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Equazioni a derivate parziali. — On the existence of periodic solutions of an
byperbolic equation in a thin domain. Nota di RusseLr Jorinson, Mnaan Kamenskil e
Paoro Nistrr, presentata (*) dal Socio E. Magenes.

ApsTRACT. - For a nonlinear hyperbolic equation defined in a thin domain we prove the existence of a
periodic solution with respect to time both in the non-autonomous and autonomous cases, The methods
employed are a combination of those developed by J. K. Hale and G. Raugel and the theory of the topolog-
ical degree.

Kiv worns: Hyperbolic nonlinear equations; Periodic solurions: Topological degree.

Risssunro. — Esistenza di soluzioni periodiche di wna equazione iperbolica in un dominio sottile. Si prova
Pesistenza di soluzioni periodiche di un’equazione iperbolica smorzata definita in un dominio sottile sia nel
caso autonomo che in quello non autonomo. 1 metodi impiegati sono una combinazione di quelli sviluppati
da J. K Hale ¢ G. Raugel e la teoria del grado topologico.

1. IntroDUCTION

The aim of this Note is to present an existence result for T-periodic solutions with
respect to ¢ of a damped wave equation in a thin domain both in the non-autonomous
and autonomous cascs.

The considered equation in the non-autonomous case is of the form:

(1) O Ayt TL B X Y ),
or? 3Y? o
where a and 8 are positive constants and g is a suitable smooth function, which we as-
sume T-periodic in time. (X, Y) is a generic point of the thin domain Q, = Q x
X (0,&) c RN where 2 is a C?-smooth bounded domain in R and ¢ e (0,8,)isa
small parameter.
Associated to equation (1) we consider the Neumann boundary condition

O
. 0 on 3Q,.

By using topological degree arguments for compact operators we can show

(2)

the existence of a T-periodic solution to (1)-(2). The main assumption is that
the reduced problem at & = 0 has an isolated T-periodic solution whose topological
index is different from zero. Then suitable admissible homotopies allow us to
derive the existence of a T-periodic solution of (1)-(2) for sufficiently small & > 0.
It must be noted that in the autonomous case, that is when g is independent
of ¢, the period of the resulting periodic solution of (1)-(2) will be in general
different from that of the periodic solution of the reduced system. This solution
is not isolated in the autonomous case. Furthermore, in this case additional
assumptions are required on the linearized reduced equation. These assumptions
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permit to apply the method of functionalization of a parameter (see [3, and references
therein]).

The behavior of the period and of the periodic solution when & —0 are also de-
scribed. The use of topological degree methods is nontrivial in these cases because of
the presence of the small parameter £ > 0 tending to zero. In this Note we combine
these methods with techniques of Hale and Raugel developed to study the properties of
the attractor A, defined by problem (1), when g does not depend on ¢, under various
boundary conditions (see [4] and also[1, 2, 5, 6, 111).

This Note is organized as follows. In Section 2 we give our existence result for the
non-autonomous case. In Section 3 we give the existence result when the nonlinear
term g does not depend on ¢. In both the theorems we only sketch the proof, which will
be presented with all the preliminaries and details in two forthcoming pa-
pers [7, 8].

2. THE NON-AUTONOMOUS CASE

The basic idea is to convert problem (1)-(2) to a fixed point problem in a suitable
Banach space, and study it using the theory of the topological degree. First, follow-
ing [4], we consider, for fixed & > 0, the change of variables X = x, Y = ey. The equa-
tion (1) becomes

Fu_ 13w gl
(3) afz —‘Axu_*— 82 &)}2 :Bat aﬂ+g(l‘,x>‘9y,u),
with boundary condition
Su _
4 i 0 on Q.

Here Q = £ % (0, 1) and v denotes the outward unit normal vector to 3Q. We assume
that £ is a C*-smooth domain.
Following [4], we introduce the following Banach spaces when & > 0. Let X, be the
space H'(Q) with the norm
P )1 /2
& loo/

1

(1l +
€

Here and below, || [loy denotes the norm in L2(Q), and || - [|,o that in H' (Q). Let

U, (t) be the semigroup generated by the system of linear equations

ot : ot ¥ e’ ayz

(5)

- pv — au

with the boundary condition (4). It is known (see [4, 6]) that U, (¢) is a Cy-semigroup in
the space Y, =X % LAQ) 3 (u,v).

In the somewhat more general problem considered in [4], this space is defined in
another way which yields, however, the space Y! in the case we are considering. One
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has the exponential estimate:
(U@ llyioyi Sece™  (£20)

where ¢ and y are positive constants.
If weL?(Q), define its projection by

1

(Pu)(x) :OJ u’(x,y)dy then define P = (g 10))
Then P maps L?(Q) to L?(2), P maps Y, to H' () x L?(Q) and
© Pull o<l o, weH(Q), =01,

This projection is important in relating problem (1)-(2) to the limiting problem in £ ob-
tained by letting € — 0 (see lines (14) and (15) below).

Next we discuss the function g. We require that g be T-periodic with respect to ¢.
We further assume that g: R X 2 X [0, &) X R — R is of class C' jointly in the vari-
ables #, x, Y and #, and that its derivatives satisfy the following estimates:

& lg. (6, x, Y, )| Sa(l+ |a]®t1),
e lgy (%, Y, u)| <a(1+|u]®*)),
e 'gu(t;x,Y,u)l$4(1+|u|6)-

Here a is a positive constant, and @ is determined as follows: 8 € [0, ) if N = 1, and
6el0,2/(N—1)) for values N = 2 (recall that dimQ = N + 1).

Now let C;(Y}) be the space of all continuous, T-periodic functions w = (u) from
R into Y} with the usual norm: g

fwll= sup |lw®]y, .

0st<T

Define the following maps on C;(Y}):

folw)(t)x, ) = 0
SEREROYT T ol x, ey, ule, x,9)) |
and
T ¢
Jowlt) = U, ()T = U.(T))"" J U (T = s)wlis)ds + fUF(t G
0 0
Then define:
(10) F.(w) =], f.(w).

Using the estimate (6) with / = 1, one sees that the right-hand side of (10) is well-
defined. Using the Sobolev embedding theory together with the theory of nonlinear
Nemytskii operators [9], one can prove that F, maps Cy(Y/) into itself and is com-
pletely continuous, Ze. it is continuous and it maps bounded sets into relatively com-
pacts sets.

We identify the set of fixed points of F, as the class of T-periodic solutions which we
will study. The question of the exact relation between the set of fixed points of F, and
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the set of T-periodic distributional solutions of (3)-(4) has been studied in [9, 10]. It is
known that a fixed point of F, is always a T-periodic distributional solution of
{3)-(4).

Next we pose the limit problem at ¢ = 0. Let U, (#) {# = 0) be the semigroup gener-
ated by the equations

S ov

(11) 5 - —a?:Axu—-[)’v*azz
with the Neumann boundary condition &
{12) S _ 0 on JQ.
v
Let (ZO) be an element of H' (2) x L*(£2). Then Uo(z‘)(zo) isin H' (2) x L?(£),
0 0

and one has the estimate
o
(13) MU |11t @) x L2y @y x L2 S ce 7

where ¢ and y are positive constants. Writing 7: 2 — Q defined by #(x) = (x, 0), we
obtain the inclusion j: H'(2) X L2(Q) — Y/ with J(u, v)(x,y) = (u(x), v(x)). The

map JJ is an isometry for all 0 < ¢ < &, and we identify UML‘)(Z()) with the element
0
(u
;;UU(:)( °) of Y,
Ly

Define an operator Fyon C; (H' () X L?(8)) as follows: Fy(w) = ], f, (w), where
J, bas the same form as J, with U, (¢) replaced by U,{z) and

0
Jolw)(e)x) = (g(z‘,x, 0, u(;,x)))'

Then F, maps C(H' (Q) X L*(£)) into itself and is completely continuous. We iden-
tify periodic solutions of the problem

2
(14) (?9[? :Axu——ﬁ%; —au +glt,x, 0,u),
(15) % _o  on o0

v

with the fixed points of the operator Fj.
We now state our main result, here ind(-, ) indicates the topological index.

Trieorem 1. If the problem (14)-(15) admits an isolated T-periodic solution u" defining
0

an element (H JJ=weeCy (H'(2) X L2(82)) with ind (Fy, wy) # 0, then for sufficiently

4,
small & > 0 the problems (3)-(4) admits a T-periodic solution u* and

le ’ ZI”
Zlf «“ ll;)

Proor. The proof is organized in several steps.

-0 a5 £-—0.
(f]‘Y,];
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I grep. By assumption " is an isolated T-periodic solution of (14)-(15), hence
there exists a bounded neighborhood V ¢ Cr (H' () x L*(2)) of wy such that the op-
erator F,, has no fixed points on the boundary of V. Then it is not hard to prove that the
Operators FO = J, Pf, and JF,P are homotopic on av.

I srep. For r> 0, define B (3V) = {zeY!: dist(z, 3V) < r} for sufficiently
small 7, say 0 <r <r,. From the previous step we obtain that '

ind-ycp ) < L202) (F2, B,(3V) N jCr (H'(£2) X L2(2)) =
= indc, (72 < L2Q) (3F. P, 3V).

101 stee. This is the most important and difficult step of the proof. It consists in
proving the existence of r, > 0 such that, to any fixed re (0, r,) there corresponds
e, > 0 with the property that if 0 < ¢ < ¢, then the operators I, and F? are linearly ho-
motopic on B, (V).

We only sketch the proof of this part without entering into details. First of all we fix
#,> 0 such that the operator F, has no fixed points on the set: P[B,(3dV)N
N 4C (H'(2) % L2(Q) ] forall0 <7 <. Suchanr exists by our assumption. Then
we argue by contradiction, that is, for fixed 7 e (0, ry] we suppose that there exist se-
quences {4,} ¢ [0, 11, {w,} c3B, (V) Y!and {¢,} cR. such that A, — A¢, €, —0
and

(16) wn:(1*/’{n)F(,,(wn)_l”/lnF:‘),,(wrz)v

where w, () = (uﬂ(f) )

ty, (£)

Now we observe that the sequence {u,} is uniformly bounded in Cr(X,), and
so the set {u,(t): ne N, tel0, T1} lies in a fixed compact subset of L?(Q), with
pz20+1)if N=1orpe [2(6 + 1), (2N + 2}/(N = 1)) if N = 2. By using this
fact it is possible to prove (see [8]) that, after rewriting (16) is a suitable way, in passing
o the limit we obtain w* = F,(w™) for some w* e 9B,(V), contradicting our
hypothesis.

IV s1ep. Collecting all the previous steps and using both the homotopy invariance
property of topological degree and its solution property we then conclude the proof of
Theorem 1. ™

3. THE AUTONOMOUS CASYE

We consider now the autonomous case for equation (1), that is the case when the
nonlinearity g does not depend on ¢. After the change of variables: X = x, Y =g
and introducing the same spaces and operators of Section 2, we consider the
equation:

2 52
(17) L

= ﬁ%t;— — au +glx, ey, u),

52 ayz
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with Neumann boundary condition

(18) /=0 on 3Q.

We can formulate the following result.

THeOREM 2. Suppose that the equation
3u
or*

=A.u »ﬁ% ~au +g(x, 0,u)

together with
/=0 on 30,

bas a Typeriodic solution = in the classical sense such that the linearived equation

3%y _ a0
(19) 73’;; =d.0—-p 5 @ +g,(x, 0,207, x)) v

bas a Typeriodic solutions which are linearly independent of %, Furthermore, we suppose
that (19) does not possess any solution of the form:

y(t, %)+ (t/Ty)z, (2, x)
where y is Typeriodic with respect to .

Then there exists £° > 0 such thar Jor all & € (0, &°) problem (17)-( 18) bas a T,-peri-
odic solution u® with T, — Ty and

) =2 ()

where u* () = u* (T, /T,)#).

=0 a5 >0,
Cry (v

Proor. First, we make the change of variable 7 = (T/Ty)¢ and, for any & > 0, we
rewrite problem (17)-(18) as a fixed point problem depending on the parameter T:
w=F(T,w), where F. (T, -): Cr (Y} — Cy,(Y}) is a continuous compact operator.
As in the non-autonomous case it can be expressed in the form: FAT, w) =
= J.(T)f(T, w). Obviously, in the present case the operators J, and £, depend also
on T.

Under our assumptions, by using methods similar to those of [3], it is possible to
prove that for the operator F, (T, w) = Jo(T) AT, w) corresponding to & = 0 there

exists a continuous functional T = T(w) such that T(wy) = T,, where wq = (ZZ), fur-
i3

thermore, if we define the operator I'y(w0) = F,(T(w), w), then wy 1s an isolated fixed
point of Iy and |ind (w0, Tyl =1.

To finish the proof we proceed as in the non-autonomous case, that is, by means of
similar admissible homotopies we prove that the operator F, (T(Pw), w) has topological
degree different from zero in a bounded open subset of the space Cr, (Y]) for e suffi-
ciently small. =
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