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Motivated by models which have been proposed for some problems in mathematical biol-
ogy and fisheries management and elsewhere, we consider a nonlinear periodic parabolic
problem and an associated cost functional J. A key feature of our problem is the presence
of a nonlocal term which—as we show by direct example—renders the standard mono-
tonicity methods invalid. We therefore employ topological methods to deal both with ex-
istence of solutions and of minima of J over the control set. Some considerations are also
presented on related systems and on the question of uniqueness.

1. Introduction

In this paper, we consider the nonlinear periodic parabolic problem

u — Au= f(x,t,¢),u,mu inQr, (L1
u=0 ondf2 x [0, T], Uly=r = ult=0 in £2, .

and associated cost functional J (#, m) which is to be minimized over all pairs (u, m) with
0 < u solution of (1.1) corresponding tom € U C L™ (Q7). Here £2 is a smooth bounded
domain in R", Qr = 2 x (0, T), m = m(x, t) represents a control function and ¢ (w) is
a continuous bounded functional from LP(§2) to R for p > 1 with ¢(w) = O0if w > 0,
¢(0) = 0, and ¢p(w) = Cllwlly1 () for some C > 0and 0 < w € LP(§2). The precise
form of the cost functional J will be given in Section 5, as will the control set I/ Finally, we
assume that f is smooth in all its variables. We shall also impose the following positivity
and growth properties on f.

(A) For any given m(x,t) € U, there exists M (x,t) € L°(Qr) such that
flet,a,B,om(x, 1) < [M(x,1) —nal

for some positive constant 7 if & and B are nonnegative.
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(B) For any given m(x, 1) € U, we have

T
%[ fx,t, (), u(x,t),m(x,t))dt > pu; foraa xe 2
0

if O < ulx,t) € C*(Qr) and |lul|L=(gy) is sufficiently small, where 11 denotes the
least eigenvalue of —A in §2 with Dirichlet boundary conditions. This is the same as
the least eigenvalue of the linear periodic parabolic problem given by the left hand
side of (1.1).

Our considerations motivated by the model considered by Calsina, Perello, & Saldana
(1994) and Calsina & Perello (1995) to describe biological evolution involving nonlocal
effects. Indeed, in their case, f = x — fol u. Unlike their results, we consider here peri-
odic solutions and optimal control, with £2 C R” rather than 2 C R! and, furthermore,
m = m(x,t) instead of m = m(x). We remark that the control aspects of some related
nonlocal problems were recently considered by Lenhart Protopopescu (1994). We empha-
size, however, that some of our interest in this problem comes from the observation that,
unlike the situation in their problems and in some other apparently similar nonlocal prob-
lems (Pao 1992), and in many other local ones (e.g. Cantrell & Cosner 1989; Hess 1991),
monotonicity methods fail here, as shown by the following example given here in detail
for the reader’s convenience.

THEOREM | Consider the problem

u; — Au = [k(t) =45 u]u in O,

u=0 onof2 x[0,T], (1.2)

with (1/T) fOT k > w1, smooth of period T. Then (1.2) has at most one positive periodic
solution u of period T. If 2 = (—L, L) C R! and

It 72 \n
(?/0 k“m)5>kmax;
then u does not lie in the order interval determined by the upper/lower solution pair
(kmax/2L, 0).
Proof. Let ¢ denote the eigenvector of —A for the least eigenvalue 1. Note that (1.2)
implies
W, @) + pi(u, 1) = k(@) (u, @1) = (u, D, 1),
where (a, B) = |, o @B. Integrating with respect to time, we obtain

T
exp l:j(; (1 — h(t))] (u, 1) li=r = (u, 1)l=o»

where h(t) = k(¢} — (u, 1). It follows by periodicity that either (u, ¢1)|;=0 = 0, and thus

(u, ¢)|, =0forall ¢, or
T
exp [/0 (121 —h(l‘))il =1,
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T T
— k—uT. 1:3
fofg“ [0 i (13)

Since u, ¢; > 0, the former possibility cannot hold and (1.3) is valid.

Repeating the process with some other eigenfunction ¢;, where i > 1, we observe that
(1.3) implies (u, @;) = 0, since /41 is simple. We conclude that 4 = 61¢; for some 8; =
61(1), and for convenience set [, 91 = 1.

As we shall show in Theorem 3 below, (1.2) has a unique solution. Let us assume now
that 2 = (—L,L) C R!, and we observe that ¢, with f_LL @1 = 1, can be explicitly
calculated, implying ¢ (0) = 7 /4L. Moreover, it = w2 /4L%. On the other hand, estimate
(1.3) gives

ie.

1 T
O max > —7:[0 =i

and thus, for some ¢ty € [0, T'],

1. ¢ T
H(f0,0)=(?f0 k—m)ﬁ-

Finally, observe that, if
1 j‘ r X 72\ n "
— — — e > N
s AEZ LD <"

then there are no solutions in the order interval. O

Note that these arguments also show that, if fOT k < T, then problem (1.2) does
not have a positive periodic solution. This shows that condition B cannot be removed.
Furthermore, a routine scaling argument shows that the result of Theorem I also holds
if [ u is replaced in (1.2) by & i o 4, for any ¢ > 0. That is, upper and lower solution
procedures fail regardless of how small the nonlocal perturbation happens to be.

The difficulty arises from the fact that, in these equations, f(x,t, o, f, ¥)B + Kf may
not be monotone in B for any constant K. Consequently we approach the existence problem
entirely by topological methods, reminiscent of those employed by Allegretto & Nistri
(1994), Brezis & Turner (1977), and others for steady-state local problems. Observe that
M (x,t) in condition A is a fixed function, so that the well-known ‘eigenvalue crossing’
condition for existence is replaced by the presence of ¢ (u).

Our results on existence and uniqueness are extensions of those given by Hess (1991:
§V.38), since we do not require (in Hess’s notation) that b > 0, nor that g be increasing.
Furthermore, unlike Hess, we also present a uniqueness result for some nonlocal problems.
The paper is structured as follows: we first consider the question of the existence and
uniqueness of positive periodic solutions for problem (1.1) and for related systems. We
then formally introduce the cost functional J (#, m) which is to be minimized over all pairs
(1, m) which satisfy(1.1). The precise form of J is motivated by a similar functional given
by Kolosov (1996) for an optimal-control problem concerning fisheries management.

Finally, by a solution to (1.1) we mean at least a weak solution in the usual sense, i.e.
u € C([0, T1, L2(£2)) N L2((0, T), Hy'*(£2)), and we assume that quantities are extended
by periodicity, so that u is a solution for all z.
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Note added in revision

It has been brought to our attention by Prof. Norman Dancer (private communication) that
condition B can be replaced by assuming that the principal eigenvalue of the linearization
at 0 is positive. Similarly, for the system cases discussed below, one can assume that (i, 0)
or (0, v) are both stable (or both unstable), plus a nondegeneracy condition. The stability
condition can then be reduced to a condition on a single equation.

2. Existence

While, in condition A, we allow M and n to depend on the control m, for notational con-
venience we shall suppress in the rest of this section explicit reference in f to m, as well
asto (x, t).

Setu = G(f(¢p(v), vHv™) with v € L®(Qr) iff u satisfies (1.1) with (¢ (u), u)u
replaced by f(¢(v), vH)vT. We observe the following result

LEMMA 1 (a)Letv € L®(Q7). Then u = G(f(¢(v), vH)v™) is a compact continuous
map from L*°(Qr) to L°(Q7). Furthermore u and Vu belong to CY(Q7) for some o >
0, where Vu denotes the gradient of u with respect to x.

(b)Y If u € L®(Q7) satisfies u = G(f (¢ (w), uT)u™), then u nontrivial implies & > 0.

(©Let0 < we Cl2)N Hé'z(.Q) solve weakly the steady-state problem —Aw = g
for some g € L2(£2). Then [, g > 0.

(d) Let u be a positive solution of (1). Then

T
essinfwl-f fle,t,p(u), u,m) < puy.
X 0

Proof. (a) By assumption, f(¢(v), vH)vt € L®(Qr) for any v € L®(Q7), and the
periodicity condition gives

luC, )22y < KIfF (@), vt (lLson).

We then immediately conclude that [ull;2(p,) satisfies a similar bound, and we
may apply classic local estimates (Ladyzenskaya, Solonnikov, & Uraltseva 1968) to
bound u in L*[£2 x [T/2,3T/2]], and thus for all ¢+ by periodicity, in terms of
| £ (¢ (v), vH)vT ||Lo(@y). Classical arguments in the same reference also show that u and
Vu belong to C*(Q7) for some & > 0. The compactness and continuity follow from the
smoothness of f and the compact embedding C* «— L.

(b) We pass to the limit in the Steklov averages (u,)~ in the standard way (Ladyzenskaya
et al. 1968: p.85) and conclude

1 T T T
(_Ef (ug)z) s [ / [Vu_l2 o f [ [F@w), D)~ ut =0
2 0o JeJo 2Jo

by the smoothness of f. Periodicity then implies [, fOT [Vu~|?=0andthusu = ut > 0.
Finally, since u € c*(07) by Part (a), and since u is periodic and nontrivial, we may
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assume u(x, &) # O for some & < 0. Let 0 < ¢ (x) € C3°($2) be nontrivial with ¢ (x) <
u(x, &), and, for a constant M > 0, let v solve the problem

vy—Av+ My =0 fort>E&andx € £2,

v(x,&) =Y¥(x) inf2, v=0 ondf2 x[0,T]

Since f(¢(u),u) € L% (Q7), we can choose the constant M large enough and conclude
that # > v > 0 by the strong maximum principle (Smoller 1983) for ¢t > &, and thusu > 0
for all ¢.

(c) We choose a test function ¢, given by

] wx)/e fw(x) <e,
¢e(x) = [ 1 if w(x) > e,

and note that [, gg. — f:)n{a»()] g as & — 0, while

1
fg%:—f Vol? > 0.
2 € J{w<s)

Observe that, on S £ {w = 0}, we have g = 0 a.e. since, by standard elliptic regularity
theory, g € L2($2) implies w € H?(£2) with—Aw = gae.But,on S, 0 = Vo = Aw =0
and thus [, g = fﬂﬂ[m>0] g=0.

(d) Let ¢ € C§°($2), and note that a direct calculation using Picone’s identity (Allegretto
1971) gives

[ Ll @f =[] foor= [ wscnswmms [ [ 22

We observe that the last integral on the right-hand side vanishes by the periodicity of u,
and then let ¢ — ¢ in Hol (£2) to obtain the result. O

LEMMA 2 Let A € [0, 1]. Then there exists a number R, independent of A, such that no
solutions 1 € L*°(Qr) of

u=AG(f(pw), u u') 2.1
satisfy lullLo(gr) = R.

Proof. 1f u satisfies (2.1), for some A € [0, 1], then u > 0, and u and Vu belong to
C%(Qr) by Lemma 1. We claim that [[u]|z 1o, 1s bounded uniformly in A. Indeed, choose
¢ € C§°(£2) and integrating both sides of (2.1) with f replaced by Af, in weak form, over

Qr gives
Lol Lo )= LI -

The first term on the left-hand side vanishes by periodicity, and we apply Lemma 1(c) to
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w = fOT u and conclude that |, oy f# 2 0. Consequently, by Assumption A and the fact
that ¢ (w) = Cllwl|p1(g) for some C > 0 with 0 < w € LP($2), we have

ISVOREINID

for some constant Cy. Cauchy’s inequality then yields |lu||z1p,) < C2. We next observe
that the positivity of u and condition A imply that u satisfies the linear inequality

u; — Au < Mu. 2.2)

We employ (2.2), periodicity, and a result of Di Benedetto (1993: Theorem 5.2, p.128) to

conclude that
3T/2
ulx,t) < Cs f f u
0 2

fort € [T/2,3T /2], with C3 independent of u, and therefore |u| L= (g;) < Cr. a

LEMMA 3 Let® = €(x) > 0 be a fixed smooth function in £2, and § > 0. Then all
nontrivial solutions u € L*(Q7) of

u=G(flpw),u ") +35G(6)

must satisfy [|u]lp~(g;y = r > 0 for some r independent of u and 6.

Proof. As before, any such nonnegative solution u is in C%. If ||u|| > (g,) is small, then
so is ¢»(u), and condition B and Lemma 1(d) are contradictory, and thus [|u||L=g;) > 7
for some r independent of u and §.

Let deg denote the Leray—Schauder degree (Zeidler 1986; Smoller 1983).

LEMMA 4 There exist r and R such that
(a)deg(u — G(f(¢p(w),ut)ut), Bg,0) =1,
(b) dcg(u - G(f(¢(u)s u+)u+)s Br’s 0) = 0’
where B denotes the ball centered at the origin of radius £ in L% (Q7).

Proof. (a) By Lemma 2, the degree is well defined on Br and furthermore 1 =
deg(u, Br, 0) = deg(u — G(f (¢ (), u™)u"), By, 0).

(b) By Lemma 3, the degree is again well defined on B, and the same for all § > 0. If it
were different from zero, there would be a solution of the problem

up — Au = f(pw),uNut +86 in Qr,

u=0 ondf2 x[0,T], u(,T) =u(-,0) ins2,

with u(-,0) = 0 and |lullp=(g;) < r.In such a case, f(¢(u), u)ut is bounded in
L (Q7T), and so is the solution # of

iy — A= f(p(u),w)u inQr,
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i=0 ondR2x[0,T], @(,00=0 inf.

On the other hand, if 6 is again chosen to be ¢, the positive eigenvector of —A, then
v = tg satisfies

v — A< [1+Tpiler in Qr,
v=0 ondZ x[0,T], v(-,00=0 in4$2.
Hence setting @ = # — it — v with @ > 0 gives
w — Aw = 0

if § > (1 4+ Twpa, with w(-,0) = 0. We conclude that © > & + «v, contradicting the
assumption that there is a small-norm solution for all §. [

THEOREM 2 If conditions A and B hold, problem (1.1) has a positive solution u €
c[Qr].

Proof. The proof of the theorem is immediate from the properties of the Leray—Schauder
degree (Smoller 1983): Ch. 12), Lemmas 3 and 4, and Lemma 1(b). a

3. Systems

For some systems, the previous results hold with only minor changes in the assumptions if
one is interested in the existence of positive solutions. To be definite and for presentational
simplicity (the same proofs hold for somewhat more general situations) consider the system
(Calsina et al. 1994; Calsina & Perello 1995)

lu=u — Au= |:m—af u —ﬁf Ui| ut = filx, 1, ¢ @), p(v), u),
2 £2
3.1
bv=v, — Av = I:MAV_[ uuéf v:| vt = folx, 1, ), p(v), v),
2 7]

to which we seek positive periodic solutions, subject to the same boundary conditions
as before, and with m, M, «, B, y, and § smooth positive functions of (x, t). The earlier
procedures show immediately the existence of solutions (#, 0) and (v, 0). If we seek the
existence of co-existence solutions (u, v) with u, v > 0, then we proceed as follows: Put
G(t) = £71(r) subject to periodic and Dirichlet conditions. The properties of the degree
and the earlier arguments show that

deg{(u, v) — (G(fi(x,t,¢(u),0,u), G(f2(x,t,0,¢(v),v)), Al .r) X A g, 0} = 1,
(3.2)
where A gy = {ule’ < llulle < R} C L®(Qr) for some &', R > 0. To show ex-
istence, we need only show that there are no solutions (u, v) on d[A[r g X Afer, g7l for
filx, t, ¢ (u), 0, u) (resp. folx,t,0,¢(v), v)) replaced by fi(x,t, ¢(u), Ag(v), u) (resp.
falx, 8, hp(u), ¢ (), v)) in 3.2) with 0 € A < 1.If lullp= = R or |lv]|p~ = R then
no such solutions are possible by the earlier arguments. If |||~ = &', then observing
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that (u, v) are actually classical solutions, we apply the maximum principle to the second
equation and obtain (inf 8)[[vll;1g)(00) < |M| (@) for some to € [0, T]. Further-
more, integrating the second equation in (3.1) and employing the positivity of v gives, for
te(t,n+T), ‘

(Il L1y @) < UMzl 1 2y 0. (3.3)

Here we have employed the fact that [,(—Av) = f;o(—8v/3n) > 0. Integrating (3.3)
gives 0]l 1oy (@) < eMIeoT|y]| 1 g (t0) for ¢ € [0, T1, and thus max,[[[v]l11¢o) ()] <
elMllLzr || M || 1o /inf 8. If we substitute this estimate into the first equation and assume that
m — (B/inf8)e!MleoT || M| . > | then—again by our earlier arguments—there is no
solution (i, v) with ||u||L= = &’ for &’ sufficiently small.

There is an identical estimate for v : M — (y /inf&)el™ =T |m| Lo > p;, and if both
hold, then there is a solution (i, v) in A g] X Afer,r]- We Observe that, as a consequence
of the special nature of (3.1), these estimates give explicit conditions on the coefficients.
We remark that our conditions may be viewed as asking that the ‘cross terms’ f and y
be sufficiently small for a given M, m, «, and &. An analogous result holds if & and & are
‘small’ relative to M, m, 8, and y. To see this, consider first the system

Eu=[m—-ﬁ[nv:|u, Ev:]:M—nyu]u.

We apply the earlier approach and conclude, in the same way, the existence of a nontrivial
solution pair 0 < u, 0 < v. That indeed both 1 and v must actually be positive is immediate
from the assumption that m > @1 and M > pu; and the form of the equations. A routine
homotopy argument then shows the existence of a positive solution (u, v) for system (3.1)
if @ and § are small enough, although it appears difficult to obtain explicit estimates in
this case. Some restrictions on these terms are unavoidable, as the following elementary
example indicates: Suppose that M, m, &, 8, B, and y are all positive constants. Let (#, v)
represent a positive solution; then, if we let ¢; again denote the positive eigenfunction for
— A, we obtain

(u, 1) + p1(u, 1) = |:m'"0ff u—ﬁf v] (u, @1),
Q e,
(3.4)

(U!qpl)l'i'ﬂl(vb@l): [M—}’f u_6f U] (U,ﬂol).
2 2

We divide the equations in (3.4) by (1, ¢1) and (v, ¢1) respectively and integrate with
respect to T to get, by periodicity,

(m—m)T=a/ u+p v,
or ar
(3.5)

(M—,ul)T:—-yj w46 v.
or or

Recalling that u, v > 0, we note that equations (3.5) show that some restrictions—more
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general than the sufficient conditions we obtained earlier—must be imposed on «, 8, ¥,
and 4.

Indeed, explicitly solving (3.5) for [, u and [, v shows that at least one of these will
be nonpositive if 8 — By # 0 and

[8(m — 1) — BM — p)][e(M — 1) — y(m—p)] < 0.

This implies a necessary condition for the existence of positive periodic solutions which is
in qualitative agreement with our sufficient criteria for existence. In particular, if one of
and y is near zero and the other is large, then no positive solution pair can exist.

We conclude this section with some brief considerations on other systems. Suppose first
that f] and f> are replaced by

(3.6)

f2=|:M—yf u—év—y’u—B’f v:|v+,
2 2

with §, @ > 0, giving a ‘competitive’ system. In this case, an analogous explicit result
holds, since the maximum principle gives ||v]|pe < ||M | L= /inf§. This can be directly
employed in the first equation to obtain an estimate of g and f’. The estimates of y and
y' are established identically. On the other hand, if § = & = 0 but §', ¢’ > 0, then this
procedure is in principle applicable, but we were unable to obtain explicit conditions on
B, B, v, and ¥’ due to the difficulty of calculating the embedding constant C in the esti-
mate: [|v||L2(or) < Cllvllz1(g,), Which would then be needed to determine the conditions
on S and g’

Similar remarks apply to cooperative systems. Consider, as an explicit example, the case
where

fl=(m—aLu+,3Lv)u, fg:(M+nyu-—3j;2v)v. (3.7

Integrating over Q7 the equations (3.7) after multiplying by u and v respectively gives the
energy estimates

1 . _ -
E(logllulle(m)!Sm—m—g_fgwﬁfgv,

1 . : i
E (IOg ”v”LZ(Q))! < M — M1 +}/./;2L¢ HQL v,

where m = m > m and the same notation is employed for the other coefficients. If we
next integrate over [0, T], we obtain an immediate explicit estimate for ||vl;1.o,) and
lullpicopy if B and y are sufficiently small. Integrating equations (3.7) directly over [#}, #2]
then gives an explicit estimate for max ||u|;1(g) and max ||v|| 15y and thus for |[u||L=(gr)
and ||lv|z=(g.) as before. Note that repeating the arguments which led to equations (3.5)
shows once again that requirements on 8 and y cannot be completely removed.
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4, Uniqueness

In this section we consider the question of uniqueness of positive periodic solutions. Ob-
serve that, as mentioned above, this topic is not discussed in §V.38 of Hess (1991).

THEOREM 3  Assume that f in (1.1) has the form
flx,t, @), u,m)=M(x,t) —h(t, ¢ ()
for some smooth functions M and k. Suppose further that:

(i) ¢ (au) = agp(u) for any constant « > 0, ¢ (u) differentiable with respect to t;
Gi) if21(2) < z2(t) in (0, T), then [T h(t, z1()) dt # [ h(z, 2()) dr.
Then (1.1) has at most one positive periedic solution.

Proof. It is convenient to introduce the functionals:

!
Fi(u,t) £ prfé h(€, (u)(£))ds
and
¢ T
Fa(u,t) £ exp [_ng h(é',¢(u)(§))d§]-

Motivated by some of the arguments of Calsina & Perello (1995), if u denotes a solution
of (1.1), we set

w = u[Fi(u,1) - F2(u, 1)]. 4.1)
A direct calculation then shows that w > 0 satisfies the linear problem

w; — Aw = [M(x,t) +1n F(u, D]w,

w=0 onds2, w(T) = w(0). 4.2)

We conclude from the positivity of w that w = az for some constant &, where z denotes the
positive eigenvector corresponding to the least eigenvalue of the linear periodic problem
(4.2) (Hess 1991). Note that In F2(u, 1) is a constant, and thus by the uniqueness of the
eigenvalue with a positive eigenvector, if v denotes any other positive solution of (1.1), it
follows that

y 2 1nFy(u, 1) =In F(v, 1) (4.3)
and r = f8z for some constant 8, where
r=vFi(v,t) Fa(v,t).

Without loss of generality, we may assume f > «. By condition (i) of the theorem state-
ment, we have

A
W) Fi(u,t) = ad(2) exp(ty) = afi.
Differentiating both sides with respect to ¢ gives

[ ()] Fi(u, 1) 4+ (u)h(t, pw) (@) Fiu, 1) = af]
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and, dividing by F\(u, t),

fn'
[P)] + ¢ (u) |:h(t, G u)(@)) — ?1 =0. (4.4)
Observe that ¢ (v) also satisfies (4.4). By the intermediate-value theorem and the assumed
smoothness of h, we observe that 8(¢) 2 ¢ (1) — ¢ (v) satisfies

0'+Z()8 =0

for some function Z(t). Furthermore, 8(0) = ¢ (1)(0) — ¢ (v)(0) = (@ — B)¢(2)(0). We
conclude that

S(u) — p(v) = e fo ZEE (4 _ B)6(2)(0).

It follows that either & = B and consequently ¢(u) = ¢(v), orelse @ < f and ¢ (u) <
¢ (v). In the first instance, w = r and Fy (v, t) = Fi(u, t). We conclude by (4.3) thatu = v.
In the second case, by assumption (ii) of the theorem statement, we have In Fp(u, 1) #
In F,(v, 1), but this is not possible since it contradicts (4.3). O

COROLLARY 1 Let f = M(x,1) — Y0_ hi(t)(f, u)" for smooth functions M and h;
and constants n; = 1 (i = 1, ..., p). Then (1.1) has precisely one solution.

5. Optimization problems

In this section we associate with problem (1.1) a cost functional J (#, m) to minimize on all
the pairs (, m) which satisfy (1.1). For simplicity, we explicitly consider the case where
fx,t, @), u,m) =m — [, u, which is the physically significant prototype.

The general form of the considered functional is

T
J(u,m) = f f F(x,t,u(x,t), m(x,))dxdt, 5.1
0 2

where F : O x R' x R — R! is smooth in all its variables.

For a concrete example we note that if (1.1) represents the model of the evolution of a
biological species involving nonlocal effects, u(x, t) is the density of population at x at
time ¢ = 0, and m(x, t) is the controlled rate of growth of the population without nonlocal
effects, then the function F may have the following form:

F(x,t,u(x,8),m(x, ) =c(x,t,m(x, 1)) — glx, t,ulx, 1), m(x, 1)), (5.2)

where the function ¢ : Q7 x R! — R! represents the cost of controlling the rate of growth
to the value m(x, ), and where the function g : Qr x R! x R — R! represents the
benefits due to the presence of a population of density u and rate of growth m. Clearly, the
meaning of ¢ and g can be also interchanged.

As mentioned in Section 1 a similar functional has been considered by Kolosov (1996)
for an optimal-control problem concerning fisheries management. Kolosov represents the
biological model of a fish population by an ordinary differential equation, since the spread-
ing of the population over the region §2 is not considered there. In this situation, the
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control function is m(t) = r — qu(t), and c(t, m(r)) is represented as cv(t), where
¢ > 0, r is the rate of natural growth of population, g is the catchability coefficient,
and v(t) is the rate of fish caught at time + > 0 which is the control parameter. Finally,
g(t, u(t), m(t)) = pqu(t)m(t), where p denotes the price of fish per unit of mass and ¢
takes into account the environmental condition for the growth of the population.

Keeping in mind the physical significance of the control parameter m in the above ap-
plications, we consider here the following control set:

U= {Oé meL®(071): u1+e<mlx, 1) <rpforsomee, r; > 0and ae. in QT}.

In Section 2 we proved in particular that, under assumptions A and B, for any m €
U there is a positive solution of (1.1). Furthermore there exist r, R > 0 such that r <
llullLoo¢oy) < R for any positive solution u of (1.1) corresponding to the controls m € U.
We will show in this section that J(u, m) attains a minimum on the solution set

S = {(u, m) : u is a positive solution of (1.1) corresponding to m € U}.

First we consider some preliminary definitions and results. For any fixed m € U, let
¥m : Q1 % R! x R — R? be the map given by

Umx, b, ) ={(f(x, 1,0, B,m(x, ), Fx,1, B, m(x, 1))}

fora.a. (x,1) € Qr andany «, B € R! x R
Consider the multivalued map ¥ : Q7 x R' x R! — R! x R! defined as follows:

1,!'/(1,!,“,,8) = {(f(x:tsa’ﬁs V))Bv F(I,t, ﬁ! Y)) Yy € [,Ufl +£,r2]}-

Since F is smooth and y € [ + &, ro], it is immediate to see that ¥ has compact convex
values in R! x R!. Furthermore, it is upper-semicontinuous.

Define now the multivalued Nemytskii operator generated by ¥, namely ¥
L®(Qr) — L®(Q71) x L°°(Q71), as follows:

¥ (v) ={(a,b) € L*(Qr) x L*(Q71) :
(a(x,1),b(x,1)) € ¥(x,1,¢(v), v(x,1)) foraa. (x,1) € Or}.
We have the following result (Lasry & Robert 1990).

LEMMA 5 The multivalued map ¥ has closed convex values; it maps bounded sets into
bounded sets; and its composition with a linear compact map is upper-semicontinuous.
Moreover, ¥ (v) = {¥n(v) : m € U} forany v € L (Qr), where

Y (V)(x, t) = Y (x, £, ¢ (v), v(x, t)) foraa. (x,t) € Or.
We are now in the position of proving the following.
THEOREM 3 Under conditions A and B, the cost functional J attains its minimum in S.

Proof. Forany m € U and any u € L*(Qr), we set

(u, w) = G(Wm (P (), v1))
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if and only if u satisfies (1.1) with f(x, ¢, ¢ (u), u, m)u replaced by f(x, t, ¢ (v), v, myvt
and w is given by
wm:f Flx,t,vT(x,t), m(x,t))dx ae.in QT,
2
w(0)=0.
Let {ity, My lpeny C S be a minimizing sequence. By Lemma 1(b) we have that

(ttn, wp) = G(Ym, (@ (un), uy)) foranyn e N,

or equivalently, by using the Nemytskii operator generated by vy, ,

(thp, wy) = g(wmn (ten)).

Therefore (1, w,) € G(¥ (uy)) for any n € N, By Lemmas 1(a) and 5,.the multivalued
map u — G(¥ (u)) is compact and upper-semicontinuous with convex closed values. Thus,
by the boundedness of {i, } ey in L(Q7), passing to a subsequence if necessary, we have
Up — ug and w, — wg in L= (Q7). Furthermore, (1o, wo) € G(¥ (up)) since G o ¥ has
closed graph.

Finally, by the property ¥ (#0) = U, ey ¥m (o), there exists mo € U such that

(1o, wo) = G(¥my(uo)),
or equivalently (ug, mo) € S and wo(T) = J (uo, mp) is the minimum of J on S. O

REMARK 1 If f and F are linear in the control m, then the multivalued map S : U —o
L>®(Q7) x L*(Q7) defined by

S(m) = {(u, w) € L=(Qr) x L=(Q1) : (4, w) = G(¥m(u))}

has a closed graph in the w-L3(Q7) % L®(Q71) x L°®(Qr) topology. Here w-L%(Q7)
denotes the weak topology in L*(Q7). As a consequence, since a minimizing sequence
{(n, mp)}nen converges to {(ug, mo)}, with mg € U in the L*(Q1) % w-L2(Q7) topol-
ogy, we have that (ug, wo) € S(mg).

6. Finite-dimensional approximations

In this section we show how minimizing sequences for J can be obtained by finite-
dimensional arguments. Consider a smooth Schauder basis {m;};cy for L2(Q7). For any
p € N we consider the finite-dimensional control set

Upy=UnN span{m, ...,mp}.
Define the solution set S, relative to Up, as
Sp={(u,m) e L®(Qr) x U :m € Up and (u, m) € S}.

Under our conditions, S, # @ for any p € N, and we have

00
Uspcs, (6.1)
p=l1




56 W. ALLEGRETTO AND P. NISTRI

where the closure is in the L*=(Q71) % L2(Q7) topology. Furthermore,

U=\JU, (6.2)

where the closure is in the L*(Q7) topology.
We have the following result.

LEMMA 6 If, for any m € U, problem (1.1) has a unique positive solution u, then

Proof. By virtue of (6.1), it suffices to prove that [ pal Sp 2 S. For this, let (1o, mo) € S,
and observe that by (6.2) there exists a sequence of controls {m; };en in et »=1Up such that

mi — mgin L2(Qr). Forany i € N, let 4; be the positive solution of (1.1) corresponding
to the control m;. On the other hand, the sequence {1; };cn is compact in L>°(Qr). Hence,
passing to a subsequence if necessary, we have that {(u;, m;)};en in U;‘;l Sp converges

in the L®(Q7) x L%(Q7) topology to (g, mo). This concludes the proof. O

Since Sy, is compact in L*°(Qr) X L2(Qr) for any p € N, and since J is continuous
in this space, there exists a pair (up, mp) € Sp such that J(up, mp) = Jp, where Jp =
infu,myes, J (u, m). We can state the following.

THEOREM 4 Under the assumptions of Lemma 6, the sequence {(up, m )} peN is mini-
mizing.

Proof. The sequence {Jp} pen is nonincreasing; hence Jo = limp_o0 Jp = infpen Jp. We
have to prove that Jg = ming, mes J (u m).

Assume that Jo > Jpandlete = J’g — Jp > 0. By Lemma 6, there exists p € N and a
pair (ii p, /i1 p) € Sp such that

< J(lp,mp) < Jo+e. (6.3)
On the other hand,
I, ip) = J (wp,mp) > o,
and so
J(p,mp)—Jo2e
contradicting (6.3). O

To conclude, we consider heuristically the minimization of a cost functional associated
with a system. For a competitive system of two equations of the form (1.1) with the non-
linear terms given by (3.6), we consider a cost functional of the form

T
J(u,v,m, M, A) -—-[ / [ei(x, t,m(x, 1)) — (1 — A)gi(x, t, u(x,t), m(x, 1))] dx dt
0 J2

T
+ f f [ear 1. M(x, £)) — Aga(x, 1, v(x, 1), M(x, 1)1 dx dt,
0 2
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where the functions m, M, ¢;, g; (i = 1,2) have the same meaning as the corresponding
quantities at the beginning of this section. The parameter A € [0, 1] can be viewed as a
control, for instance, of the benefit of sharing the fishing between two different species of
density  and v respectively. Therefore the functional J can represent the payoff or the cost
of fishing two species which share their limited sources in presence of competitive local
effects.

Following the approach presented above, it is easy to show that there exists the minimum
of J(u,v,m, M, A)on S x [0, 1], where

S = {(u,v,m, M) € L®(Qr) x L*(Q1) x L=(Q1) x L*(Qr) :
(u, v, m, M) satisfies the system}.

The case of cooperative systems (3.7) can be handled in the same way.

Finally we mention that it is also possible to consider the competitive system as a two-
player game with conflicting objectives. In this case the optimal-control problem consists
in showing the existence of a saddle point of a suitable objective functional (Lenhart &
Protopopescu 1994).

7. Conclusions

In this paper, we have considered a nonlinear periodic parabolic equation and an associated
cost functional J. We have obtained existence and uniqueness results for a positive solution
1 and conditions which ensure that J attains a minimum over («, m) with m from a suitable
control set U. A scheme under which the minimizing sequence can be constructed by
means of finite-dimensional approximations was also presented. This depended critically
on the existence of a unique solution to the equation. That this can be obtained under
more general conditions than those given in Section 4 is conjectured, but remains an open
question. Some results of the same nature were also presented for related systems.
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