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STABILITY AND INSTABILITY OF
PERIODIC SOLUTIONS OF A DAMPED WAVE
EQUATION IN A THIN DOMAIN

RUsseLL JOHNSON, MIKHAIL KAMENSKI AND PAOLO NISTRI

1. Introduction

In the previous papers [5] and [6] the authors showed the existence of periodic

‘UE 3
who= |
e

with respect to the time t of a damped wave system in the non-autonomous and

solutions

autonomous cases respectively.

The considered system in the non-autonomous case is of the form

ou _,
) a
a“u
—a-t‘ = AXU -+ 5)75 - /31) — al 4 g(t,X, Y, lﬁ)

with Neumann boundary condition:

(2) M om0,
dv.
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where @ and /3 are positive constants, g is an appropriate smooth function 7-
periodic with respect to time ¢, and (X, Y') is a generic point of the “thin domain”
Q. =0 x(0,6) C RNFL

The method emploved in [5] and [6] consists in assuming that the “reduced”
problem at ¢ = 0 in the domain {I admits an isolated Ty-periodic solution

o <u0 )
w’ = ,
w9 7

Ty = T in the non-autonomous case, and then in searching for conditions under
which this solution extends to one for the problem (1)-(2) in (.. The main tool
is the topological degree for nonlinear compact operators.

It must be observed that in the autonomous case, i.e. when g is independent
of t in (1), the assumed Ty-periodic solution of the reduced problem is not iso-
lated. To overcome this difficulty we normalize the unknown period 7' > 0, in
general different from Tp, of the sought-after periodic solution of (1)-(2) by intro-
ducing T as a parameter in system (1) by means of the substitution t — (Ty/T')t.

Furthermore, in this case additional assumptions are required on the lin-
earized reduced system. Under these assumptions it is possible to prove the ex-

istence of a continuous functional T' = T'(w), w = (u), such that T'(w®) = Ty

v

and such that w' is an isolated fixed point with topological index different from
zero of the T'( - )-parametrized reduced problem.

The aim of this paper is to derive the stability properties of the periodic
solution w¢ defined in ., for small £ > 0, from those of the Ty-periodic solution
w® in Q.

Specifically in the non-autonomous case, we will prove that if the latter is
stable or unstable then for ¢ > 0 sufficiently small the former is also stable or
unstable. This result will be obtained by considering the first order approxima-
tion Lf of the Poincaré map V¢ associated to (1)-{2) at w®. It is well known
(see for instance [2] and [3]) that if all the A € o(L*), the spectrum of L*, satisfy
the inequality [A\] < ¢ < 1 then w* is stable. On the contrary, if there exists
X\ € o(L7) such that [A| > 1 then w® is unstable. In our case these situations
can be treated by using the fact that L® is a condensing operator with constant
k < 1 (see [7) and [8]) and the properties of its spectrum. In fact, it turns out
(see [1]) that if X € o(L?) satisfies |A| > k + d, whenever d > 0, then it is an
eigenvalue of finite multiplicity.

The same will be done for the autonomous case to obtain orbital (in)stability
of the T-periodic solution w® defined in @, from that of the Ty-periodic solution
w" defined in Q. The additional problem in this case is that we must prove the
simplicity of the eigenvalue 1 of the linearization of (1) around w® for £ > 0
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sufficiently small, from that at ¢ = 0. Obviously, the assumptions for orbital
(in)stability will concern all the other eigenvalues of the spectrum of the lin-
earization.

The paper is organized as follows. In Section 2 we provide assumptions,
definitions and preliminary results to be used in the sequel. In Section 3 we
treat the non-autonomous case and in Section 4 the autonomous one.

2. Assumptions, definitions and preliminary results

We first consider the case when g depends on t and we assume the following
conditions on g : [0, 7] x 1 x [0,20) x R —» R:
— g is of class C! jointly in the variables t, X, Y and u and it is T-periodic
int:g(t+T,X,Y,u) = g(t, X,Y,u). Moreover, g satisfies the following
estimates:

lgx (£, X,Y,u)| < a(l+ juf*),
lgy (t, X, Y, u)| < a(1+ [ul*),
lgu(t, X, Y, u)| < a(l + [ul?),

for all values of its arguments t, X, Y, u. Here a > 0 is a suitable constant
and # € [0,00) f N =1,0€[0,2/(N-1))if N > 1.
Observe that the growth rate g is strictly less than the critical value 2/(N — 1).
This is because the validity of the Sobolev compact embedding result is crucial
in our approach.
Following [4], for fixed ¢ > 0 we introduce new variables X =z, ¥ = gy.
System (1) becomes

o,
3) ot
( v 1 0%u
5= Azu+ 25_6—1;5 — fv —au+ g(t,z, ey, u)
and boundary condition {2) takes the form
Ju
5; =0 on BQ,

where @ = Q x (0,1) and v denotes the outward unit normal vector to . We
suppose that {1 is a C2-smooth domain.

For the reader convenience, we now give the most relevant definitions which
permit to rewrite (1)-(2) as a fixed point problem in a suitable space. More
details can be found in [5].

16 — Diftercaual
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Following (5] (which in turn follows Hale-Raugel [4]), we introduce the fol-
lowing Banach spaces when € > 0. Let X! be the space H!(Q) with the norm

2

1l du b2
e+ 5] )
< QT2 iay 00
Here and below, || - {log denotes the norm in L2(Q) and || - |lio that in H*(Q).
Let U, (t) be the semigroup generated by the system of linear equations
ou_
ot
dv 1 0%
5= Azu + o Bv — au,

with boundary condition (2). It is known (see [5]) that U.(¢) is a Cy-semigroup
in the space

Vi= X! x LAQ) 3 (u,v) = w.
One has the exponential estimate

Ul oy <ce™™, (t > 0),

where ¢,y > 0. By introducing for £ > 0 the linear operator

A ( 1062 ! )
e = ) s v R
A, + 22 By? 187 Ji)

with Neumann boundary condition, we can write
Uty =ett, >0

In the sequel by a solution of any differential equation we mean a solution of the
corresponding integral equation cobtained by the variation-of-constants formula.
Now let Cr(Y!) be the space of all continuous, T-periodic functions w =

( u) from R into Y! with the usual norm
v
lwil = sup Jlw(®)lly;.
te{0,7]

Define the following maps on Cr(Y.!):

0
fe(w)($)(z,y) = <g(t, z, ey, ult, , y)))

and

T t
Jow(t) = U ()T — U (T))™? /UE(T — s)w(s)ds + /Us(t ~ syw(s) ds.
o o



PERIODIC SOLUTIONS OF A DAMPED WAVE EQUATION 203

Then define .

Folw) = J, fo(w).
Using the Sobolev embedding theorem together with the theory of nonlinear
Nemytskil operators, it is easy to show that F, maps Cr(Y}) into itself and
is completely continuous, i.e. it is continuous and it maps bounded sets into
relatively compact sets. We give now the following

Definition 1. A fixed point of the completely continuous operator F. :
Cr(Y}!) - Cr(Y}) is a T-periodic solution of (1)-(2).

It is known that a fixed point of F. is always a T-periodic distributional
solution of (1)-(2).
Next we pose the limit problem at ¢ = 0. Let Uyp(t) (¢ > 0) be the semigroup
generated by the linear system
Ju
5=
du
ot

with the Neumann boundary condition

du
5‘1‘; =0 on BQ

Observe that Uy(t) = eot, t > 0, where

0 I
A‘):(Ara —ﬁ)

with Neumann boundary condition.
Let wp = (UO) be an element of H'(Q) x L%(Q). Then Uo(t)<l:0) is in
Vo ]
H(2) x L*(5)) and one has the estimate

v,

= Azu — Bv - au,

N () L2y B () x L2000y < ce™ ™,

where ¢,v > 0. Defining 7 : & — @ by i(z) = {z,0), we obtain an inclusion
J o HY () x LEHQ) - Y with J(u,v)(z,y) = (u(z),v(z)). The map J is

an isometry for all 0 < ¢ < g, and we identify Uo(t)( :O> with the element
0
JUo(t)(uO> of Y.
2]
Define an operator Fy on Cpr(H'(Q) x L2(Q)) as follows:

Fo(w) = Jo folw),
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where Jy has the same form as J, with U, (¢) replaced by Up(¢) and
folw)(t)(z) = ’
’ -~ \gltz,0,u(t,z)) )

Then Fy @ Cr(HY(Q) x L*(Q)) = Cr(HY() x L*(Q)) and it is completely
continuous.
We identify the T-periodic solutions of the system

(4) o
5 = Azu— fv—au+ glt,z,0,u)
together with the Neumann boundary condition
du
{5) o 0 on 0§12

with the fixed points of the operator Fy. The main result proved in [5] is the
following existence result, here ind ( -, -} indicates the topological index.

Theorem A. If the problem (4)-(5) admits an isolated T -periodic solution
0

w? = <u0> € Cr(HYQ) x L*(Q)) with ind (Fy,w®) # 0, then for sufficiently
v

smuall € > 0 the problem (4)-(5) admits a T-periodic solution w® = (u;) €

tl)C
Cr(Y}) and
flw® — jWOUCT(Yg) - 0 as e — 0.

The proof of Theorem A is mainly based on the following result, which we
repeat here for the reader’s convenience since it will be used in the next sections.

Lemma A. Suppose that there exist r > 0, €, — 0 and

*

(: ) € Cp(HY(Q) x L2(Q))
such that the problem (1), (2) admits T-periodic solutions

<u"> e Cr(Y.})

7

= r. Then there exist a T-periodic solution

()=o)

Un Vo eyl

<?f> of (4)-(5) and a subsequence {(uk" )} of { (un>} such that
v Yk, Un

(r)-9(7)

with ;

-+ 0 asn-—-x
Cr(y})
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(2)- (7))

Finally, for the autonomous case

with
=7
Cr(HY(Q)x LE($2))

ou
© e

av—A IEC)iy—~8v—au+(

Bt v 9(3ep,)
together with Neumann boundary conditions
(7) g% =0 on 9Q),

the substitution t — (Tp /Tt produces the dependence on T of all the operators
introduced before. Specifically, as it can be easily verified we have

F AT, w) = J(T)f(T,w),

where
fE(T,w)(txxay) - ((T/TO) (1; 5y,u(t T y )

T
J(TYw(t) = Uo(T, ) - U(T, To)] 1/U(TTO—S w(s) ds

+ /UE(T,t - s)w(s)ds,
a

and U.(T,t) is the semigroup genarated by

T
ot T’

o T 1 8%

E-TO Azu+ 282~—ﬁv—au},

Similar formulas hold for e = 0. Obviously, a fixed point of F. (T, -) : Cp, (Y.') -+
Cr, (Y} for some T > 0 is a T-periodic solution of (6)-(7).

The following existence result was proved in [6].

Theorem B. Suppose that the system

ou
{ at ’
du
YT Ayu— Bv—ou -~ g(z,0,u)

together with
du

vE ¢
5 0 on Of}
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0
has a Ty-periodic solution w® = (zo) in the classical sense such that the hin-

earized system

de

= v

o :
_;7 = App = BY — ap + gu(x, 0,u’(t, 2))p

has no Ty-periodic solutions which are linearly independent of (Gw®/0t). Fur-
thermore, we suppose that it does not possess any solution of the form w(t,z) +

(t/To)uw(t, ), where @ = (E) is To-periodic with respect to t. Then for suf-

[
ficiently small € > O problem (6)-(7) admits a T,-periodic solution w* = (u )
UE

with T, — Ty and
Hﬂ:‘s - ]TUO“CTO(YCI) - 0 as € —r O,

where we(t) = w (T, /To)t).

In the next two sections, for ¢ > 0 sufficiently small, we investigate the
stability of the periodic solution w® of {1)-(2) (resp. (6)-(7)).

3. The non-autonomous case

For ¢ > 0 define the Poincaré map V¢ : ¥! — Y! associated to (1)-(2) as

follows:
T

V) = VDt [ U = ) el ds,
0
where w(t) € Y}, t € [0,T), is a solution of (1)-(2) with w(0) = p and T is the
fixed period of the nonlinearity g.

As a direct consequence of Theorem A we have that for ¢ > 0 sufficiently
small the Poincaré map has a fixed point w® (0) € Y.} which represents the initial
conditions of the T-periodic solution w*® of (1)-(2}.

Consider the linearization L® : Y1 — Y of V¢ around w*:

T
Lw=mwm+/m@-ﬂmwwwmm,
4]

where (t) € Y., t € [0,T7, is the solution of the linearization of (1) around w*
such that ¥(0) = ¢.
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For ¢ = 0 we also define VY : HY(Q) x L*(Q}) = H'(Q) x L*(Q) and the
corresponding linearization LY around w”. The linear map L : Y.} — Y} is k-
condensing with respect to the measure of noncompactness of Kuratovskii gener-
ated by a suitable equivalent norm in the space Y.! (see [8]). Moreover, in [7] this
condensivity property was proved for some special measures of noncompactness
defined by means of the Hausdorff measure of noncompactness.

It follows that (see [1]) for any d > 0 the points X € o (L) for which |A] > k+d
are eigenvalues of finite multiplicity.

In the sequel we will study the stability of w® by means of the properties of
the spectrum of L% : H'(Q) x LY(Q) — HY () x L*(Q2) and the corresponding
stability results [1]. In this section we assume the conditions of Theorem A.

We will first prove the following result.

Theorem 1. Assume that for any A € o(L°) we have that |\] < 1. Then
for sufficiently small € > O the T-periodic solution w® of (1)-(2) is stable.

Proof. Assume the contrary, then by [1] there exist two sequences £, — 0
and \, € (L") such that |A,| > 1. For any n € N let ¢, € Y} | lgnllyy =1
and L€"qn = An,lZn

Put e*T = \,, n € N, and let ¢,(t) = et (t), where 1, (t) is the
solution of the linearization of (1) around w® which we denote by

Y= A+ Be, (W

with 1,,(0) = ¢,. It turns out that ¢, is a T-periodic solution of the linear
equation

(8) ¢ = (Ac, — pin)yp + B, (B

In fact, we have 0, (T) = e #* Ty (T) = e *TApgn = gn. Thus p,(T) =
on(0) = gn, moreover

t
Pn(t) = elAenmrnllg, 4 /6“5"M”")(t—’)Ben(S)wn(S) ds,
0
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and

T
Pt + T) = eAen—0n) 4D /e{Ae"‘“")(HT”)B& (8)pn(s) ds
0

t+T
i / olen =un )T B (8)pn(s) ds
J

T
= o Aen — i)t [e(ACn*“")an+/e(A’"““")(T“”Bgn(s)son(s)ds
0
t
s [ et m-0p, (gl + T)de
0

i
s elAenin)lg, 4 / elen =m0 B, (€)on (€ + T) dE.
0

By the uniqueness of solutions of the Cauchy problem for the linearized equation
we obtain that ¢, is a T-periodic solution of (8).

By Lemma A and Theorem A we get that ¢n(t) — @o(t) as n — co, where
wol(t) € HY(Q) x L}(Q), t € [0,T], is a continuous T-periodic solution of

@ = (Ao — po)y + Bo(t)e,

the linearized system of (1) around w®, with Ay = le An, Ha(O)f] = 1 and
n o0

e~#oT = X\,. This contradicts the fact that |A| < 1 for any A € o(L°).
We state now the instability result. We first give the following lemma.
Lemma 1. Let go € H'(Q2) x L*(Q). Then
M =LY Y Tqe = TN ~L% gy ase—0
uniformly with respect to A € C, where C is a circle such that C'N a(L%) = @.

Proof. Note that as it is proved in Theorem 2 below, for sufficiently small
£>0,CNo(Lf) =0 and so (A — L)~} is well defined.

We argue by contradiction, then there exist dp > 0, €, = Oand A = Ao € C,
An € C, such that

(9) HAT = L) T g0 — T (And = L) ol 2 do-

Let pp, = (And — L") Jqo. We claim that the sequence {p,} is bounded, i.e.
there exists M > 0 such that Hpn[iygﬂ < M for any n € N.
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In fact, assume [[p,|ly: — oo as n — oo and recall that
AnPn = L pn + Jqo.

Let
t

Enlt) = etenlpy + /eA‘"(tMS)Bgn (8)€n(s) ds,
0
hence Lo pp = &.(T). Put z,(t) = (Sn(t)/“pn”)’}n ), thus

t
2a(t) = etentz, (0) + /eA‘"(t's)BEn (s)zn(s)ds
0

and

J a0
lionllvs

Anznl(0) = 2, (T) +

Let A, = e*T and define
na(t) = e #rtz, (8).

Then
t
(10) () = elAen=rntn, (0) + / eMAen=)t=3 B (5)1,.(s) ds
0
where
1:(0) = na(T') + e"“"THp“ZITSq ;o @y =1

209

Therefore, calculating 7,(0) from the previous two relations and substituting in

(10) we obtain

T

na(t) = elAen —pnlt(J . el Aen “F‘n)T)Al /G(A!.. Aun)(Tﬂ)Bgn (s)n(s) ds

1]

+elAen—pnlt(f . o(Aen "un)t)—lewnTi@.w
HPnHY,In

¢
+ /e(A’" "“")(t“s)Bsn (8)n(s) ds.
0

Letting n — oo, since [|pallyy ~ 0o, Lemma A and Theorem A yield n,(t) —

n(t) where 77 is a T-periodic solution of
¢ = (Ao ~ po)y + Bolt)p

with 1o € C. which contradicts the fact that C "o (L%) = 8.

27— Dtterentiad
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Finally, by using the boundedness of {p,} and the same arguments as before
we can prove that

AnPn = L' P+ T g0 = dopo = Lopo + 90, Ao € C,
which is a contradiction with (9).
We are now in the position to proving the following result.

Theorem 2. Assume that there ezists Ao € o(L°) such that |\o| > 1, then
for sufficiently small € > 0 the T-periodic solution w* of (1)-(2) is unstable.

Proof. Since Ag is an eigenvalue of finite multiplicity (see [1]) there is a closed
disc D centered at Ag which does not contain points of o(L°) different from Xy
and dist (0D, 0) > 1.

Furthermore, for ¢ > 0 sufficiently small there are no points of o(Lf) lying
on C = dD. In fact, assume there exist sequences e, — 0 and A, € o(Lf~) with
An € C. Then

Angn = L*q,  for some g, € Y}

and passing to the limit as n - 0o by Theorem A we obtain
Aogo = LOqq

with Ag € C, go € HY(Q) x L*(Q) which is a contradiction.
Therefore for ¢ > 0 sufficiently small the Riesz’s projector

Pa= =5 [O1- 19790
27
J

is well defined.
Let go € H'(2) x L*(2) such that A\ogo = Lo, [lgol] = 1. By Lemma A we
get
Py — Pogo#0 ase— 0,
and from this a contradiction if we assume the existence of a sequence £, ~ 0
with the property that from A, € o(L") it follows A, ¢ D. Indeed in this case
P, =0foranyneN

4. The autonomous case

Following the lines of the previous section we first define for£ > 0 and 7 > 0
the Poincaré map V{ : ¥,! — ¥! associated to (6)-(7) as follows

Ty
VE®) = UL(T, To)p + / U.(T, Ty = $) (T, w)(s) ds,
[}
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where w(t) € Y, t € [0,T5), is a solution of (6)-(7) with w(0) = p and the
operators are those defined in Section 2.

We then consider the linearization L§. : Y! — Y! of V5 around @°(t) =
w* (T, /Ty)t), where w® is a T.-periodic solution of (6)-(7), whose existence for
sufficiently small € > 0 is guaranteed by Theorem B, namely

Ty
cq=U.(T, To)qg + / U(T, Ty — ) fA(T, @ (s))(s) ds,
0

where ¥(t) € Y, t € [0,Tp), is the solution of the linearization of (6) around w¢,
such that ¥(0) = q.

For ¢ = 0 we also define V2 : H}(Q) x L¥()) — HY(Q) x L*(N) and the
corresponding linearization L3 around w®. Consider the linear operator L.
for T close to Tp. One can show that it has the condensivity properties of the
operator L® of Section 3. Also its spectrum has the properties indicated for the
spectrum of L*.

In the sequel we assume the conditions of Theorem B. Therefore, in partic-
ular, we assume the eigenvalue 1 ¢ U(L(}O) is simple. In order to investigate
orbital (in)stability of w* we need the following

Lemma 2. Ife > 0 is sufficiently small the eigenvalue 1 € o(L%,) is simple.

Proof. We argue by contradiction, thus we assume that there exist sequences
en = 0 and q,,q,, € Yeln such that g,,q], are linearly independent eigenvectors
of L7t with {lgallyy = llgully: =1 corresponding to 1 € o(LF ).

For any n € N we define a projection in Y,! as

Prg=q-(q,q2)nn,

where (-, - ), denotes the scalar product in ¥;! = X! x L*(Q) which generates
the norm as it is defined in Section 2. Consider now

an:; = q; = Gngn,
where ay, = (g,,¢n). That is

Q;’q = Qngn + PnQ:;-
From this we obtain

LY ap = anLly g+ Pag,

or equivalently

PnQ% = L;“:“ an;-
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Clearly P,q,, # 0, otherwise q,, ¢,, are linearly dependent. Therefore the previous
equation can be rewritten as

Prg, — TEn an;z
HPnQ;z“Y,‘n Ten E'PnQA“Y)"

Observe that P,ql, is orthogonal to g,. Now, passing to the limit as n — oo, by
Lemma A (which still holds in the autonomous case) and Theorem B we obtain

Qo = LT, 4o, Hgoll @@y <2y = 1.

Furthermore,

~ Poqo
qo = ;

1 Pogoll ey x L2 ()
where go € HY () x L*(0)) is the normalized eigenvector of L%O corresponding
to the eigenvalue 1 and

Pog = g~ (q,90)0 90

is the projection in H!(Q) x L2() defined by the usual norm ({-, -)o)'/? in this
space which is the limit of the considered norm in ¥! as n — oc.

Since qu is orthogonal to go we have a contradiction. Moreover by a similar
procedure we can show that there is no adjoint vectors to g, and so 1 € a(Lfr: )
is simple. This completes the proof. i

To conclude it is sufficient to observe that we can repeat the same arguments
employed in the non-autonomous case to establish the analogous of Theorems 1
and 2 for the orbital stability and instability respectively.
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