > 0 such that
B <6, vie [0, o)

whenever t;
for any € € (0, 1] we have that [(t, €] — T(
Finally, by Assumptions 2) and 4) we get

|ZL(t) — xar(t)]

LT (|" — a1 (0)] +

HA]-_)H?H:“ |#q0 — ol ) (17)

Lel=at7t  where

> 0 is sufficiently

estimate |le*'|] <
L{v), and ~

Here we use the
Redmin(—X) 2 @, I =
small [9, Proposition 3, p. 4].




