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ON THE DYNAMICAL BEHAVIOR OF
THE APPROXIMATE EQUIVALENT CONTROL
IN SLIDING MANIFOLD SYSTEMS

RUSSELL JOHNSON AND PAOLO NISTRI

ABSTRACT. The aim of this paper is to study the dynam-
ical stability properties of a suitably defined approximation of
the equivalent control in sliding manifold control systems. For
this we use both the classical theory of singularly perturbed
dynamical systems and the theory of twist maps. Examples of
control problems which possess dynamiical stability properties
are presented. This paper continues the investigation of the
problem of control design, via singular perturbation theory,
for control systems involving sliding manifolds.

1. Introduction. The present paper is a further contribution to
the singular perturbation approach to sliding manifold systems. Such
systems are of importance in a wide range of applied problems, see
the standard texts [20, 21] for an introduction to the subject. The
singular perturbation approach was developed in [6, 8, 13]. Its goal
is to obtain a smooth approximation in the uniform norm to the so-
called equivalent control [2, 20], which does not exhibit the chattering
phenomenon and which has good robustness properties.

Our purpose here is to discuss the dynamical stability properties
of what we will call the approximate equivalent control, hercafter
abbreviated to a.e. control. This is an important question when one
tries to realize the a.c. control in applications. See the papers [5, 7,
9, 10, 11], where in fact the question of dynamical stability was side-
stepped in an effective and elegant way by introducing an adjustment
term which depends on the initial state of the dynamical system, in the
a.e. control. Here we wish to meet the issue directly, since the initial
state is not always accessible. We will discuss simple but fairly realistic
examples of control problems which illustrate the following points.
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(i) In certain situations dynamical stability, in a sense which we
will define, can be achieved. Roughly speaking, the a.e. control holds
initial states near the sliding manifold in a prescribed neighborhood of
the sliding manifold, without introducing adjustment terms.

(ii) However, the presence or absence of dynamical stability tends to
be sensitively related to the structure of the control process.

We will present our results in detail in the body of the paper. At
this point we pause to discuss in more detail some of the terminology
used above and to provide some background material which will help
put our paper in perspective.

In control problems involving sliding manifolds, a classical controller
design is carried out, using feedback switching controls. The controller
steers a general state vector to a fixed manifold (the sliding manifold)
and holds it there. The sliding manifold is conventionally viewed
as a level set of a smooth function. Control systems with a sliding
manifold typically possess very good properties such as stable behavior,
accurate tracking, robust performance, and insensitivity with respect
to disturbances and variation of plant parameters. In regard to the
question of steering state vectors to the sliding manifold, the notions
of equivalent control and the related “approximability property” have
direct physical meaning [2, 20].

One of the main drawbacks of the classical sliding mode control design
is the chattering phenomenon. Several attempts have been made to
eliminate or at least to reduce chattering. See, e.g., [3, 18, 19].

In [13] a different approach to solve sliding manifold control problems
was introduced. This approach is based on the consideration of a class
of feedback controls defined using the theory of singularly perturbed
ordinary differential equations. These controls are smooth. They
depend on a small parameter ¢ > 0, and are approximations, in the
uniform topology, to the equivalent control except for an arbitrarily
small transient. (We caution the reader that the approximations to
the equivalent control which we are now discussing do not necessarily
coincide with the a.e. controls to be discussed later; however, the two
concepts of approximation to the equivalent control are closely related.)

Returning to the approximating controls now under discussion, we
observe that the corresponding states do not, in general, remain on the
sliding manifold even if they initiate there. However, given some finite
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time interval, we can do the following: for any prescribed neighborhood
of the sliding manifold, we can determine values of the parameter ¢
for which the corresponding trajectories belong to that neighborhood
for times in the interval. Furthermore, using such controls eliminates
chattering and eliminates the necessity of considering Filippov solutions
of the dynamical system.

A drawback to these approximating controls is illustrated in the pa-
pers [5, 7, 8, 11]. There it is seen that, to render the controls effective
in solving linear and nonlinear tracking problems, it is necessary to
introduce an additional term in the control design so as to render the
linear tracking dynamics exponentially stable. This term has the form

e“z(0) - 2(0)], 0<t <o,

where C' is a stable symmetric matrix and (0}, z(0) are initial con-
ditions of the reference model and the state vector, respectively. this
means that both the sliding manifold and the resulting approximation
to the equivalent control depend on the initial state of the system.

Now, precise knowledge of the initial state is not always available.
Thus it may be convenient to guarantee the stability of the tracking
error without using any information on the initial state, if that is
possible. In this case the sliding manifold will not depend on the
initial condition. Indeed, it will coincide with the reference trajectory.
Furthermore, the resulting control will not be a high gain control. One
of the goals of this paper is to present examples where the stability of
the tracking error obtains. In fact, we will use the theory of twist maps
to prove the stability of a reference trajectory represented by a closed
curve.

We remark parenthetically that such reference trajectories occur in
the control of rigid robot manipulators and in the control of satellites.
Possible applications of our results to these areas is under study.
One possibility is to combine the proposed control technique with
other existing techniques. For instance, one could first employ the
classical variable structure control design, based on a suitable Liapunov
function, in order to bring a general state vector to a convenient
neighborhood of the reference model. Then our results can be used
to keep the state within this neighborhood.

We finish this introduction by noting that the paper contains four
subsequent sections. In Section 2 we describe, in a preliminary fashion,



122 R. JOHNSON AND P. NISTRI

the examples which we will study, introducing basic concepts and
definitions as we go along. In the third section we present some material
concerning the theory of twist maps. We will prove the existence of
invariant curves under an hypothesis slightly weaker than the standard
area-preserving condition. Our proof relies on basic methods of K-
A-M stability theory, especially on the proof of the invariant curve
theorem for monotone twist maps given in Siegel-Moser [17]. Then, in
Section 4, we discuss in detail the dynamical stability of the a.e. control
in a class of examples. Finally, in Section 5, we discuss briefly how to
find examples in which the a.e. control is dynamically unstable. As
we will see, such examples are easy to construct. The lesson seems to
be that. to obtain dynamical stability, one must design the controller
rather carefully.

2. Preliminaries. We begin with the nonlinear control system

(21) I/l:fl(ta‘rhl‘?)
1'/2 = fg(t, Il,l‘g)

where z; and x4 are scalar state variables, u is a scalar control lying
in some control set U C R, and the functions fy, fo are analytic in all
arguments and are one-periodic with respect to ¢ : f(t +1,-) = f;(¢,-),
i = 1,2, A sliding manifold S for (2.1} is by definition a level set
{z € R?| s(x) = s} of a smooth function s : R> — R. In our work
we will consider the simple case s(xy,29) = z5. Thus, S is simply a
line parallel to the r;-axis. Of course, a smooth curve S  R? can be
locally represented in this way by an appropriate smooth function s,
but this fact will not be of importance in what follows.

We remark parenthetically that a sliding manifold S for a general
finite-dimensional control process ' = f(t,z,u), r € R*, u € R™, is
a level set {r € R" | s(x) = so} of a smooth function s : R* — R¥,
k < n. Sometimes it is convenient to let s depend on t as well, so that
S={(t,2)|s(t,x) = s} TR xR". See[8, 13].

Returning to equations (2.1), we pose the standard problem of steer-
ing a given initial vector (r;,r2) € R? to (a neighborhood of) the
sliding manifold S and holding it there with a control of feedback type:
w = u{t.ry,r2). This problem can be confronted as follows [13]. In-
troduce a small parameter ¢, and consider the singular perturbation



SLIDING MANIFOLD SYSTEMS 123

problem

eu’ =grads- <f1) = folt, Ty, T2, u)
fa

l"l = fl(t:IIvI'Zwu)

xhy = folt,x1,22,u).

(2.2)

We suppose that the equation 0 = fo(t, 21, 75, u) is uniquely solvable for
u € U as a function u = ug(t, z, T9) in some domain R x D, where to
be specific we take D C R? to be a disc centered at (0,0). We suppose
that ug(t, z1, x2) is analytic in (t, 21, 22), and that it is one-periodic as
a function of t. The function ug(t, 1, ) is by definition the equivalent
control relative to which we will study the stability properties of the
sliding manifold S.

Let us now impose the Tychonov condition; we suppose that

0
(23) _f-z(t71:191:2)u0(t1x17$2)) <0

ou
for each (t,z1,22) € R x D. It is then a standard fact that, for small
values of ¢, there is a locally invariant manifold M, for equations (2.2)

which is a graph:
A/IE = {(t7$17z27u6(t1x17z2)) } (t,l’l,Ig) € R x D}

Our assumptions imply that (e,t,2;,22) — uc(t, 21, x2) is of class CT
in some neighborhood (~¢p,£0) x R x D of {¢ = 0} x R x D, see [4].
However, this function need not be analytic.

Definition 2.1. The approzimate equivalent control (a.e. control)
corresponding to (2.2) is the function u. defined above.

We pause to point out the difference between our approximate equiv-
alent control, or a.e. control, and the approximating controls considered
in [5, 7, 8, 11, 13]. In those papers, the control u.(t) corresponding
to a given state vector (z(0), 22(0)) was obtained by solving (2.2) with
£ # 0 and u.(0) equal to some convenient value ug. It was not required
that wy = u.(0,2,(0), 22(0)), so in general uc(t) # u(t,z1(t), z2(t)).
(In other words, u.{t) does not necessarily lie on the manifold AL.)
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We introduce the period map P. defined by the equations (2.2).
Thus. P. maps the initial point (zy.r2,u-(0,r;,73)) into the point
(1 (1), 79(1), us (1, z1(1). 22(1)), where (1, I2) belongs to a subdomain
D, of D. Clearly we can associate with P. the map

ge : Dy — D (xy,22) — (x1(1), z2(1)).

Having done this, let A C D; be an annulus centered at the origin
with coordinates (z,,r) = (6,7). That is, r; and xy are taken to
be polar coordinates with the usual order reversed. We consider the
one-parameter family of maps

ge:A— D, >0

Note that the sliding manifold S is a circle {(8,7) | r = 74,0 < 6 < 27}
which we take to lie in A.

The family {g.} consists of so-called twist maps if a simple hypothesis
is satisfied at ¢ == 0, of which more below. It is well known that
such maps have a very rich structure. They have been studied in
classical work by Poincaré [16], Birkhoff {1] and Siegel-Moser {17].
More recently, many authors have contributed to the theory of these
maps, e.g., Herman [12], Le Calvez [14] and Mather [15].

Our interest here is not in the detailed structure of such maps.
Rather, we will use a small portion of the theory of twist maps to study
the dynamical stability of the a.e. control in a class of examples. In
particular, we will determine a class of examples in which the dynamical
stability is present.

3. Some facts about twist maps. Let A C R? be an annulus
centered at the origin. We study a one-parameter family of analytic
maps {ge}, where each g. maps A into R2. It is not required that
g- maps A into itself. (The mappings g. introduced in Section 2 are
not necessarily analytic, but it will turn out that this fact is of no
relevance. We will for the moment identify the maps considered in this
section with the maps g, constructed in Section 2.)

Return for a moment to the cquations (2.2). Note that, at € = 0,
the circles 7 = const. are invariant under go. Thus, A is foliated by
invariant circles. This is obviously a degenerate structure. Roughly
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speaking, there is a well-developed theory of the behavior of the iterates
of g, for small £ when

{i} ge is area-preserving: m(g.(B}) = m(B) for each Borel set
Bc A,

(i) g is dissipative: m{g.(B)) < em(B) for each Borel set B C A,
where ¢ < 1.

. i
We have written m for the Lebesgue measure on R-.

Our main interest will be in a situation where g, is “almost” area
preserving. It turns out that, in the context of problem (2.2), it is not
natural to require that g. preserves area in the strict sense. However,
we will give examples in which g, is area preserving “to order £2.” The
purpose of this section is to develop some implications of this condition.

We begin with the following proposition.

Proposition 3.1. Let A C R? be an annulus centered at r = 0.
Let g. : A — R? be a one-parameter family of analytic maps, defined
for 0 < & < g5 and of class C? in . Suppose that {g.} satisfies the
following conditions:

1. go(r,é)= (9+:(r)> where o/(r) > 0, (monotone twist condition);

2. there is a constant ¢y > 0 such that, for each Borel set B ¢ A and
each 0 < ¢ < gq:

(3.1) m(ge(B)) = m(B)[L + o(B, )%,
where (B, )| < ¢cg:
3. if ge(r,0) = (gj:;g), and if
pe(r,0) =71 +epi(r,6) + O(e?)
Ve (r,0) = 0+ a(r) + ey (r,0) + O(c?),
then the differential relation
(3.2) p1(s,0) = s'(0 + a(s)) - (s, 0)

admits no 2m-periodic solution s = R(6) which satisfies the additional
condition:

(3.3) R(0) = R(0 + a(R(6))).
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If the above conditions hold and if C' C A is a sumple, closed analytic
curve which encircles the origin, parametrizable by 6, then there exists
0 < &1 < g9 such that, if 0 < ¢ < ¢€;, then

ge(C)NC# 2.

That is, C has the intersection property with respect to ge fore € [0,€1].

Proof. Let C : § — R(#) be an analytic simple closed curve in A
which encircles the origin, with r = R(6). Suppose, to begin, that, for
each 8 € [0, 27},

(3.4) p(R(8),0) = R(v.(R(6),0)) = O(*)

as € — 0. We show that the parametrization s = R() of C satisfies
the relations (3.2) and (3.3).

To see this, we write out the difference:

pe(R(0),6) — R(xc(R(9),0))
= {R(0) + p1(R(0),0) + -} = R(0 + a(R(8)) + e (R(6),0) + )
= R(0)+ep1(R(9),8)~ R(0+a(R(8))) - <R (8 +a(R(6))) - ¥1(R(6),6)

Then (3.4) implies that

R(8) = R(6 +a(R(9))), 0<6<
p(R(6),6) = R'(6 + a(R(6))) - v1 (R(6),6).

2m,

These are just the relations (3.2) and (3.3).

We conclude that the relations (3.4) is not possible. It follows that
there exists £(C) > 0 such that, if 0 < ¢ < ¢(C), then g.(C)NC # 2.
For, suppose that no such number ¢(C) exists. Then there exists a
sequence £, — 0 such that g., (C)NC = @. We can suppose without
loss of generality that g. (C) lies outside of C' for each n.

Let 8y € [0, 27] be a point such that either

R(6) — R(6o + a(R(6p))) > 0
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or

L (R (Bo). ) ~ RO (R(E), )]0 £ .

{The derivative is positive if g.(C) lies outside of C.} By continuity of
the derivative, there is a sector 8; < # < 83 on which either the first or
the second quantity is bounded away from zero, say by ¢; > 0. Using
hypothesis 1, we see that m(int g. (C) — int C) is greater than c; A8
or c18,A8. This contradicts hypothesis 2, so indeed €(C) > 0 exists as
stated. n]

For appropriate classes of curves the positive number £(C) is inde-
pendent of C. We consider such a class of curves in the following.

Corollary 3.2. Assume the hypotheses of Proposition 3.1. Let M
and rg be positive numbers. Let C be the class of all analytic, 27 -periodic
curves 8 — R(0) such that:

1. R admits an analytic extension to the strip {Im 6] < ry;
2. supy [R(8)} < M for all 6 with |Im 6} < ro.

Then there exists €1 independent of C € C such that g.(C)NC # & for
alCeC and 0 <e < ey

Proof. For each C € C, consider the vector

ve = ( sup |R(8) — R(6 + a(R(6)))],

0<o<2n

sup | [0 (R(6),6) ~ R(e(R(),6))]e=o
0<9<2nr

)

This vector is not the zero vector for each C & C. Suppose for
contradiction that there is a sequence C,, of curves in C such that
v, = vc, tends to zero in R?. By the Cauchy theorem, we can
assume that the functions R, converge uniformly together with their
derivatives in compact subsets of [Imé| < ry. Let R be the limit
function and C : § — R(8) the corresponding curve. Clearly, C' € C
and ve = 0, a contradiction. This proves the corollary. o

Next we give a simple criterion which is sufficient to verify hypothe-
sis 3 of Proposition 3.1.
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Proposition 3.3. Suppose that g. : 4 — R? is a one-parameter
family of analytic maps, of class C* in £. Suppose a(r) = ag + 1
where g 15 a constant. Suppose further that pi(r,0) does not reduce
to a function of r alone in A. Then hypothesis 3 of Proposition 3.1 is
satisfied.

Proof. Suppose that s = R(#) is a 27-periodic solution of class C'! of
the relation (3.3). We then have

R(0) = R(6 + g + R(0)).
Differentiating this relation, we obtain

R'(8) = R'(6 + o + R(6))[1 + R'(8))].

Write
(3.5) r=1x(0)= R'(0+ag+ R(#)), 0e€R.
Then
P AC))
(3.6) R(Q)‘1~z(9)‘

Now, the function z — z/{1 — z) takes values in (—1,00) for —oc <
r < 1, and takes values in (—oc, —1) for z > 1. Also, since R(8) is
2r-periodic by assumption, the map 8 — 8 + ag + R(6) maps [0, 2n]
onto an interval of length greater or equal to 2. Combining these two
observations, we see that z(6) < 1 for 0 < 8 < 2w, since otherwise the
function R(-) would have derivative less than —1 for all ¢, and hence
could not be 2w-periodic.

We conclude, then, that —oo < z(#) < 1 for all values of §, and hence
by (3.5), R'(8) < 1 for all # € R. By virtue of (3.6), this implies that

z(0)

=z <!

for all values of 8. But then z(#) < 1/2 for all §, and so R'(6) < 1/2
by using (3.5) again.
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Now using (3.5) and (3.6) repeatedly and passing to the limit we
finally conclude that x(#) < 0 for all § € R. Thus, by (3.5) again,
R'(8) <0 for all @ € R. So we must have s = R(f) = const.

It follows that, if s = R(8) = Ry is a 2w-periodic solution of (3.3)
which also satisfies (3.2), then p1(r, 8) is zero on the circle r = Ry. So.
by analyticity, p1 is a function of r alone in A. But this contradicts our
hypothesis, so hypothesis 3 of Proposition 3.1 holds. o

Remark 3.4. We now relate the above remarks to the invariant curve
theorem in [17]. The main observation is that the intersection property
on the map A : A — R? considered in that proof:

MCNC #0,

need only be verified for a class of curves C satisfying the hypotheses of
Corollary 3.2. This can be seen from [17, pages 241-242] and comparing
the curves 7 = const. introduced there with earlier estimates, especially
those on pages 234-235. We can thus draw the following conclusion.
Let g : A — R? be a family of maps satisfying the hypotheses of
Proposition 3.1 with «(r) = ap + r, and in addition suppose that
p1(r,8) does not reduce to a function of r alone in A. Let ¢y and
1 be given positive real numbers, and suppose that w is an irrational

number satisfying

o

lmw —-n| > —

mt
for all pairs of integers m,n. Such an irrational is called diophantine.
Let 6 > 0 be a small constant. Then there exists €¢ = €g{co, ,9) > 0
such that, if the circle C : 7 = w — aq lies in A, and if dist (C,9A) > ¢,
then, for each £ € [0,¢¢), there is a curve Ce C A which is invariant
under g, : 9.(C:) = C: (in the sense of set equality). Moareover, the
restriction of g. to C. is conjugate to the rotation by w : § — 6 + w.

4. Examples. We introduce some control systems for which the
hypotheses considered in Section 3 can all be satisfied. Begin with

7

Ty = I2
(4.1) ;L o
I'Z - f(thIvJ:Qvu)‘
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Our goal is to determine an analytic, periodic function f for which the
period map of the system

gu = f(tvIlwIQt 'U,),
(—12) I/l = I
rhy = f(t,ry, ra,u)
admits a two-dimensional submanifold of the (z, r3, u)-space on which
it is area-preserving to second order in €.

We will look for the function f in the form
flt,z,x9,u) =1 = B(t,z;,22)u

where B is to be determined so as to satisfy the conditions discussed

below. We state the first two of these conditions immediately

(43) B(t,ﬁE],l‘Q) >0

(4.4) B(t + 2m,z1,22) = B(t, z1,%2)

for all (t,z;,x2) of interest. The condition (4.3) implies that the

singular perturbation problem (4.2) satisfies the Tychonov condition.
Now put

1
up(t, r1,22) = m,

so that f(t,x,,29,u0) = 0. By the Tychonov theorem {22], for small
£ > 0 equations (4.2) admits a locally invariant manifold

{(t, 1, T2, uc(t, 21, 22)) : t € R, (z1,22) € A}

where u. is 27-periodic in t and A is an annulus in R? centered at the
origin. We write

(4'5) Ug = Ug + EUY +€2u2+--~,

where u; = u;(t, z1,22), i = 1,2
Next we consider the differential equation (4.1) on the invariant
manifold with parameter &:
.T/l = T3

(4.6
\ ) ;E,Q:f(t,Il,IQ,UE(t,II,IQ)).
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We wish to arrange f so that the time-one map g. = ge(xy,x0) of the
equation (4.6) is area-preserving to order g2, To this end, let G be the

divergence of the vector field (Ifz ), thus

_(0f Of du e
G= (6@ Fu am)(t‘f"“’“g{‘t’“'“))
92
= éj‘(t Iy, Ta, UQ) + £ gu(t,Il,IQ,U())ul
af o
+ 2ty ) { G 5+ O
8932

{ (t,z1, T2, up) + —{(t Ty, Izyuo)a—z}

o? 35 o
+e {a Jac (t I19I2»u0)u1+ ai(t,fl,.’lfg,u(’)gz—;

8 Ju
8 é(t Iy, T, UO)ale} + 0(52)1

where the term (8% f/0u?)(Oug/Ox,) = 0, because f is linear in u. Of
course, the zero-order term vanishes because it is

(af/al‘g)(t,l‘l,Ig,uO<t,:E1,.’1,‘2)) = 0.

We proceed to study the coefficient of e. To this end, we return to
the first of equations (4.2):

E'LL; = f(tvl‘hl?yus)a

or equivalently,

elug +euj + -] = f(t,x1,22,u0) + sg{—(t,ml,xg,uo)ul + O(e?).
From this,
up = g—i(t@hlzuo)ul,
that is,
(47) = it

(Of /Ot z1, T2, u0) '
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Here we have abused notation slightly: «{ actually may contain terms
of all orders in ¢; what is meant in (4.7) is the term of Oth order in ¢.
In any case, we obtain that the first-order Gy of G = eG | + Gy + -

1s

o PJjoudey , Of B ( uh
YT T 0u 0T B dag \Of/Ou
B 0% f/oudz,y N 53_f

T Tof 0w T B
. { (9 /9u)(D(up)/Dz) — up[0°f[dudra + (9 f/0u*)(9uo/Dy)] }
[Bf joul?
_ O(up)
Ozy '

since 0°f/0u? = 0 and the two terms cancel.
We conclude that

ANup)  Pug  duy | d%ug
Ory | Otdry Oz 201,014

where we used the fact that

811,() (9’LLQ 811.0
=0t e

- 3’(1,0 8UO’
~ ot om
Guo

af
ZU0N ity w1, o, u0) + € 21 (¢, T, T2, o) Uy + <+
B2, flt, o I? 0) + 3u( Ty, Ty, Up)Uy +

and the relation f(t,z1,z2,up) = 0.

As indicated earlier we retain only the terms in ug of zero-order with
respect to €. We are led to look for one-periodic solutions of the partial
differential equation

02 Ug Buo BQUO

4 R ) |
D10z, | Ory 257,024

(4.9)

Clearly any constant is a solution of the linear equation (4.9). So is any
function of ¢ alone. We can find more solutions by separating variables.
Write

ug = 2™ o(xy, z9)
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and note that Re ug, Imug will be solutions of (4.9) if ug is a complex
solution. We get

oy OU 9y OU oy O
Qi S 2T L e =
012 6931 - 821?1(9273
or equivalently,
S dv dv ov
2nt-— + ' = (.

P PRy P
Writing v{x;, x0) = Q(z;)R{xy), we get

R / ;o
2Wi—+‘Q‘+IQQ—R =0

R Q QR
that is,
' R/ 'RI
%}tl‘f‘Ig—R-} :—QVTILﬁ,
and / 2miR'/R
Q_ —2mkiy =XeC.

Q 1+zR/R
So Q(zy) = Qoe*™t, while —2mi(R'/R) = A+ Arp(R'/R). Hence
~X = (Axg + 27i)(R'/R), and finally,

Riwz) = Ao + 27t

Choosing A = 2mi, we get the relation

( ) Ce?‘rri;rl
VT, T =
1,42 1+ 9 ’
and thus ,
(t ) ce?nt(t+r;)
Ugll, T1, T =TT T
) b2 1+ zo

or in real form,

acos2r(t + 1 + @)
1+TQ

(410) UQ(t,.T,l,iL‘Q) =
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where a is an amplitude and y is a phase. So. adding a positive function
of ¢ to these oscillatory quantities, we get a class of functions B for
which the divergence G vanishes to second order in ¢.

We now discuss the dynamical stability of the a.e. control for the
equations (4.2). Write zy =4/(27), z& where 8, r are polar coordinates
in R%. Choose ug to be a positive function of t. Plus the expression
in (4.10), and let g : A — R be the time-one map of equations
(4.2). As before, we take the sliding manifold S to be a circle in
A:S={8r)|r=rs0 <8 < 2r}. Our point of departure is the
following.

Definition 4.1. Say that S is dynamically stable (with respect to
the family of controls {uc}), if for each annular neighborhood W C A
of S there exists ¢y > 0 such that, if 0 < e < ey and p = (6,r) € W,
then the iterates g~ satisfy

dpeW, k=012,....

We are now going to argue that this definition is not entirely appropri-
ate from a practical point of view; we will replace it with a modified
definition. The main point is that one does not usually have at one’s
disposition the exact function u.(t,ry,z2). Rather, one has a finite-
order approximating function:

N

UE‘N(t,Il, :E‘E) = Z uk(ta L1, IQ)Ek'
k=0

We will redefine the dynamical stability of S using u. y.

By center manifold theory [4], one has u. = wu.py + O(eN+1),
Substituting into the first of equations (4.2), we obtain

(911.0 a’u,o
Uy = —Ug —gt— +I2-871

3u1+ du,y tu
YT T2, T

81/,0
(9:132

Uy ==
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el

-1
Bu;
+ e T

Buk 8uk
: 81172

Ui = — —— 4+ Ty ——
Uk+1 Uo{at 25z,

i
<

From these formulas, it is clear that u. n is analytic in (t, 1, ) and
one-periodic in ¢ for each € > 0.

Let P, be the period map of equations (4.2), thus
Pe(zy, z2,u) = (z1(1). 22(1), u(1)),

for each initial condition (z;,z2,u). For the initial value u =
ue N(0, 2y, x2), write

P.(zy, 32, ue N (0, 21, 32)) = (31, T2, 1),

and define
gE,N(IleQ) = (5:1,552)‘

e+ 1

Then g¢ n is defined on the annulus A. The iterate gé"N is obtained

from g*  via the formula

PE(g:N(zl: 1'2),"&51}\/(0,95’1\/(331,1?2))) = (g:j\ll(l‘hlé)v *)a

where * stands for the u-coordinate at time 1 of the point on the
solution of equations (4.2} whose initial point is

(g5 (z1,72), ue N (0, g5 v (71, 22))).

We see that the iterates of g. v do not correspond to trajectories of
(4.2). However, given k and ¢, one can determine N so that the points

{Pe(gi,N(xla:E?)»us,N(ngé,N(l'leQ))) |0< I <k}

lie as closely as desired to the trajectory of (4.2) passing through the
point (z;, g, ue N(0,71,72)).

An alternative point of view is that the iterates gf'N(arl, xy) are ob-
tained by successively “updating” the u-coordinate of the argument of
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P.. Thus, for example, gf_N(ml, x9) is obtained from (Z;, T2, @) by sub-
stituting u, n (0,2, T2) for @ and calculating Pe(T1, T2, ue 8 (0, I1, Z2)).

In any case, we now propose the following reformulation of the
concept of dynamical stability.

Definition 4.2. Fix N > 2. Say that S is dynamically stable
(with respect to the family of controls {ue n}) if for each annular
neighborhood W < A of S, there exists 5 > 0 such that, if 0 <& < g
and p = (#,7) € W, then the iterates g¥ 5 satisfy

ENp)EW, k=0,1,2,....

We now use Remark 3.4 to draw the following conclusion. Let W ¢ A
be an annular neighborhood of the sliding manifold S = {(6,7) | r =
ro,0 < 8 < 27}. Since diophantine irrationals are dense in R, we can
find two diophantine numbers r{ < ry < 7y such that the circles of
radius 7y, 79 lie in W. By Remark 3.4, we have

Theorem 4.3. Fix N > 2. If ¢ is sufficiently small, then there are
two simple closed curves C7 and Co in W containing S between them,
such that Cy and Cy are invariant under g n @ ge N(Ci) = Cy, 1= 1,2,
in the sense of set equality.

Proof. In fact, we need only verify hypotheses 1 and 2 of Propo-
sition 3.1, and those of Proposition 3.3. First, if ¢ = 0 one has
90 (p) = (440r)- Hypothesis 2 is satisfied in A because of the di-
vergence condition 3 = 0. Finally, the hypothesis p1(r,8) # p1(r)
of Proposition 3.3 is satisfied because of the relation eu’ = 7’ and the
form of ug(t,4,r) as the reader may check.

Since the region between C and C is invariant with respect to g. n,
if C; and C, are invariant, Theorem 4.3 shows that S is dynamically
stable in the sense of Definition 4.2. o

Remark 4.4. It may well be true that, by using the theory of C” but
nonanalytic twist maps, one can prove that S is also dynamically stable
in the sense of Definition 4.1.
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5. Brief remarks on dynamical instability. It is easy to produce
examples, similar in structure to those considered in Section 4, where
a natural type of dynamical instability prevails. Let us return to
equations (4.2). If the first-order coeflicient Gy of the divergence G
of the vector field in (4.6) is strictly negative on an annulus A C R2,
then there is a constant ¢ < 1 such that the dissipativity condition
m{ge(B)) < em(B) is satisfied for each Borel set B C A. The theory of
mappings g with this property was developed by Birkhoff {1} and in a
modern form by Le Calvez [14]. In general, such a mapping admits a
unique compact attractor Ag in the interior of A. The set Ag may be
a circle, or may have a more complex structure; see {14} for a careful
presentation of various possibilities. The point of interest to us here is
that Ag may very well be disjoint from the sliding manifold S. Since
the sequence of iterates {g¥(p)} tends to Ag as k — oo for each p € A,
S certainly will not be dynamically stable unless S is contained in Ayg.

Having made these considerations, return to quantity

. 6211.0 6110 192110
L7 Btdr, T 0r, | 01,0z,

where ) = 6/(2n), zp = 1.

We seek a positive function wug, one-periodic in ¢ and z, such that &,
is strictly negative on some annulus 0 < 0 < 27, ry < r < ry. But it is
easy to determine such functions ug, ...

REFERENCES

1. G. Birkhoff, Sur quelques courbes fermées remarquables, Bull. Soc. Math.
France 60 (1932), 1-26.

2. G. Bartolini and T. Zolezzi, Control of nonlinear variable structure systems,
J. Math. Anal. Appl. 118 (1986), 42-62.

3. , Generalized variable structure control of deterministically uncertain
systems: Chattering reduction and nonmatching uncertainties, Proc. First European
Control Conference, Grenoble, France, 1991.

4. J. Carr, Applications of centre manifold theory, Applied Mathematical Sciences
35, Springer-Verlag, Berlin, 1981.

5. A. Cavallo, G. De Maria, F. Ferrara and P. Nistri, A sliding manifold approach
to satellite attitude control, Proc. World Congress IFAC, Sydney, Australia, 1993.

6. A. Cavallo, G. De Maria and P. Nistri, Robust control design with integral
action and limuted rate control, submitted.



138 R. JOHNSON AND P. NISTRI

7. . A sliding manifold approach to the feedback control of rigid robots,
Internat. J. Robust Nonlinear Control 6 (1996}, 501-516.

8. , Some control problems solved via a siiding manifold approach, Differ-
ential Equations Dynamical Systems 1 (1993), 295-310.

9. , Sliding mode techniques with robust observers, Proc. Workshop on
Robust Control via Variable Structure and Lyapunov Techniques, Benevento, Italy,
1994.

10. . Robust LQ design by a sliding manifold approach, Proc. First IFAC
Workshop on New Trends in Design of Control Systems, Smolenice, Slovakia, 1994.

11. , Linear tracking problems by a sliding manifold approach, Proc. of
the Second European Control Conference, Groningen, The Netherlands, 1993.

12. M. Herman, Sur les courbes invariantes par les diffeornorphismes de ’anneau,
Asterisque, Soc. Math. France, 103-104, 1983.

13. R. Johnson and P. Nistri, Variable structure control problems and the theory
of singular perturbations, Proc. 31st IEEE Conference on Decision and Control,
Tucson, Arizona, 1992.

14. P. Le Calvez, Propriétés des attracteurs de Birkhoff, Ergod. Theory Dynam-
ical Systems 8 (1987), 241-310.

15. J. Mather, Eristence of quasi-periodic orbits for twist homeomorphisms of
the annulus, Topology 21 (1982}, 457—467.

16. H. Poincaré, Courbes définies par les équations différentielles, Oeuvres, Tome
1, Gauthier-Villars, 1928.

17. K. Siegel and J. Moser, Lectures on celestial mechanics, Grundlehren Math.
Wiss. 187, Springer-Verlag, Berlin, 1972,

18. H. Sira-Ramirez, A dynamical variable structure control strategy in esymp-
totic output tracking problems, IEEE Trans. Auto. Control 38 (1993), 615-620.

19. J. Slotine and W. Li, Applied nonlinear control, Prentice-Hall International
Editions, Prentice-Hall, New York, 1991.

20. V. Utkin, Sliding modes and their applications in variable structure systems,
MIR, Moscow, 1978.

21. , Sliding modes in control optimization, Comm. Control Engineering
Series, Springer-Verlag, Berlin, 1992.

22. W. Wasow, Asymptotic expansions for ordinary differential equations, Wiley-
Interscience, New York, 1965.

DIPARTIMENTO DI SISTEMI E INFORMATICA, UNIVERSITA DI FIRENZE, VIAa DI S.
MAaRTA 3, 50139 FIRENZE, ITALY
E-mail address: johnson®ingfil.ing.unifi.it

DIPARTIMENTO DI SISTEMI E INFORMATICA, UNIVERSITA DI FIRENZE, Via DI S.
ManrTaA 3, 50139 FIRENZE, ITALY
E-mail address: pnistri®ingfil.ing.unifi.it



