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Existence of Periodic Solutions of an Autonomous
Damped Wave Equation in Thin Domains'
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For a nonlinear autonomous damped wave equation in a thin domain we
provide conditions ensuring the existence of periodic solutions in time. Our
approach uses both methods developed by Hale and Raugel and methods based
on the topological degree theory together with some results on the func-
tionalization of parameter.
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1. INTRODUCTION

In this paper we prove an existence result for periodic solutions with
respect to the time ¢z of an autonomous damped wave equation in a thin
domain.

The considered equation has the form

0%u 0%u
—5=Axu+5);—

Oou
R B——au+g(X, Y, u) (1)

ot

where a and [ are positive constants and g is a suitable smooth function.
Here (X, Y) is a generic point of the thin domain Q,=Q x (0,¢) cRV*+!,
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where Q is a C>-smooth bounded domain in R and e (0, gy) is a small
parameter.
Associated to Eq. (1) we consider the Neumann boundary condition

5 =0 on 80, 2)

We assume that the reduced problem at e =0 has a Ty-periodic solution z
for some T,>0. This solution is not isolated since the equation is
autonomous. This creates a difficulty for the application of topological
methods. To overcome it, we first normalize the unknown period of the
sought-after periodic solution of (1)-(2) by replacing ¢ by (7,/T) ¢, T>0,
in Eq. (1). The resulting equation will depend on the parameter T and we
will look for a solution pair (T, u) of this equation, with u T,-periodic,
which will represent a T-periodic solution of the original equation (1).
Then we make suitable assumptions on the reduced linearized equation
around z = z(¢, x). That is we assume that the eigenspace corresponding to
the eigenvalue 1 of the resulting linear operator is one-dimensional, ie., it
is the span{z,} with z,=0z/0t, and that the linearized equation does not
have a solution of the form y(¢, x) + (¢/T,) z (¢, x) where y is T,-periodic.

Under these assumptions, following the lines of [3] it is possible to
prove the existence of a continuous functional 7= T(w), w = (u, u,), such
that T(w,) =T, where W, =(z, z,) where W, is an isolated fixed point, with
topological index different from zero, of an operator parametrized by T'(.)
associated to the reduced problem.

Finally, by using suitable homotopies, it is shown that for sufficiently
small ¢>0 problem (1)-(2) admits a T,-periodic solution #°® such that
T,— T and u*— z as ¢ = 0 in a suitably defined space depending on ¢ >0
(see [4]).

Analogous results have also been obtained in the non-autonomous
case by the authors [ 7, 8]. In this case the period is assigned as the period
of the time-dependent nonlinearity and no assumption on the linearized
reduced problem is required.

This paper combines the topological methods mentioned above with
the methods developed by Hale and Raugel to study the properties of the
attractor 4, defined by problem (1)-(2) under various boundary conditions
([1, 2, 4-6, 11]).

The paper is organized as follows. In Section 2 we introduce notations,
definitions and some preliminary results which will be used in the sequel.
In Section 3 we treat the linearized reduced problem. Finally, in Section 4
we formulate and prove the main existence result of periodic solutions of

(1)—(2).
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2. NOTATION, DEFINITIONS AND PRELIMINARY RESULTS

Following [4], for fixed ¢>0 we consider the change of variables
X =x, Y=e¢y. Equation (1) becomes

o%u 1 0%  Ou

g = A+ G B o+ gl e w) 3)

and the Neumann boundary condition takes the form

Ou
7 =0 ondQ (4)

where Q=0 x (0, 1) and v denotes the outward unit normal vector to Q.
We suppose that 2 is a C>-smooth domain. We look for periodic solutions
of (3)—(4) of some period 7> 0. Since the period is unknown we normalize
it to a given fixed period T, >0 by replacing ¢ by (T,/T) ¢ resulting in the
following problem for #(t, x, y)=u((T/Ty) ¢, x, y):
. 1 9% o , 06 . .

T At g T itk ©)
where 1€ [0, T,], with associated Neumann boundary condition

%_ on 9Q (6)

v

It is clear that, if for some T'>0, &i is a T,-periodic solution of (5)—(6) then
u is a T-periodic solution of (3)—(4).
For £ >0 we introduce the following Banach spaces (see [4]). Let X!
be the space H'(Q) with the norm
2 \1R2
)

Here and below, ||-[,o denotes the norm in L} Q), and |-|,o that in
H'(Q). Let U(T,t) be the semigroup generated by the system of linear
equations

du
Oy

1
<nunfg+8—2

ou_T
ot T,

(N
o T 1 d%u

3T, TR
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with the boundary condition (6). It is known, [4] and [6], that U,(T, t),
for any T>0, is a C,-semigroup in the space

YL a X!x LA Q)3 (u,v)

In the somewhat more general problem considered in [4], this space is
defined in another way which yields, however, the space Y} in the case we
are considering. For T>0 in a bounded set, one has the exponential
estimate

[ULT, Dllyr o yr<ce™,  (120)

&

where ¢ and y are positive constants, (see [4]).
If ue L*Q), define its projection by

1
(Pu)(x) ZL u(x, y) dy, then define

P 0
P=(y »)
Then P maps LX(Q) to L}(Q2), P maps Y! to H'(Q) x L) and
1Pul o< lull, o, ueH’(Q), j=0,1 (8)
This projection is important in relating problem (3)—(4) to the limiting
problem in ©Q obtained by letting ¢ —» 0. Now we discuss the function g. We

assume that g: 2 x [0, &5) xR — R is of class C! jointly in the variables x,
Y and wu, and that its derivatives satisfy the following estimates

lgx(x, Y, u)| <a(l+ |ul®*) (9
lgy(x, Y, )| <a(l+ |u|?th) (10)
lg.x, Y, u)| <a(l + |ul®) (11)

Here «a is a positive constant, and 8 is determined as follows: 8& [0, o) if
N=1, and 8e[0,2/N—1) for values N =2 (recall that dim Q =N+ 1).

Let Cr Y!) be the space of all continuous, T,-periodic functions
w=(*) from R into Y} with the usual norm

Iwl = sup [Iw(2)|y
0Ty
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Define the following maps on Cr(Y,)

0
T, } s =
ST, w)(6)(x, p) <(T/T0) g(x, ey, u(t, x, y))>

0
Jewh()(x, y) = <g(x, ey, u(t, x, y))>

and

JATYw(t)=UJT, )[I— ULT, To)] jT" ULT, To—s) w(s) ds
0

+f U(T, t —s) w(s) ds

Then define
F(T,w)=J,(T) f(T,w) (12)

Using the estimate (8) with j=1, one sees that the right-hand side of (12)
is well-defined. Using the Sobolev embedding theory together with the
theory of nonlinear Nemytskii operators [9], one can prove that, for any
T>0, F(T,-) maps Cp( Y1) into itself and is completely continuous, i.e.,
it is continuous and it maps bounded sets into relatively compact sets.

We identify the set of fixed points of F,(7, ), for some T>0, as the
class of T-periodic solutions which we will study. The question of the exact
relation between the set of fixed points of F, and the set of T-periodic dis-
tributional solutions of (3)-(4) has been studied in [9, 10]. It is known
that a fixed point of F(7,-) is always a T-periodic distributional solution
of (3)-(4).

Next we pose the limit problem at ¢=0. Let UyT,¢), t >0, be the
semigroup generated by the equations

u_T,
ot T,
(13)
%=FT; [4,u— fvo—ou]
with the Neumann boundary condition
_0  ondg (14)

=
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Let (’;g) be an element of H'(2)x L} Q). Then, for any T> 0, Uy(T, t)(’;g)
is in H'(Q)x L*(£2), and, for T in a bounded set, one has the estimate

“ U()( T, t) ”H'(.Q) x L2(£2) — H(£2) x L¥(£2) Lce ™

where ¢ and y are positive constants.

Writing i: 2 - Q defined by i(x)=(x,0), we obtain an inclusion
FH Q) x LA(Q2) - Y} with #(u, v)(x, y) = (u(x), v(x)). The map ¢ is an
isometry for all 0 <e<e¢y, and we identify Uy(7, t)(‘,jg) with the element
FULT, 1)) of Y.

Define, for 7> 0, an operator Fo(7, -) on Cr(H Q) x L} R)) as follows:

Fo(T, w)=Jo(T) fo(T, w)

where Jo(T') has the same form as J,(T) with U (T, t) replaced by Uy(7, ¢) and

0
fO(T’ W)(t)(-x) = (( T/T()) g(x, 0’ u(t, x))>

Fw)(D)(x) =< 0 >
8(

x, 0, u(t, x))

Then Fo(T, -) maps Cr(H'(2)x L*()) into itself and is completely con-
tinuous. We identify the T-periodic solutions of the problem

O*u du

gt—z—Axu—[)’a—t—au+g(x,0,u) (15)
ou

—a—v=0 on oQ2 (16)

with the fixed points of the operator Fy(T, - ).

In the sequel the double arrow will denote uniform convergence with
respect to all relevant variables, and ind(., - ) will denote the topological
fixed point index.

3. THE REDUCED LINEARIZED EQUATION

Let z=z(¢, x) be a Ty-periodic solution of (15)—(16). Consider the
linearized equation of (15)—(16) around z = z(¢, x), it can be written in the
form of an integral equation as follows

w=(Fo),, (To, Wo) w (17)

where (Fo),, (To, Wo) = J(To)(fo), (To, Wo) and wo=(z, z,).
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Let (Fo)r(To, o) =Jo(To) fol To, Wo) + Jo(To)(fo) T (To, Wo), we can
state the following result.

Lemma 1. Assume that there exists Ty >0 such that Fy( Ty, wo) =W,
for some Wy=(z,2z,)€ CTO(HI(Q) x L%()). Moreover assume that
(a) Fo(T, wo+h)—Fo(T, Wo)=(Fo),, (T, Wo) h+ (T, h);
Fo(To+ 5, Wo) = (Fo)r(To, W) s + wy(s) where
oy (T, h)ll
Al

Joxs)l _

30 as |jAf — 0, 0 as s—0

( We use a double arrow to indicate uniform convergence, in this
case with respect to T.)

(b) the subspace spanned by the eigenvectors corresponding to the
eigenvalue 1 € a{(Fy),, (To, Wo)) is one-dimensional.

(c) the equation
(Fo)r(To, Wo) =w—(Fy), (T, Wo) w (18)
has no solution w € Co( H'(2) x L¥(Q)).

Then there exists a continuous functional T=T(w) such that T(wy)= T, and
Jurthermore, the fixed point Wy of the operator Iy(w) & Fy(T, w), w) is
isolated and |ind(W,, I'p)] = 1.

Proof. Consider a functional /e E*, where E = Cr(H Q) x L3 Q)),
such that l(ey) #0, where ¢, is a vector of unitary length generating the
subspace corresponding to the eigenvalue 1 of (F,)), (7o, W,). Define a
functional T E - R as follows:

T(w)=To+ Kw—wy)
Let B: E— E be the linear operator given by
Bk = (Fo)7 (Ty, Wo) Kk) + (Fo)i, (To, Wo) k
Now we prove that
1¢a(B) (19)

For this, assume for contradiction that 1€ a(B), then there exists a vector
k #£0 such that Bk=k We have that [(k)=0, in fact if {k)+#0 then
w=k/l(k) would be a solution of Eq. (18). Hence

k=(Fo),, (To, Wo) k

and by assumption (b) we get k =ne, for some 7 #0.
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On the other hand 0 = /(k) =#l(e,) which is a contradiction. Therefore
(19) holds and we have (see, e.g.,, [9])

lind(Wq, W + B(w — 1)) =1
Consider now for 1€[0, 1] the homotopy

Hy(w)=w—Wo—(Fy),, (To+ Allw — o), Wo)(w — )

—(Fo)7r (To, Wo) llw — o) — Ao (T(w), w— W)

— A, (I(w —g))
We prove that H; is an admissible homotopy between H{w)=w — Wy~
B(w—wW,) and H,(w)=w—Tyw) on and in the sphere S(iW,, p)=
{we Cr(HY(Q)x LA(Q)): [w—ib, “CTO =p} for p sufficiently small.

Since the map 7 H; is compact with respect to both the variables 4,

# we have only to prove that there exists po >0 such that H;(w)#0 for
any 1€[0,1], weS(W,, p) and pe[0, py]. Assume the contrary, then

there exist sequences {p,}, {4,}, {w,} such that p,—0, 1,€[0, 1],
w, € S(Wo, p,) and H, (w,) =0. Let {,=w,— W, and ¢, ={,/l{, [, we have

€n=(Fo)y (To+ 4, 1((,,), Wo) €, + (Fo)7 (T, Wo) lle,)
+ A @1(To+ 2, HC0)s E)/1En 1+ 02(HEN/ IR 1)
Since {e,} is compact in Cr(H'(Q)x L*(RQ)), without loss of generality,

we can assume that e, — ¢, and passing to the limit in the previous equa-
tion we obtain

eo=(Fo), (To, Wo) eg + (Fo)r (To, Wo) l(eg)

which is a contradiction with (19), since |le, || = 1. This concludes the proof
with T'(w) = Ty + l(w — ). O

The following result provides a sufficient condition to ensure (c) of
Lemma 1.

Lemma 2. Assume that the linearized reduced equation
w=(Fo), (To, Wo) w (17)

does not possess any solution of the form w=( 2) A+ (To)S), where p is
To-periodic and ( ;)= Wo. Then assumption (c) of Lemma 1 is verified.
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Proof. We argue by contradiction, therefore let w=w(¢) be a solu-
tion of the equation

(Fo)r (To, Wo) =w— (Fo),, (T4, Wo) w
then {(T) & Wy + (T — T,) w satisfies the equation
UT)=Jo(T) fo(T,{(T)) + AT, Ty)

where A(T, Ty)/T~Ty—»0as T— Ty,
In fact

AT, To)= —Jo(T) f{ T, o +(T—Ty) W) + o+ (T —Tp) W
= —Jo(DSAT, Wo + (T —To) W) — fo( T, o))
—JoTYLSo(T, Wo) = fo(To» W) ] — [Jo(T) = Jo(To) ] fol T, o)
+H(T—Ty) W
= —(T=T)[JT) o) (T, o) W
+Jo(THSo)r (To, Wo) + (Jo)7(To) fo(To, Wo) = W]+ o(T = T)

Consider now a sequence of continuous functions {w,} < D(A4,) such that
w,(1) 3 W(t) (where the uniformity is in 7e€[0, Ty]), and where A,=
(_a+a ) Then wo+ (T —Ty) w, satisfies the equation

aw, dw,
— (T ~Ty)—+

T T
d[ '—A()Wo‘*"]_,';‘(T—To) Ao\vn

T,

T
=5—v—0f0(w0+(T_ TO) Wn)+6n(T9 TO)

where J,, is defined by the above relation. From this we have
Wo+(T—To)w,=Jo(T) f T, Wo +(T—Tg) w,)+Jo(T) T, Tg)
Therefore
J(T)YS (T, To) = MT, T,) as n— o
Since

dw,
dt

+A0W0=fo(wo)
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w, satisfies the equation

aw, T
= LAV?)-F——T—(f(W-FT To) W) — fol W)
To oo TO(T__TO) oo 0 0o
+Lf(W)+-—1—5(TT) (20)
T() oL"o T__TO At L0
Thus
1 \
= IoT) (G AT+ (T= o) w,) = £ T, ) )
- 40
1 aw, 1
+Jo(T) T, —d;+T—_—7‘:;Jo(T) 0,(T, To)

By passing to the limit as # —» oo we obtain

1
— ) (G AT 00+ (T = To) )£l T, )

I dig
+J(T) T 7{—-#

T
T() A(Ts 0)

By letting 7'— T, we get

1 dw,

P =Jo(To)( fo)y To’wo)W"‘Jo(To)T 7
0

On the other hand dw,/dt = Wy satisfies (17), hence it is easy to show that

t , . f r
?;WO=JO(TO)(fO)w(TOaWO)<TO >+J0(To)‘T— Wo

and so w(t)= —W(z) +(¢/T,) wiy(t) is a solution of (17), contradicting the
assumption. O
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4. THE MAIN RESULT

We are now in the position to prove the main result.

Theorem 1. Suppose that the equation

*u u
—=A —_ff—
at2 xu ﬁat au+g(x, 0’ u)

together with

Ou
E—O on 092

has a Ty-periodic solution z=z(t, x) in the classical sense such that the
linearized equation

g dg
W—Ax(p—ﬂa—a(ergu(x,O,z(t,x))(p (21)

has no Ty-periodic solutions which are linearly independent of z,. Further-
more, we suppose that (21) does not possess any solution of the form:

t
y(t,X)+5§z,(t,x)

where y is Ty-periodic with respect to t.

Then there exists €° >0 such that for all ¢ € (0, €°) problem (1)—(2) has
a T,-periodic solution u® with T,— T, and

(&)= ()

where °(t) =u*((T,/Ty) 1).

-0 as ¢—-0

1
CrYe)

Proof. The proof is organized in two steps.

I° step. By Lemmas | and 2 it follows that wo=(]) is an isolated
fixed point in CTO(HI(Q) x L*2)) of the operator I'y(w)=Fo(T(w), w)
with T(w,) =T, and topological index different from zero, hence there
exists a bounded neighborhood V< Cr(H Q) x LARQ)) of W, such that I,
has no fixed points on the boundary of V. Then it is not hard to prove that
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the operators )= gJ(T())Pf(T ) and #I,P are homotopic on
FV. Therefore for r >0 sufﬁmently small we have

ind/CTQ(H‘(.Q)xLZ(Q))(Fg; B(FV)n fCTO(Hl(-Q) x L¥(2)))
= indchO(Hl(g)xLZ(Q))(fFOPs FV)
where B(#V)={ze Y!: dist(z, #V)<r}.

II° step. This is the critical step of the proof. It consists in proving
the existence of r, >0 such that, for any fixed re (0, o] there corresponds
g, >0 with the property that if 0 <e¢<e¢, then the operators I',(.) &
JAT(P(-)) fLT(P(-),))=F,(T(P(-),-)) and I'? are linearly homotopic
on B(ZV).

We give a substantive outline of the proof of this part, for the technical
details we refer to the proof of Proposition 3 in [8]. First of all we fix
ro >0 such that the operator Iy has no fixed points on the set:

P[B(F0V)n #Cr(H'(Q)x LY(Q))]

for all 0<r<r,. Then we argue by contradiction, that is, for fixed
re(0,r,] we suppose that there exist sequences {i,} =[0,1], {w,} <
0B(#V)< Y} and {¢,} =R, such that 4,— Ay, ¢,— 0 and

Wp= (1 - ‘Z'n) Fan(wn) + Anr(e)n(wn) (22)

where w,(#) = (33).

Now we observe that the sequence u, is uniformly bounded in
CTO(X1 ), and so the set {u,(7):neN, 1[0, 1,]} lies in a fixed compact
subset of L?(Q), with p=2(0+1)if N=1orpe[2(0+1),2N+2/N-1) if
N >=2. Therefore there is a fixed compact set K< L} Q) such that

9. (1)1 eK (23)

for all n=1 and all 0 <+ < T, where

(pen(un)(t)(xa J’) = g(X, En)s un(l’ X, J’))

Observe that the sequence 7, & T(P(w,)) is bounded in R. Without loss
of generality we assume that 7, — T*. Recall that

T

= fo (W)

.f:en(tn5 wn)= To n
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where

. 0
fen= (coen(u,.)>

We introduce now cutoff functions y,,:R—-R, m>=1 such that
Xm€ C®(R), x,(u) is uniformly bounded with respect to m and u,
0<y,(uy<1for all m=1 and ueR and

1, luf <m
0, lu| =m+1

xm(u)={

For any m, n = 1 we define the operators

PouN(x, )= gmlult, X, ¥)) 8(X, €, 9, ull, X, p))

m 0
fg"_<</>;’j(u)>

and functions w™ = (:é.") by the relation
Wi = (1= 2,) Lo (Ta) S Tos wa) + g FIST,) P Ty, (24)
We rewrite (22) in the form
wi=(1=4) T (T,) ST wp) + 4, ISo(T,) ST, w,)
+(=24) "+ A, 15"+ (W] —w,) (25)
where
1" =J, (T Se (T wa) = ol Ty w,))
I = FIS T P, (T ) — £ T W)

If we apply P and (/ — P) to (25) and use the fact that these projectors and
the semigroups U,(t), Uy(t) commute we obtain

Pwi = Jo(T,) Pf (T, Pwi) + Jo(T,) P(f (T, w7)

=S T Pwi)) + Jo(T,) PUAT . w,) = [ (T, W)
+ (1 —4,) PI"™ + A, P12 — P(w,— w™) (26)
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I=P)wi=(1-4,)I=P)J (T)I=P) f(T,, Pw})
+ (1 =4I =Py (T )T = PY) AT, wi) = f (T, Pwi))
+ (1 =2 =P) J, (T)I=P)f (T, wa) = f AT
+ (1 =2 =P) "™ + (I=P)(w —w,) (27)

Now, using (23), it is possible to prove (see [8, Proposition 3]) that

”f:,( Ty wp) = fo (T whl cr(y,) 30 (28)
”Wn_wnm“CT(Ye‘) 30 (29)
”fm fm( Ml CT(Yl ) 3 0 (30)

when m — oo uniformly with respect to n>=1.
Moreover we have that (8, Proposition 3])

1fe( s W) = Lo (T s PWllcpvy 3 0 (31)

and
I—P) f7 (TnaPW )HCT(Y )——>0 (32)

when n — oo uniformly with respect to m = 1.

We can now extract a subsequence {#, | ¢ > 1} from {w} |n>1,m>1}
in the following way. First, fix n, =m, = 1. Assuming that m, and n, have
been chosen, we pick m,,;>m, in such a way that

[PI™meetl,  PIZmetl, PO, —wie)]|
I(I—=P) P75t [(T=PY(w, — wiiee)|
NI = P) I, (T )T = PY S 00Ty w,) — f70e (T, W)
1o(To) P T W) = fo T w1

are all less than 279-! for all n>>1. Here the norms are in C,{H(Q)x
L*(Q)) respectively C,(Y!). This number exists because of (8), (28), (29)
and (30).
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Having fixed m, ., we choose n,,,>n, in such a way that
TP, (T Wiss) = o (T PR,

WI=P) T, (To W= BYSTo (T, s wheet) = f7en (T, P,

+

\I-P)J, (T

941 "q+1

I=P) 7T, Pwins)]

are all less than 27!, Here the norms are in C(H'(2) x L¥2)) respec-
tively Cr(Y}). This choice of n,,  is possible because of (8), (31) and (32).
Put w,=w] v

Summarlzmg from (26), (27) we obtain

I —=P)W,llcprty— 0 (33)
1Pw,— Jo(an) Pfenq( an, P )l Cr(H(2)x LY 2)) — 0 (34)

when g — co.

On the other hand, the set {P#,|g>1} belongs to a fixed compact
subset of L#(2). By (24) we have that { Pw,:g>1} is relatively compact
in CA(HY(Q2)x L*RQ)) and so, by passing to a subsequence if necessary, we
obtain

Pw,— w*

when g — 0. By (29) we have Pw, — w* as ¢ - oo in C(H(£2) x LA(Q)).
In conclusion, from (33), (34) together the fact that

”Pfe,,q( an, Pw,) — Jo(T*, w*}i CplHEY ) x LA2)) 0

as g — o0, we get
=Jo(T ) So(T(w*), w*)

where w* € 0B(V) and T(w*)=T*, This contradicts the choice of r, thus
the theorem is proved. O
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