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1. Introduction

We consider a differential inclusion of the form
i€ Flt,z,u) te[0,+ocl,uelUCR™, zeR", (1)

which models a nonlinear controlled dynamics affected by a deterininistic
uncertainty. The multivalued map F has closed and convex values, it 1s ¢-
measurable and (z, u)-continuous in the Hausdorff metric, U s a compact
set. A system dynamics f of F is a function t-measurable and (z, u)-
continuous (i.e. f is a Carathéodory map) such that f(2, z,u) € F(t, z,u)
for almost all (a.a.) t € [0, +00) and any (z,u) € R" x U.

Together with (1) we consider a reference model for (1) which is repre-
sented by a nonlinear control system of the form

g=gltyv)  tell,+c)veEVCR, yeR", (2)

where ¢ is a Carathéodory function and V' is a compact set.

The initial state z(0) = 2o of (1) is also uncertain, but bounded, namely
zo € B(0,7) for some 7 > 0. The initial states y(0) = yo for the reference
model (2) are taken in a ball B(0,p) C R™.

Throughout this paper we assume that both F and ¢ satisfy conditions
ensuring that solutions extend to [0, +00).

Fix any state-control pair (y(t),v(t)), t € [0,+oc), of the model. The
aim of this paper is to solve the following problem.

— Given «a € Ry, to determine a state feedback control u = w(t, z), not
necessarily continnous in the state z, in such a way that for any system
dynamics f(t,z,u(t,z)) € F(t,z,u(t, z)) and for any initial condition
zo € B(0,7) the corresponding solutions z = z(t) of the Krasowskii’s
regularization

(3)

& € K(o)(t, z(1)), t € [0, +o0)
I(O) = Iy,

where o(t,z) = f(t,z,u(t,z)) and K(p)(t,z) = éﬂo(’:ﬁgo(t,B(:cJ))
>
satisfy the inequality

ly(t) — z(t)] < Be” ™, te[0,4), forsomef>0. (4)

Here B{z,8) = {z € R" : |z — z| < §}.



The approach we use to solve this problem is similar to that employed
in ([8] and the references therein) to obtain the asymptotic linearization of a
nonlinear uncertain system. This approach is based on the theory of variable
structure systems and the use of a suitable (non differentiable) Liapunov
tunction.

In Section 2 we will use a selection theorem due to Bressan (3], Theo-
rem 1) to prove the existence of a directionally conbinuous selection of a mul-
tivalued map U(t. ). called the regulation map, suitably defined by means
of the dynamics F and ¢. Such a selection is sufficiently smooth to allow us
to solve the proposed problem under the assumption that F is bounded in
a neighborhood of the reference trajectory (Theorem 1}. In [8] we used the
Michael’s selection theorem to prove the existence of a continuous selection
from U, this requires more restrictive conditions on the uncertain dynamics
F.

In fact, using a directionally continuous selection u(t, ) it is possible to
prove (see [4]) that the solution set of the Cauchy problem

(5)

is the same of that of the differential inclusion (3) for any selection of system
dynamics f from (1). By a solution of ( 5) we mean an absolutely continuous
function 2(t) defined in [0, +oc) which satisfies (5) for a.a. ¢t € [0, +o0). As
we will see, to prove Theorem 1 it is essential to deal with the solutions of
(5) instead of those of (3). Observe that the solution set of the Filippov's
regularization, (see [2]), of (5) is contained in the solution set of {3).

Finally, in Section 3, under different assumptions, we will prove a result
(Theorem 2) which solves our problem for the Filippov’s regularization of
(5). Specifically, we will define a regulation map [7(1‘,, z) under less restric-
tive conditions than those of Section 2. These conditions only allow us to
prove the existence of a selection #(t,2) which is measurable in both the
variables. On the other hand, we will assume that for the corresponding Fil-
ippov’s regularizations of any system dynamics, Flt.z, (¢, z)) is contained
in F(t, 2, u(t,z)), or a similar condition on %(t,z) and the regulation map
Ult, z).

We would like to point out that there are other methods for dealing with
the problem counsidered in this paper. We mention here {6] and the references
therein. In fact, by using Bouligand tangent cones and viability theory, (see
{1]), in [6] one can establish an invariance property of a given closed set in R”
with respect to any system dynamics of an uncertain control systern. Then
one can use this invarlance property to solve tracking problems like those
cousidered here.

£
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2. Assumptions and Preliminaries

Let D = [0, +0) x R* x U. We assume the following conditions on the
multivalued map F : D—oR":

(Hy) F(t,z,u) is a nonempty, bounded, closed, convex set for a.a. t €
[0, +0c) and any (z,u) € R" x U. F is t-measurable and (z,u)-
continuous in the Hausdorfl metric.

Observe that, by (H; ) and the Michael’s selection theorem, (see e.g. [2]),
it is easy to see that F' has the Carathéodory selection property. That is, for
any po € F(to, zo, uo) with {to, zo, uo) € D, there exists a Carathéodory map
£ such that f(t,z,u) € F(t,z,u) fora.a. t € [0,00) and any (z,u) € R" xU
and po = f(to, To, o), i.e. f is a system dynamics. In fact, the multivalued
map G : D-—oR" defined as follows:

F(t,z,u) if (t,z,u) # (to, o, Uo)
Po if (t,z,u) = (fo, Zo, vo),

G(t,z,u) = {

satisfies the assumptions of the Michael’s selection theorem for a.a. t €
[0, 00), (see Lemma 3 in the sequel).

The function ¢ : E — R", where E = [0, +00) xR" x V', which represents
the dynamics of the reference model, is assumed to be Carathéodory.

Fix any state-control pair (y(t),v(t)), with ¢ € [0, +00), of the reference
model. Given « € Ry, let C be a n x n matrix such that Re MC) < —a,
where A(C) denotes any eigenvalue of C.

Define a function s : [0, +00) x R” x B(0,7) = R" as follows:

s{t,z, zo) = y(t) —z — eCteg (6)

where ¢ = co(z0,yo) is a continuous function from B(0,7) x B(0, p) to R"
and yo = y(0}.
Consider now the function V : R" — R4 given by:

V(s) = Zts“'

Clearly, V is not a differentiable function in R", thus we consider the

Clarke’s generalized gradient of V(s), denoted by aV(s).
We have the following Lemma (see [10]).

Lemma 1 For an arbitrary absolutely continuous function ¢ = z(t) in
[0, +00) . consider o(t) = y(t) — =(t) - eCteo. We have the following proper-
ties:



(i) if %V(O’(i)) exists then %V(a(t}) =(-0(t) forany (€ OV (a(t));
(ii) the function V(o (t)) is absolutely continuous in [0, +c);
(111} of C%V(or(t)) < —k? <0 for aa. t e {t €D +x): aft) # 0}, then
there exists T > 0 such that o(t) =0 for t > T.
Remark 1 Observe that property (i) implies that for any t € [0,00) at
which %V(O’(t}) exists, if o;(t) = 0 for some 1 < i < n then %O‘,‘(t} =0.
Consider the set
A ={(t,z) €[0,4+00) x R" : s(t,x,20) # 0 forany zo € B(0,r)}.
Given & # 0, we define the function m : A x U —+ R as follows:

t,z,u)= inof inf inf  [C-w— - (Y(t) — CeCley)] — k2
m( ‘ lL) J,)Elg(o,r)CEE)V(lslzt,At,Jro))weFl'{lt,r,u}Q =6 (y() ¢ CO)]

where ¢ = cO(:lz_O_, Yo) .
Let (£,%) € A\A for any u € U we define

m(t, Z,u) = liminf m(t, z,u).
(t,x)-+(t,%)

We have the following resuls.

Lemma 2 The function m: A=xU — R is t-measurable, x-lower semicon-
tinuous and w-continuous.

Proof. Given k # 0, define the function m; : 4 x B(0,7) x U x R” — R, as
follows:

my(t, z, 2o, u, () = E}?i'{ltf )[C cw = ¢ - (9(t) — Cetho)] - k=

By (H:), my 1s t-measurable and (z, 2, u, ¢)-continuous.
Let ma: A x B(0,7) x U — R be the function defined by:

ma(t, x, xo, u) = inf my(t, x, zo, u, ().
CEOV (s(t,z,70)) ’
Since the multivalued map (¢, z, zo) 00V (s(t, z,24)) is t-measurable, (z, zo)-
upper semicontinuous with compact, convex values , we have that my 18
t-measurable, (z, zo)-lower semicontinuous and u-continuous. (see [2], The-
orem 3, p. 52). This concludes the proof.



Consider now the multivalued map U : A—oR™ defined by:
Ult,z) = {u €U :m(t,z,u) > 0}
U is called the regulation map. We assume:
(H,) for any (t,z) € A the set U{t,r) is nonempty.

Tt is easy to verify that the multivalued map (¢, z)-oU(t. z) is t-measurable
and z-lower semicontinuous with nonempty, closed values. Moreover the
following property holds.

Lemma 3 For any e > 0 there exists Te C [0, +00) closed with p([0, +o0)\Te)
< € such that Ulp  pnqg 8 lower-semiconlinuous.

Proof. Proposition 3.1 of [7] guarantees that the result holds for a finite
interval time [0,b]. Therefore, for any m € IN there exists a compact set
T,, C [m— 1,m] such that p([m — 1, m\Tn) < 5%, and Ul  geaz 18

lower-semicontinuous. From this we see that

,u([(),oo)\ U Tm> <e.

meN

Moreover, it is easy to see that the set UN Ty, is closed.
me
0

Following Bressan [3] we introduce now the notion of directionally con-
tinuous function with respect to a given cone. Let M >0 and consider the
cone

™ = {(t,z) e R x R" : |z| < Mt}.

We say that a map ¢ : RxR" — R" is directionally T'™ —continuous at a
point (£,7) if and only if #{t,, zn) —* %(t,T) for every sequence (ta, Tp)
(1,%) with (t, — f,2, — %) € '™ for n > 1. Morcover, we say that it is
T'M _continuous on a set @ C R*H! if it is M -continuouns at every point
(t.7)€Q.

We say that amap 9 : RxIR" —+ R" is Scorza-Dragoni M _continuous, if
for every € > 0 we can find T; C [0, +00) closed such that p{[0, +oc)\Te) < €
and ¥ is TM -continuous on Te x R .

Assume that:

(H3) there exists M > 0 such that |F(t,z,u)| < M for any (t,z,u) € D,
where |F(t,z,u)| = sup {|yl : v € F(t,z, u}}.



Remark 2 Observe that if the reference trajectory y = y(t),0 <t < oo, is
bounded and (4) holds for all the solutions z(t) of (5), then there exists a
compact set K containing all the trajectories z = z(t), t € [0, 4oc). of {5)
with 2o € B(0,r).

Remark 2 suggests that (Hs) could be replaced by:

(H3) the function y = y(t) is bounded on [0, +oc) and F is bounded on
[0,+2¢) x K x U for any compact set K of R”.

We need the following.

Lemma 4 ([4], Corollary 2.2) Let B be a closed subset of R x R™ and let
G : B—oR" be lower semicontinuous with nonempty, closed values. Then,
for any M >0, G admits a T™ -continuous selection defined in B.

An immediate consequence of Lemmias 3 and 4 is the following proposi-
tion.

Proposition 1 Under assumptions (H1), (Ha) and either (H3z) or (HY),
the multivalued map (t,z)~o U(t,z) has a Scorza-Dragoni TM —continuous
selection w = u(t, z) defined in A.

This proposition guarantees that any dynamics et z) = f(t,z,ult,z)) €
F(t,z,u(t,z)) is Scorza-Dragoni I'M -continuous in A.

Observe that the Krasowskii's regularization K(p)(t, z) is not necessarily
contained in F(¢,z,u(t, z)). We have the following result.

Proposition 2 Under assumptions (H,), (H,) and either (Hs) or (HY),
any solution of the Cauchy problem

& e K(p)(t,z)
z(0) = zo,

where xo € B(0,r) i3 a solution of

T = p(t, r)
z(0) = zo.
Proof.  We use the arguments of [4] and [7] which combine the T'™ —continuity

with standard techniques. Let z(t), t € [0, ). an absolutely continuous
function such that

z(t) € K(p)(t, z(t)) for a.a. ¢ € [0, 20)
z{0} = zq.



where zo € R". By means of Lusin’s Theorem and Proposition 1 there
exists Qn C {0,00), n € IN, measurable sets such that © restricted to Qn
is continuous, ¢ is I'M continuous in @, x R", 2(t) € K(p)(t, z(t)) for
any t € Q, and p([0,50) \ Unew @n) = 0. Moreover the Lebesgue’s density
theorem (see [9]) ensures, for any n € IN the existence of a measurable set
Np C Qn, with p(N,) =0 such that any point # € @n \ Ny is a density
point for Q. Let t € @, \ Ny, we can find a sequence {t;,} C Qn \ N, with
tm >t and t, — t decreasing as m — 00.

Hence @(tm) — #(t). On the other hand [z(t) — z(s)] < M|t — s| for
all ¢, 5 € [0, 00), since |K(p)(t, z(t))] < M by (Ha) (or (H%)), the fact that
@ is a selection of F and the definition of K(p). Let € > 0. We have
2(tm) € K(@)(tm, 2(tm)) C @(tm,z(tm)) + gBl for any m € IN. But ¢ is

M _continuous in (@n\Na) x R", hence there exists mo(e) € IN such that
for any m > mo we have [@p(tm, z(tm)) — w(t, z(t))] < €/2, that is

pltm, 2(tm)) € plt, 2(t) + S By

Therefore for m > mo we have 2(t,) € (t, z(t)) + By and so 2(t) €
p(t,2(t)) + By

For ¢ — 0 we get &(t) = o(t, z(t)), 2(0) = zo for all € Q = Unen(Qn \
N,) with p([0,00)\ Q) = 0. This concludes the proof. O

3. Main Result

Theorem 1 Let (y(t),v(t)) be a state-control pair for the reference model
(2) defined on [0, +oo). Assume (Hy), (Hz) and either (H3) or (Hy). Then
for any system dynamics @ and any o € B(0,r) every solution z(t) of
(8) satisfies the inequality ly(t) — z(t)| < Be™* for some B > 0 and any
t € {0, +00).

Proof. From (Ha) or (H%) it follows that F' has a Scorza-Dragoni I'M -
continnous selection 1 = u(t, ) in A or in ([0, +00) % K)OA. For any system
dynamics o(t,z) = f(t,z,u(t,z)) € F(t,z,u(t,z)) and for any z¢ € B(0,7)
consider the Cauchy problem

& € K(p)(t, z)
:!3(0) = Zo.

Let z(t), t € [0, +0), be any solution of this problem, i.e.
i(t) € (@ Lf(t,z,ult ), 2 € B(z(t),9)}

>0



for a.a. t € [0,4o0). By Proposition 2 we have that z(t} also solves the
Cauchy problem

Therefore
i = flt o (), ult2(1) € Pt 2(1), ult, (1))

for a.a. t € [0, +20).
Fix t € [0, +00) N {t : o(t) # 0}, and let ¢ be any vector of oV (o(t)).
Then

CLE(t) > inf Cew > - (y(t) — CeCleg) + R
¢ ( ) - w61‘"(t,.r(t),u(t,J:(t)))g z6 (y( ) O)

From this, by the properties (i) and (ii) of Lemma 1 it follows that

DV (r(t)) = ¢ (918) - (1) ~ Celeq) < 4.

Therefore by (iii) of Lemma 1 there exists 7" > 0 such that o(t) = 0 for
any t > T. It is possible to give an upper bound of T in terms of the data.
Indeed, from the inequality

d 2
‘CEV(U(t)) < k7,

integrating on [0, 7] we obtain

n

KT <V(o(0) =Y |ei(0)] < nlr+p+7)

t=1
where v = sup{co(zo,y0) : (z0,%0) € B(0,7) x B(0,p)}. Hence

T < n(r +kg+ 5)

. Furthermore,
Wt) = 2(t)] < e~eq
for any ¢ > T and thus there exists 3 > 0 such that
ly(t) — =(t)] < Be™* for any t & [0, +00).

This concludes the proof.



4. A Further Result

In this section we define the regulation map in a less restrictive way and we
replace (Hs) and (Hj) by different conditions which allow us to prove an
analogue of Theorem 1 for the solutions of the Filippov’s regularization of
(5). Specifically, given k # 0, we define the function M : A x U — R as
follows:

M(t,z,u)= inf sup inf  [C-w—C-(g(t) — CeSlep)] — K7
ro€B(0.r) ceaVv(s(t,x,r0)) weF(t.2,u)

where co = co(zo, Yo)-
Let U : A—oR" be the multivalued map defined by:
Ult,z) = {u €U : M{t,z,u) > 0}.
We replace (Hz) with the following:
(H3) for any (t,z) € A, the set ﬁ(t,z) is nonempty.

Lemma 5 Assume (Hy) and (H3). Then there exists a measurable selection

u of U.
Proof. Given k # 0, for any (t,z,z0) € A x B(0,7) consider the set

Ult,z,z0) ={ueU : sup it Cow >
CEDV (s(t,r.r0)) WEF(ET,w)

> - (i(t) = CeCleo) + k7).

By Corollary 1Q of [11] we have that the multivalued map (¢, z, zo)—oU (t, z, Zo)
is measurable with closed values. On the other hand

ﬁ(t,x) = n Ult, z,zo)
z0€B(0,7)

thus (¢,z)—oU (¢, ) is measurable with closed values, moreover lN](t, )£ 0
by (H3).
.
Obviously, for any system dynamics @(t, x) = f(t,z,u(t, z}) we cannot
expect, in general, any kind of continuity with respect to the state z. There-
fore we must consider a regularization of &. Here we consider the Filippov’s
regularization of .

{ieﬂ@mm, -

217([)) = Ty



where F(g}{t,z) = 6(;0#(?57)_“0 @(t, B(z,8) — N) and p denotes Lebesgue

measure in R, or equivalently
F(o)(t, ) = co{ lim @{t,z,), 2o = 2, 2, € Nz UN}
O
with p(Nz) = 0.

We cousider here Filippov’s solutions of (5) instead of Krasowskit’s so-
lutions since the Filippov’s regularization is smaller than the Krasowskii’s
regularization, making less restrictive the following conditions.

(H3) For any system dynamics ¢ and any (¢,2) € 4 we have
Flo)(t,x) C F(t,z,(t, z)).
Hi*) For any (¢,z) € A we have
3

Ut,z) CU(t, )
where Zj(t,z) = F(u)(t,z).

We can now prove the following result.

Theorem 2 Let (y(t),v(t)) be a state-control pair of the reference model (2)
defined in [0, +o0). Assume (Hy), (H3) and either (H3) or (H3*). Then
for any system dynamics ¢ and any xy € B(0,7) every solution z(t) of
(7) satisfies the inequality |y(t) — z(t)] < Pem ™ for some B > 0 and any
t e [0,+o00).

Proof. Let z(t) be a Filippov’s solution of
{ &= gt z)
z(0) = zo,
where zo € B(0,7), that is, for a.a. t & [0, +00)
&(t) € Fp)(t, z(t)).

d
Consider ¢ € [0, +o0) N {t : o(t) # 0} for which %V(a(t)) exists. We have
i

d ,
V(o) = o (i(t) — 2(¢) - Ceey)



where (o € dV(o(t)) is such that

sup inf Cow—C - (y(t) — Celeg)] — k7 =
(EGV(O’(t))U’GF(va(t)vfz(taI(t”)[ )
= inf [Co - w = Co - (3(t) — Ce“leg)] — k7.

weF(t,x(t),a{t.r(t))}

2

d k ‘
We want to prove that gV(J(t)) < -5 For this, we know (see []) that

there exists Ny, depending on ¢, such that

F(@)tet)) = [ {5t 2) : = € B(z(t),8) — No}.
§>0

Therefore, for (o € 8V (0(t)) and for any n € IN there exists z, € B(z(t),1/n)—
Ny with s(t,zn,z0) # 0 such that

.2

.. L. k
Co-a(t) > Co-pltizm) = 5

Taking the limit as n — 20, we obtain

Qo‘i(t)ZCO'SBO—%

where o € F(@)(t,z(t)). By (H3) we have F()(t, z(t)) C F(t,z(t),u(t, z(t)))
and so

k2

o-2{t) > (oo — — > inf o w —
Co-z(t) > Co-¥o = wEF(w(t)’a(tyr{tmLo

t\:[?:,

z
)

. k=
Co (i(t) — Ceeo) + 5

v

dt 2
even if we replace (H3) by (H3"). Property (iii) of Lemma 1 concludes the

proof.

d . .
Therefore —V (o (t)) < ——=. It is easy to see that the same conclusion holds
3

]

5. References

(1] J.P. Aubin, Viability theory, Ed. Birkhiuser-Verlag, Berlin, 1992.

(2] J.P. Aubin and A. Cellina, Differential inclusions, Ed. Springer-Verlag,
1984.



[3] A. Bressan, Directionally continnous selections and differential inchu-
sions, Funk. Bkv. 31, (1988) 459-470.

[4] A. Bressan, Upper and lower semicontinnous differential inclusions: a
unified approach, in Nonlinear Controllability and Optimal Control,
H. Sussmann Ed.. M. Dekker, 1988, 21-31.

[5] A.F.Filippov, Differential equations with discontinuous right hand side,
Am. Math. Soc. Trans. 42, (1964), 199-231.

{6] L. Gérniewicz and P. Nistri, An invariance problem for control systems
with deterministic uncertainty, to appear in Banach Center Publica-
tions, Polish Academy of Sciences.

[7] S. Hu and N.S. Papageorgiou, On the existence of periodic solutions
for nonconvex valued differential inclusions in R". Technical Report,
to appear in Proc. Am. Math. Soc.

[8] J.W. Macki, P. Nistri and P. Zecca, A tracking problem for uncertain
vector systems, Nonlinear Analysis T.M.A. 14, (1990) 319-328; corri-
gendum, Nonlinear Analysis T.M.A. 20, (1993) 191-192.

[9] J. Oxtoby, Measure and Category, Ed. Springer-Verlag, New York,
1971.

[10] B.E. Paden and S.S. Sastry, A calculus for computing Filippov’s dif-
ferential inclusion with applications to the variable structure control of
robot manipulators, IEEE Trans. Cire. Syst. CAS 34, (1987) 73-82.

[11] R.T. Rockafellar, Integral functional, normal integrands and measur-
able selection, in Nonlinear Operators and the Calculus of Variations,
Lecture Notes in Mathematics 543, Springer Verlag 1976, 157-207.

E-MAIL addresses:

JMACKIOVEGA MATH.UALBERTA.CA,
PNISTRIRINGFI1.ING. UNIFLIT,
PZECCARINGFILING UNIFLIT

Received for publication November 1995.






