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CONTROL AND OPTIMIZATION
OF NONLOCAL STEADY-STATE PROBLEMS

WALTER ALLEGRETTO AND PAOLO NISTRI

1. Introduction

In a previous paper [1] the authors considered the problem of finding positive
solutions to the nonlocal elliptic partial differential equation

D ~ViaVu+bu] =[h—-giju  inQ
with associated mixed boundary conditions

{II) u=0 ondflp and a—g—SJr(l;'ﬁ)u:O on 00y

where 8Q = 9Qp U 00w, 9Qp NN = @, 0Qp closed and we require that
regularity conditions hold at points of N = 9Qp NSty (see [7], [8], [9], [11]). ©
is a smooth domain in R™. Here the nonlocal term 7 is given by

u(z) = /Q Bs(z,y)u(y) dy

where Bs(z,y) = Bs(jz — yl) € C5° is a mollifier in R", i.e., [p. Bs(z,y)dy =1
for any . Bs(Jx ~y|) = 0if |z — y| > 4, Bs(|z — y|) bounded away from zero if
lr—yl<p<d
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The solutions of (I)-(II) represent the steady-states of an evolution equation
similar to those previously introduced by [4], [5] and [2], (see also the extensive
references therein).

The aim of this paper is to consider a related control problem to (I-(1).
Namely, motivated also by the results in [11], we consider here the problem

(1) ~V[aVu+5u]:[h~gﬁ]u—f\/sg+u2f(u>0)

subject to mixed boundary conditions

(2) u=ug >0 ondp and a(%%-{»(aﬁ)u:() on 9y,

where u > 0is the density of population of a species, I{u > 0) is the characteristic
function of the set {x | u(z) > 0}, ¢ > 0 and the term fve2? + uZl(u > 0) is
the so-called “harvesting” term. The function f(z) represents the harvesting
intensity, which is the control parameter, a(z) the diffusion process, b(z) =
(bi(z) ... bn(x)) a possible drift, h(z) the intrinsic rate of growth of the species
and g(z) the crowding effect. The assumptions on all the above functions will
be presented later in Section 1.

The parameter € > 0 introduces a discontinuity in the harvesting term which
makes it possible to have “dead zones”: nonempty extinction regions (u = 0) C
Q. This is fundamentally different from the problem considered in [1].

Following [10] we associate with (1)-(2) a cost functional to be maximized on
the set of all the pairs (u, f) with u > 0 solution to (1)-(2) corresponding to f
from a certain class of functions. For given a > 0 the form of the cost functional
is

(3) Jalu, f) = /Q ql{u>a)+qfu—qgsf,

where ¢;(z), i = 1,2, 3, are nonnegative weights to be chosen. The meaning of
maximizing J, is to maximize the region of  in which the density is bounded
away from zero taking into account the economic benefit of the harvesting g, fu
and its cost —qz f.

We point out that (3) is slightly different from the functional considered in
[10], where the cost functional contained the term I(u > 0) instead of the term
I{u > a), @ > 0. This modification is necessary since our approach does not
allow us to prove the existence of the maximum even in very particular cases of
the cost functional containing I(u > 0).

The paper is organized as follows. In Section 1 we first prove in Theorem 1
the existence of nonnegative solutions of (1)-(2) with ug = 0 corresponding to a
given control function f € L™(0), 0 < f < M a.e. in £, for some constant M.
The positivity of such solutions in dependence of € > 0 is also studied. Then in
Theorem 2 the case of Dirichlet boundary conditions on both 9Qp (with ug > 0,
uqg # 0), and 9Ny is considered. It is shown how the extinction region depends
on the parameter £ > 0 for a given f.
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In Section 2 we assume as the set of admissible controls the closure in the
L?*(Q)-topology of the class of functions considered in Section 1. The existence
of nonnegative solutions of (1)-(2) corresponding to all the admissible controls
is proved by means of the results of Section 1.

Finally, the properties of the solution map S which associates to f the set of
nonnegative solutions of (1)-(2) are investigated. The more relevant property of
S, which allows us to solve the associated optimization problem is the closure of
its graph in the w-L2(Q) x L>®(Q) topology, where w-L?(1) denotes the weak
topology in L?()).

We would like to point out that the approach presented here in Section 1 for
the existence results is quite different from that of {10]. In particular the presence
in (1) of the nonlocal term @ does not allow us to use any method based on order
arguments as was shown earlier in [2]. Moreover, we consider here the case of
mixed boundary conditions and the state equation is of more general form.

The optimization problem is also solved in a completely different way. In fact,
in {10] the solution map is shown to be single-valued monotone and differentiable
with respect to the control f. These properties permit the differentiation of the
cost functional and the use of the steepest ascent algorithm in searching for
a local maximizer of the cost functional. In our case the solution map is, in
general, a multivalued one without any other relevant property than the closure
of its graph in a suitable topology. In fact, the closure of the graph of S in the
w-L2(Q) x L>=(Q) topology will permit us to solve the proposed optimization
problem.

2. Existence

We consider here the nonlocal problem
() ~V[aVu + bu] = [h — gTu — F\/e? +u?l(u > 0)

subject to mixed boundary conditions

(2) u=ug >0 ondflp and agg +(5~fi)u:0 on Q.

We search for nonnegative solutions of (1)-(2). As mentioned in the Introduction,
{1)-(2) is a possible biological model for the steady-states of a species whose
density of population is u > 0 in presence of a nonlocal term u(z) = fRn Bs(jz —
y])u(y) dy and of a discontinuous (¢ > 0) harvesting term of which the function
f 1s the control parameter.
We assume the following conditions:
(A) the function a is a piecewise smooth function, smooth near {1y, sat-
isfying 0 < ay < alx) < as for a.a. © € Q; f,g9,h € L®(Q) with g(x),
h(z) > ¢ > 0, f > 0 for a.a. £ € ) and some constant ¢, uy and
b= (by,...,by) are smooth functions in €.
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(B) if ug = 0 the function f satisfies -

ess inf [h(x) = f(@)] > m,

where s is the least eigenvalue of —V[aVu + bu] subject to (2).

To better understand the meaning of assumption (B) suppose u > 0, rewrite (1)
in the form

2
- \/52+u2+uf

and consider the second term on the right hand side as a perturbation for ¢
small. For € = 0 and Dirichlet boundary conditions in [2] it has been shown that
while (B) may be modified, it cannot be removed.

For convenience we introduce the linear operator G : L=(2) — C*(Q) de-
fined as follows

~V]aVu+bu] = [h— f — gTu

u = Guw, w e L)

if and only if u satisfies (1)-(2) with the right hand side replaced by w, i.e.
G = (~-VeV- + b- D7t By well known regularity results, see [11], it follows
that G is a continuous and compact operator for « small.

We consider first the case when ug = 0, i.e., homogeneous boundary condi-
tions. We have

Theorem 1. Under assumptions (A)-(B) and uyg = 0 there exist eg,e4 > 0
such that

(a) if 0 < e <eqg then (1)-(2) has a nonnegative nontrivial solution;
(b)  ife > ey then (1)-(?) has only the solution u = 0 in L™®(Q).

Proof. (a) We draw on the results of {1] and [2], and thus only present a
short proof for the reader’s convenience emphasizing the few differences.
Without loss of generality, we assume that the left hand side of (1) is coercive,
otherwise we add a linear term to both sides. Let 0 < A < 1 and consider first
the equation
~V[aVu + bu] = Alh — f - gTut

subject to boundary conditions (2). If A is small enough, the only solution is
u = 0. Indeed, solutions are nonnegative and satisfy

~V[aVu + bu] = \[h — flu = ~AgTu <0,

whence u = 0 since the least eigenvalue of the operator on the left hand side
is positive for A small. Suppose thus 0 < Ag < A < 1 and that 0 < u € C°,
for some «, is a solution. Let an, hn, fn, gn denote smooth approximations to
a, h, f, g respectively. Without loss of generality, we assume that they satisfy the
same L™ bounds as the original coefficients, and that they converge in L? for
any large p. We may also assume that b-i > 0 on 80y for if not, we replace u by
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v = e Yu, with Vw - >» 0 on 8Qy, chosen suitably in what follows. Consider
now the linear eigenvalue problem

~V[anVitn + bun] = Alhn = fr = gn @ lup = kntn

subject to conditions (2). Observe that k, exists, and it is bounded above
and below by constants independent of n. If we normalize the eigenvectors by
flunllL= = 1, it follows that u, is bounded in H?NCY, see [11], for some a > 0,
and we may assume 0 < u, — w weakly in H*? and strongly in C® for some
ap < a. Since w > 0, and thus w > 0 by the maximum principle, we conclude
that k, = 0 and w = u/llullp~. Finally, suppose u, assumes its max in § at
P,. In view of the boundary conditions, P, ¢ 8 as there either u, = 0 or
a(Oun /On) = —(b- W)u, < 0. It follows that P, € Q, and from the equation we
get

Mho = fol + div(8) + kn,

Agn

for a constant K independent of n,A. Next suppose P, — P, then @ (P) =
lim U(P,) and for any Q € Q, u(Q) < u(P) by equicontinuity of the u,. By
a reflection process, see [11], and the generalized Harnack inequality [6], we
conclude first that u is bounded in L° and then in C® for some . Since
h(z) — f(z) > p; for a.a. € Q, we also have that [Jufjce cannot be too small
and thus, asin [1] and (2], Deg(I-T, Bg—B,,0) = 1 where B, is the ball of radius
p centered at zero in C*(Q), and Ty, = G([h — f — g@]w*) subject to (2). Let
0 < I;m(u) <1 denote a smooth approximation to I(u), I,,(€) = 0 if £ <0, and
consider the perturbation Z(w) = G(? f I,y (w) /(Ve? + w?+w)) on Br—B,. If we
choose ¢ > 0 small enough, independent of m, then Deg(/~T~Z, Bg~B,,0) = 1
and thus there exists a solution 0 < w,, of

(P < <K

52flm (wm)

Vel Wk +wp
We again have w,, = w weakly in H"?, strongly in C® with w > 0, nontrivial.
Since €2 fIn(wm)/(v/€* + w2, + wn) is bounded, we may take it to be weakly
convergent in L? to a function z. If w(z) > 0, then z = e2f/(VE2 + w? + w),
while on the set {w = 0} we have Vw = 0 almost everywhere. We assumed
the coeflicients are piecewise smooth and thus, on 0 — I' we have w € H??,
where I is a set of measure zero. We conclude that w satisfies —V[aVw + bw] =
[h— f+ gbJw + 2, ae. on QO —T whence z = 0 ae. on the set {w = 0}.

(b) Again assume without loss of generality that b-7i >0 on 00 N- Suppose
that v > 0, © £ 0, is a solution and select a constant cg > 0 such that the linear
problem

—V[aVwm + bwm] = [h—~ f + g@mlwm —

~V[eVw + bw] = [h - f - gijw + cow
subject to (2) does not have eigenvalue zero. Let once again ay, by, fn, gn be
smooth approximations and consider the problem
- —Ezf }
=VanVw, +bws] = [k — fo + co — gntt]wn = { ~mememee—T(u > 0) —cou b,
(an A=l o =, = { 1> 0)

7
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where { -}, denotes a mollifier. This problem has a solution wr, € %, and we
may assume as before that w, ~» u in C% and weakly in H'?, Smce u >0,
u £ 0, then maxw, > 0 for n large, and #(P,) < K where maxw, = wn(Fy).
We conclude as in (a), that %(P) < K if u(P) = maxu and consequently that
u < Ky in Q, by the generalized Harnack inequality, with K, independent of
u,e. We then have

-
Vel + K+ Ky

For ¢ > 0 sufficiently large, the right hand side is nonpositive in 1 and thus
u<0in Q, te.u=0. o

~ViaVu + bu] < (hKl - ) sign{u).

We now pass to the case ug > 0, ug # 0. In this case v = 0 as a solution is
impossible, we do not require condition (B), and we can show the existence of a
nonnegative solution of (1)-(2), for any € > 0, by using the earlier proof to show
that Deg (I — T, Bg,0) = 1, where T : C*(Q) = C*(Q) is the compact operator
composition of G with the Nemytskii operator generated by the right hand side
of (1) regularized, and then passing to a limit. Briefly but specifically, suppose
a, h, g, f are smooth. We consider

ey
N i <“>O)>’

subject to u = Ay on d§1p and the same natural boundary conditions on 9y,
for 0 < A < 1. Again if A is small, then —V{aVu + bu] — Ah — flu < 0 and
u = Auy on OQp shows that u is bounded in terms of ug. Otherwise, either
el = = Allugllz or we again have u(P) < K fora P € Q at which u assumes
its maximum. If P is away from 8Qp N 0y, we proceed exactly as before to
bound u in L™ and then in C'* for some . Otherwise we map a neighborhood
of P to a quarter sphere, and reflect the coefficients as before and u as an
even function to the whole of the upper hemisphere. Since ug extends as a C
function, we use results in [6] to bound u in L™ and then in C. Observe that
the L™ bound is independent of £,m and the C* bound is independent of m.

We now prove that for ¢ > 0 sufficiently large there exist extinction zones
for the solutions of (1) found above subject to the Dirichlet boundary conditions
uw=uqg > (#)0on INp. We have the following result.

—ViaVu + bu] = )\([h — f—gujut ~

Theorem 2. Assume (A). Let § > 0 be given. Then there exists g9 > 0 such
that if € > €o then plu > 0) < 4.

We need first the following.

Lemma 1. Let {A,} be a sequence of measurable sets contained in Q with
1(A,) > 8 > 0. Then there exists a subsequence and a function 7, 0 < 7 < 1
such that I(A,) — 7 in LY(Q) and [, 7 > 4.

Proof. Let fn = I(A,) for any n € N, {f,} is a sequence of bounded measur-
able functions and so, passing to a subsequence if necessary, f, ~» 7 weakly in
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L*(). Therefore by the Banach-Saks’s Theorem (1/n) $°7"  fi — 7 in L*(Q).
But

T

1
;Efz

=1

>4

L)

and thus

Zy>90
L0y

1 7
ﬁgf-;

for some vy > 0, which implies that r # 0. Moreover, by passing again to a
subsequence if necessary, {(1/n) Y., fi} converges a.e. in Q to 7, thus 7 takes
only values in [0, 1] and ||7|lz: > 4, whence pu(r # 0) > §. 0

We prove now Theorem 2.

Proof of Theorem 2. Suppose not, since giiw > 0 we have

fe*
Ve2 +w? 4w

and as mentioned above, 0 < w < k for some k independent of ¢. Le.,

—V[aVw +bw] = [h - flw < - Iw > 0)

T
VAT Ak

Let £, —+ oo and suppose I{w, > 0) > 4. Since w, < k, we may assume
wp —» w > 0 weakly in H? and strongly in L. Let z, solve

—ViaVw +bw] < [k — flk - (w > 0).

~V[aVz, +bzy) = fI(w, > 0)
with z, = 0 on 9€1p, while r solves
~V[aVr +br] = [h— flk

and r = ug on 9Qp. Since I{(w, > 0) = 7 in L' (and thus LP? for large p) then
2p, — z in C*(Q) for some a > 0 with

~V[aVz +bz] = fr.

Furthermore, since f7 > 0 is nontrivial, z > 0 in 2. Finally, for any given
M >0, Mz, +w, < rif ¢is large enough, i.e., Mz + w < r whence w < 0
somewhere in (2 if M is large enough, contradicting w > 0. ]

Remark 1. Observe that if f vanishes somewhere in {2, then the previous
arguments will show the result if fr # 0, i.e., if u{f(z) = 0} < 4.
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3. Control and Optimization

As the set of admissible controls for problem (1)-(2) we consider
V={fel®Q)|0<flz)y <Mforaa z€ 0},

where M = ess infyeq[h(z) — p) if ug = 0. Otherwise M > 0 is chosen for
convenience. Obviously

V={feL>®()|0< f(z) <M for a.a. T € 0},

where the closure is in the L2(§)-topology. Since V is convex and closed it is
weakly closed in the w-L*(2) topology and vice versa. In Section 1 for € > 0 as
determined in Theorems 1 and 2, we proved that the set

S(f) = {u € L™ | u > 0 is a solution of (1)-(2)}

is a nonempty (compact) set for any f € L>() with 0 < f (z) < M for a.a.
r € Q.
We can prove the following.

Theorem 3.

(a) S(f) #0 forany f €V

(b) §:V — L=(Q) has closed graph in the w-L2{Q) x Lo°(§1)-topology;
(c) S(V) is a compact set in L(2).

Proof. (a) This is established in Section 1 for 0 < f < M. Otherwise, let
fm € V with 0 < fm < M such that f,, = fin L?(Q)) weakly and suppose um
solves (1), (2) with I replaced by Ir,. We still have un, uniformly bounded, and
by a limit argument conclude the existence of a function u € S(f). Observe that
u = 0 is possible if ug = 0.

(b) Let {(un, fn)} C L@ xV, us € S(f,) such that u, — u in L=(8),
w>0and f, > f €V in L2()) weakly. The same arguments as in (a) show
that u € S(f).

(c) Let {u,} C S(V) be any sequence and let {f.} C V be such that u, €
S(f,). By passing to a subsequence if necessary we have u,, —+ u in L>(Q2) and
fo — f in L*(§)) weakly and so u € S(f).

Remark 2. The previous results guarantee that the multivalued map S is
upper-semicontinuous in the w-L() x L®()-topology (see [3], Corollary 1,
p. 42).

Finally, we can solve our optimization problem. Consider the cost functional

Ja(u,f):/qul(uza)+q2fu——Q3f, a > 0.

We assume that the nonnegative weights ¢; € L), i = 1,2,3. We can prove
the following.
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Theorem 4. For any a > 0, the cost functional Jo(u, f) attains a mazimum

on the set S = {{u, ) e L) xViuec S(f), feV}].

Proof. Let {{un, fn)} € & be a maximizing sequence. We have u, - ug in

L>®(Q) and f, = fo in L?{Q1) weakly. Consider

On

a.c.

lim ql{un > Q) + g2 futin — g3 fn
Q

n-—0d

<limsup | ¢ l(un > ) + limsup/ g2 frlln — q3fn
Q

n—00 [ N—+00

< / lim sup qu [y > @) -+ lin sup / do Ftin — G fo-
Q Q

-4+ 00 o0

the other hand,
limsup I{u, > a) < Hug > a)

n—ro0

in Q. Rewriting the second term as

/Q[QQun ~@3)fn = /Q[QQUO - q3)fn + /Q Q2{un — uolfn,

by our assumptions on ¢a, gz we get

lim Ja(un,fn) S JQ(UO?fO)

n—+00

with ug € S(fo) by Theorem 3.

REFERENCES
W. ALLEGRETTO AND P. NI1sTRI, On a class of nonlocal problems with applications to
mathematical biology, Fields Inst. Commun. (to appear).

, Eristence and optimal control for periodic parabolic equations with nonlocal
terms, IMA J. Math. Control Estim. (to appear).

J. P. AuBIN AND A. CELLINA, Differential Inclusions, Grundlehren der mathematischen
Wissenschaften 264, Springer-Verlag, Berlin, 1984.

A. CALsiNa AND C. PERELLO, Equations for biological evolution, Proc. Royal Soc.
Edinburgh Sect. A 125A (1995), 939-958.

A. CaLsiNa, C. PERELLO AND J. SALDANA, Nonlocal reaction-diffusion equations mod-
elling predator-prey coevolution, Publ. Mat. 38 (1994}, 315-325.

D. GiLBARG anD N. TRUDINGER, Elliptic Partial Differential Equations of Second Or-
der, Springer-Verlag, Berlin, 1983.

G. M. LIEBERMANN, Intermediate Schauder Theory for second order parabolic equations
IV: time irregularity and regularity, Differential Integral Equations 5 (1992), 1219-1236.
M. K. V. MUuRrTY AND G. STAMPACCHIA, A variational inequality with mized boundary
conditions, Israel J. Math. 13 (1972), 189-224.

E. SaaMir, Kegulerization of mized second order boundary value problems, lIsrael J.
Math. 6 (1968), 151-168.

3 — Dirteronual



18 WALTER ALLEGRETTO AND PAOLO NISTRI

[16]  S. StoJaNoviCcH, Modelling and mintmization of extinction in Volterra-Lotka type equa-
tions with free boundaries, J. Differ. Equations Appl. 134 (1997}, 320-342.

11} H. Xig, L2 estimate to the mized boundary value problem for second order elliptic
equations and epplications in thermistor problems, Nonlinear Anal. 24 (1895), 9-28.

WALTER ALLEGRETTO

Department of Mathematical Sciences
University of Alberta

Edmonton, Alberta, CANADA T6G 2G1

E-mail address: retl@ret!.math.ualberta.ca

PaoLo NISTRI

Dippartimento di Sistemi ed Informatica
Universita di Firenze

Via di S. Marta 3

50139 Firenze, ITALY

E-mail address: puistri@ingfil.ing.unifi.it



