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Viability for Feedback Control Svstems in
Banach Spaces via Caratheodory Closed-loop
Controls®

Paolo Nistri. Valeri Obukhovskii and Pietro Zecea

Abstract

A constrained feedback nonlinear control svstem in infinite dimension-
al spaces is considered. By means of a selection theorem we prove the
existence of a Carathéodorv-type control law of the multivalued constraint
control map. Using this result we prove the existence of viable solution-
5. A comparison theorem for the trajectories of the system is also proved
together with the existence of extremal. periodic and stationary solutions.

1 Introduction

In this paper we consider a feedback control system 1 /. {7} of the form

Oty = frtoritoult o rie)) for almost all ta.a.)t € [0.7" (1

witor(thy e Uit xr(ty) te 0.7 (2)

where the state r = r(f) belongs to a separable Banach space X and the control
v = u(t. rj belongs to a separable Banach space Z. Given a nonemptv. closed
subset ' € X we study the following viability problem for svstem { f. 17} to find
conditions under which for every initial state ry € A there exists a trajectory
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roem oot s U0 ol sesten o [T starting at rg and such that st € A for
ail 6= 00T e roas viables In the past few vears different aspects of viability
theory have been extensively studied. see e.g. monographs .25 13,0191 and

'

papers oI TTL I3 T (1S

In this paper. under sintable assumptions on the nonempty closed set A and on
the multivalued map (00 007 <« K —<Z. we will show the existence of a single-
valued control wtoro = (it ri which will be called a closed-loop control or
single-valued feedback. such that there exists a solution r = rit) of (1) which is

vieble. Specitically. assuming that A is a sleek subset of X' (see Definition 2.1}
and conditions 1 ULi-( U3} on the multivalued map (. by using a selection theo-
rem due to Rybinskit[17]1 we can prove the existence of a closed-loop control of
Caratheodory tvpe. If fitiz uy = floow). U{t.r) = U{r) and X. 7 are finite
dimensional vector spaces then the problem of finding viable solutions correspond-
ing to continuous closed-loop controls was presented and solved in ([1], Chapter
6. Infact.in this case our Theorem 3.6 in Section 3 reduces to Proposition 6.6.1
of {1, Furthermore. we obtain a comparison result for the trajectories of the con-
trol system. and we prove also the existence of extremal. periodic and stationary

solutions.

2 Preliminaries

Let Y.} be topological spaces. a multivalued map (multimap) F: X —oY is said
to be:

va! lower semicontinuous (Ls.c.) if the set F~H(V) = {zr &€ X : FlryoV # 0}
is open in X for everv open set V C Y

(b upper semiicontinuous tu.s.c.) if the set F71{W) is closed in X for every
closed set 117 2 Y

ici continuous if £ 1s both I.s.c. and u.s.c.:
idi closed if its graph GriF) = {{z.y) € X xY :y € F(z)}} is a closed subset
of X <Y

N map ¢ N — Vs said to be a selection of a multimap F if p(z) € F(z) for
anv r € X. Let A be a nonempty. closed subset of a Banach space X. We recall
that the Bouligand contingent cone to K at z € K is defined as the set Tr(z) =

{y € X ¢ liminfy e ETL o o} where dg (v) = dist (v, K) = inf,ex Jv — 2]

PIY

il

isee o.g 1310 Itis easy to verify that the sets T (z) are closed cones in X.

[+

.

Definition 2.1. (cf. {1I. [3]). A nonempty closed subset K C X is said to be
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sleek if the multimap Th 1 A —oX 1s Ls.c

[t is known {see 3].Theorem 4.2.2} that any nonempty. closed. convex set A 1s
sleek and that the multimap Tx on a sleek subset is convex-valied ({3]. Theo-
rem 4.1.8). Let us note that an arbitrary closed set is not sleek in general. (see
an example in [4]). To exhibit another important class of sleck sets we need the
following definition (cf.[4].[11].{13]).

Definition 2.2. A nonempty, closed subset A" < X 15 said to be a prori-
mate retract if there exist an open neighbourhood  of A In X and a con-
tinuous map p : U — K (metric retraction) having the following properties:
plz) =1« for all z € K;|lp(u) — uf| = dn(u) for all u e .

Proposition 2.3. Any compact C*-manifold K wn a Hilbert space X s a proni-

mate retract.

To prove this fact we can choose as U a tubular neighbourhood of A" in X (see
12))

Adapting the methods employed by S. Plaskacz in [15] to the infinite-dimensional
case we can obtain the following result.

Proposition 2.4. Every compact prozimate retract K in a Hilbert space X 1s a
sleek subset.

3 A Closed-loop Control Problem on Sleek Sub-
sets

Let X and Z be separable Banach spaces representing the state space and the
control space respectively. The dynamics of the system ( f. L'} under consideration
is described by the map f : {0,T] x X x Z — X and the feedback multimap
[/ :10.T] x X—oZ of feasible controls. Therefore. the evolution of the control
system ( f, [') is governed by the relations

o'ty = f(t.o(t) ult,z(t))) for a.a. t € [0.7T] (1)
ult, o(t)) € (L, z(t)) telo,T]. (2)

For a given nonempty, closed subset A C X we can now formulate the viable
control problem in the following way:

(P)  * Does there exist a control map u : [0,7] x &' — Z such that the con-
trol system (f,U) with any initial condition z(0) = zo € K has a viable
trajectory z : [0, T} — X, i.e. z(t) € K for any t € [0,T} 7"

To deal with this problem we need the following notion.
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Definition 3.1. 'Hu <‘0ntro’f svstem + £ 071 s tangent to /A provided that for all
ro2 Woand for aa. £ 0077 there exists w € L6 r) such that fit. r.u) = Tniz).
Therefore if the control «\ﬂ(m 1 f.07) is tangent to K. the regu}atxon multimap
Ro0T « N—Z ogivenby Ritori = {ueltoy: fitirou) e Triri} is well-
e ‘mui, (At points t = 0.7 where the tangencv condition is not verified we
mav assume Rt = (it 2 We will solve the closed-loop control problem (P)
by finding suitable selections of the regulation multimap K. Assume that the
interval [0.7) is endowed with the Lebesgue measure generating the o-algebra
A of measurable subsets. Let B{K') denote the s-algebra of Borel subsets of A'.
Then A » B(A') is the product o-algebra on {0.7] x A". Let Y be a separable
Banach space. Let us recall that a multimap & : [0.T] x K —o}" with nonempty
closed values is said to be measurabl i GHV) e A x B(K) for every open set
1" Y. It is known (see. e.g. (7], [16]) that the above definition of measurability
is equivalent to the followmg property: there exists a sequence {g,} _N: gn
0.7~ A — Y of measurable selections of G such that for every (¢, 2) € [0, T] x K
Giitory = {ga(t. )}, N (the Castaing representation). We will need in the sequel

the following results. The first is a version of {17. Theorem 2].

Proposition 3.2. Suppose that the multimap G : [0,T] x K —Y with nonempty,
closed. conver values is measurable and G(t.-): K—oY s ls.c. forawa. t € [0,T].
Then there enists a Carathéodory selection of G, 1e. a map ¢ : [0.T] x K — Y
such that

(a) g(f.-} s continuous fora.a. t € [0.T] and g(-, ) 1s measurable for all x € K ;
by gltor) £ Gtz for (t.x) € [0,T] x K.
The set of all Caratheodory selections of a multimap G will be denoted by C(G).

Proposition 3.3. Let I be a nonempty, closed subset of a separable Banach
space X. Assume that the map g : [0.T] x K = X satisfies the following condi-

ttons:
(a) gtf.-)is continuous fora.a.t € [0,T] and g(-, z) 1s measurable for all r € K .
(b) git.r) € Tylz) foraa. t € [0,T} and all z € K.

Assume that at least one of the following conditions is satisfied:

(1) Jlgtt. x) <o+ jz]]) in (0.T] x K for some ¢ > 0 and lim, o+ a(g(J; . %
DY) < k(t)ya(D) for all bounded D C K and some k(-) € L, where J; . =

[t - 7.t + 71N [0.T] and a 1s the Kuratowski measure of noncompactness

(see.e.q.[9]):
(i) llg(t. o)l < 3(¢8) on [0,T) x K for some 3(-) € L} and K 15 boundedly

compact. 1.€. its intersection with every bounded subset is relatively compact.
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Then the problem r'tiy = gt rit)). foraa. t € 0.7 200 = rg & KNty €

K.t & 10.T]. has a solution for any initial value o € K

Proof. Part (i) can be directly derived from ({13}, Lemma 2). Taking mto
account that the Bouligand cone Tk and the Clarke cone ("n cotncide on sleek
sets (31 Theorem 1.1.8) we can obtain part (i1} from ({14]. Theorem 2}.

\We set now the assumptions uader which we consider problem (P1. We suppose
that the dvnamics map f : {0.7] x A x Z — X and the feedback multimap
[700.T! « K —oZ satisfv the following conditions:

(f1) the map f(-. 0.7} x A — X is measurable for every v € Z:

(fl} the map f{! [\ « Z — X is continuous for a.a. t € [0.T}:

(£3) ¢ 1emapf(tr 7 — X is affine for a.a. t € (0,7} and r € A"

(U1) the multimap [ : [0, T} x K'—oZ has convex. closed values for a.a. t € 0.7]
and r € K;

(U2) the multimap [ is measurable;

(U3) the multimap U(t, ) : K—oZ is Ls.c. for a.a. t € [0.T].

Furthermore, assume the tangency condition in the following form:

fU) for a.a. t € [0,T] and all z € K there exist ¥ > 0, 6 > 0 and r > 0 such
that for any T € K, ||T — x| < §, we have vy Bx C f(t,Z, U(t,z) N rBz) — Tx(T),
where By, Bz denote the unit balls centered at the origin in the spaces X and
Z respectively.

We can now formulate the following result.

Theorem 3.4. Let K C X be a sleck set. Then under the conditions (f1)-
(73], (U1)-(U3) and (fU) the requlation map R : [0,T] x K—oZ has the following

properties:
(i) R(t,z) has nonempty, conver. closed values for a.a. t € [0,T) and z € K
(i1} R is measurable;

(iii) the multimap R(t,): K—oZ 15 Ls.c. fora.a. t €]0,7T].

Proof. Part (i) follows from (f2), (f3), (Ul) and (fU;. To prove (i1}, let us
consider the multimap D : [0,T] x K—Z, defined by D(t,z) {u e Z

f(t,z,u) € Tr(z)} It is clear that D has nonempty, convex, doscd values.
Now for any (t,z) € [0.T} x K. let Fi.;) : X—oZ be the multimap defined
by Fur = f7'(t,z,-) and consider the multimap @ : [0,7] x K—X x Z
given by Q(t,z) = GrFuq. [f {un},eN is @ dense subset of Z, then from
(f1) ‘t follows that {qn}nEN’ where ¢, : [0,T] x K — X x Z is given by
gnl(t, z) = (f(t,z,un), un), is a Castaing representation for () and hence @) is mea-
surable. Now the multlmap D can be written as follows D(t, z) = F, ,)(Tk(x)).
Let V C Z be any open set. Following the arguments of [16] we can represent
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V' as the union of a sequence of closed sets {Hf'n}n;N. Then it is easy to verify
that the multimaps T, 0.7« KX « 7 given by T,(t 1) = Tplz) < W, are
measurable. Then

D7 ) e 0.T) « K Fy (T n v £ 0}

1

i

= U{(Z.I) €0.T]x K : Fi o (Tw(z)) 0 W, # 0}

v

Ufttz)e0.7) « i . QU )N Tt r) # 0},

n=|

It

Since ) and T, are measurable. following the lines of ([16]. Theorem IM). it can
be proved that each set of the latter union is measurable. Therefore. the mul-
nmap R = DN is measurable as the intersection of measurable multimaps {see
[16]). Finally, (iii) follows from conditions (f2), (£3), (UL). (U3). (fU) and (1],
Theorem 6.3.1).

From Theorem 3.4 and Proposition 3.2 we can derjve the following

Corollary 3.5. Under the conditions of Theorem 3.4 the regulation multimap
fi(t.z) has a Carathéodory selection u - 0.T)x K — Z.

We are now in the position to formulate the main result of this section.

Theorem 3.6. Let K C X be ¢ sleck subset. Assume that the control 5Ys-
tem (f.U7) satisfies conditions (f1)-(f3). (U1)-(U3), (fU) and at least one of the
Jollowing two conditions:

tFp) the multimap Fg - 0.7 x KX defined by Frit.r) = fltoe Rt x)) is
such that [ Fp(t 1)) = sup{llylj 1 y € Fr(t.z)} < ol + lzll) on [0.T) x K Jor
some ¢ > 0 and lim,_q+ alFr(J.. x D)) < k(t)a(D) for all bounded DC K and
some k()& [

LERKY T FR(t )l < 3(t) on 0.7 < K for some ) e Ll and K is boundedly
compact.

Then problem (P; has a solution.

Proof. Corollary 3.5 ensures the existence of a map u - 0.7 x kK — 7
such that u € C(R). Then. it follows that the map ¢ . 0.7 < K — X.

glt.r) = f{t,r ul(t 1)) satisfies all the conditions of Proposition 3.3.

4 A First Application: Extremal Solutions of
Control Systems

In this section. using Theorem 3.6 and developing some methods of K. Deimling
fsee IR]019)). we first prove a comparison result for (1)-(2). Then, by this result
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we show the existence of extremal trajectories of the control system. Let X
be a separable Banach space. Let i © X be a boundedly compact cone and
7 = R™ the space of controls. We assume that the dynamics map [ - 0.7 ~
Y x 7 — X and the feedback multimap 0, 7)< X—Z satisfy conditions (f1)-
(37, (U1)-(U3) (with K replaced by X)) and the conditions (F) the multimap
Fo0T <X —o X defined by F{t.z) = fr.r Ultox))is integrably bounded on

0.7] = X by a function 30y e Ly (fug) there exists a control map uo € C(U7)
such that F(t.r) & fit.r uolt, 7)) + K for aa. t € [0.T] and any T & X.
Noreover. we assume that f. ug and [ satisfy the following qua,si»monotonicity
condition: (Q) for a.a. t € 0.T].any y € X and any r € K there exist 7 > 0.
- > 0 and r > 0 such that for any T € K, T — zff < 7 we have vBx C
flt oy ualt-y)) = flt.y — T Uty —1)0 rBz) — Tk(Z). Now we can prove the
following comparison result.

Theorem 4.1. Under conditions (f1)-1f3), (U1)-(U3), (F), (fuo) and [Q) let
7:(0,T]— X bea solution of the problem

{ o'(t) € Flt.z{t)) + K fora.a. te (0,7} (3)
2(0) € 1o+ . (4)

Then the problem

(1) = f(t,z(t). u(t, z(t))) fora.a. t€ (0,T] (5)
u(t,z(t)) € Ult.z(t)) (6)
z(0) = zo (7)

has a solution (Z.1) such that w € C{U) andz < T (1e T(t) € z(t)+ K for any
te 0.71).

Proof. Consider the map ]? C{0.T) x K x 7 — X defined by fA(‘t.I,u‘) =
Tty — f(t.F(E) ~ z,u) and the multimap U:{0,T] x K—Z given by U(t.z) =
Ut Z(t) — 1) [t is clear that f satisfies conditions (£2), (£3). (FrK) and [
satisfies (U1) and (U3). Let us show that il satisfies condition (U2). First,
we represent any open set V C Z as a countable union of compact sets W,
n € N. Then we consider the multimaps n : [0, 7 % K —o{0,T) x X x Z given
by [a(t,z) = {(¢,Z(t) — )} x Wo. Tais continuous for any n € N (see, e.g.[5))
The graph GrlU of the multimap [/ belongs to the o-algebra A x B(X) x B(Z)
(see [T]), then the set U1 {Wa) = P21 (GrU) belongs to A x B(K) and thus
C-YV)e Ax B(K). Analogously, we can show that f satisfies property (f1).
Now, let t € (0,7}, y = #(1) and z € K. From (fuo) it follows that the equation
Tt € Ft, 7)) + K & f(t,Z(t), wg(t Z(t))) + K can be rewritten as Z'(t) =
f(t,T(t), wo(t, T(t))) + () where £ - [0,T] = K isa measurable function. Then,
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by (Q1. for any 7 € K. 12 — ol < & we have

~By C f{t.T( uslt. Tty = it T — . Uit 2t = 2y 0rBy) - Tr(T)
= f/(t)—‘ft\ ftr()ﬂrf fI\[)“I VO rBy) ~ Th(T)
= fUL.T.U(t.EYNTrBy) = ThiT)
since N ¢ Txtr). Hence for the control system f lA . conditien ({0} 1s also

satisfied. Now from Theorem 3.5 it follows that the problem

Pty = Jita(t ot z(t) it () € Ut z(t), 2(0) = F(0) — zo € K.

has a solution {r,u) such that u is Caratheodory and r is viable. Setting r =
F—1 < Tand ul{t,z) = ult.7(t) — r) we obtain the desired solution (z.u) of the
problem (3)-(7). The proof is complete.

Now we apply Theorem 4.1 to prove the existence of an extremal solution for the
problem (1)-{2}.

Theorem 4.2. Let X = R". K = R}, Z = R"™ and the control system (f. 1)
satisfies the conditions of Theorem 4.1. [n addition, let U(i,-) be u.s.c. for
a.a. t € [0,T) and the par (f,ug) satisfies the following global monotonicity
condition: fora.a. t € [0,T], any y € X and any absolutely continuous function
v [0,T] — K we have

fltoy +v(t) wolty + (1)) = fty, wolt.y)) = v'(t). (8)

Then, for a queen initial value z(0) = 1o, there exists a solution (.. u.) of prob-
lem (1)-(2) such that u. € C(U) and z. 1s minimal, t.e. . < x for any trajectory
z of problem (1)-(2) with the same tnital value.

Proof. Consider the Cauchy problem

{ 'ty € G(t.z(t)) for a.a. t € [0.T] (9)
x(

0) = o (10)

where G(t.r) = (F(t.z)+ K)N25(1)Bx = (f(t,z,ult.z)) + K)N28(t)Bx and
3(-) is the function from the condition (F). It is clear that (& has compact, convex
values and is integrably bounded. From the properties of multimaps (see. e.g.
5]} it follows that G(-.z) is measurable for every z € X and G(t,-) is u.s.c. for
a.a.t €[0.TL It is well known then that under these conditions the solution set
% of the problem (9)-(10) is nonempty and compact (see, e.g..{2].[5].[9]).

Forr.y € C{[0.T]: X ). define zAy € C{[0.T}: X)as (zAy)(t) = min{z.(t), y.(t)}.
i = 1.2.....n. If .y € ¥, then r Ay is Lipschitz, hence absolutely continu-

o

ous. Denoting v(t) = z{t) — {r A yjit) € K and using property (8) we have for
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wa. b= Ul

vt = P = S Sl i uglt ot 4+ R — i
S St oy uplt T Ay e+ =
= Fltar gty + AL

[0 casy to see that Dir A gyl < 23(¢8) for aa. t € [0.T], hence 1 Ay € ¥.
Now. et ’n}_v\ be a dense subset of £. Defining r; = a; and 7,4, = 2, A 0.4,
we obtain a decreasing sequence {r.} _n C I converging to a minimal element
Ty S S.since Iy, is a solution of the problem z'(t) € F(t, r(t))+ K, z(0) =
rg. The application of Theorem 4.1 yvields the existence of a solution {z,u) of the
problem (1)-(2} with z(0) = zo, u € C(U) and such that z < r,,,,,. But since
r € Y then 1. = I = T ,p;p, 4. = & 1s the desired solution.

5 A Second Application: Viable Periodic and
Stationary Solutions of Control Systems

In this section we assume the following condition (K) K is a compact proximate
retract in an Hilbert space X. For the control system (f,U), f : [0, T} x K x Z —
X.U7:[0.T) x KN—Z. where Z is a separable Banach space where the controls u
take their values. consider the following periodic problem

'(t) = f(t, z(t), ult.z(t))) for a.a. t € [0, T} (11)
ue C(LH) (12)
z(t)ye K tel0.7] (13)
z(0) = z(T). (14)

To analyze this problem we need some additional definitions and results.

Definition 5.1. (see, e.g. [6]) A metric space M is an ANR-space (absolute
neighbourhood retract) if there exists an open set V of a normed space F and
continuous maps p: V — M, s : M — V such that pos = tdy. If we can take
V' = F in this definition, M is called an AR-space (absolute retract).

[t is clear that every proximate retract is an ANR-space.

Definition 5.2. If M i1s a compact ANR-space, then its Euler characteristic
(M) may be defined as the Lefschetz number A{zdar) of the identity map tdp.
Let { H, }n>o be the Cech homology functor with compact carriers and coefficients

in the field of rational numbers Q (see, e.g.[10]).
Definition 5.3. A nonempty, compact space A is said to be acycle, provided
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HotA) = Q and H, (4} = 0 for everv n > 0.

If M isan acvelic ANR-space (in particular, a compact AR-space), theny( M) = 1.
Definition 5.4. Let P. ) be metric spaces. An u.s.c. multimap [' @ P—o() is
said to be acyclic if its values T(z}. £ € P are acvclic sets. We will say that
a multimap [ P—oQ is quasiacyclic provided there exist a metric space S, an
acyclic multimap I : P—S and a continuous map ¢ : S — @ such that I' = go[".
We will use here the following special case of the Lefschetz-Eilenberg-Montgomery
fixed point theorem (cf. [10}]).

Theorem 5.5. Let M be a compact ANR-space with x(M) # 0 and I' : M x
[0.1)—oM a quasiacyclic multimap. If ['(-.0) = 1dy, then F{,1): M—oM has a
fized point, 1e. r € ['(z.1).

Now. let us return to the viable periodic problem (11)-(14). We need the following
Lemma 5.6. Let K be a compact prorimate retract in the Hilbert space X.
Assume that the map ¢ : [0,T] x K — X satisfies the following conditions:

(a) g(t,-) is continuous fora.a.t € [0,T] and g(-, z) 1s measurable for allz € K;
(b) g is integrably bounded;
(c) g(t,z) € Tk(z) fora.a. t€[0,T] and allz € K.

Then the solution map £ : K—oC({0,T]; K) defined as

S(z) = {y : y is a viable solution of v = g(t,y(t)) with the initial condition
y(0) = z }, 1s an acyclic multimap.

Proof. Let U be an open neighbourhood of K in X for which there exists a
metric retraction p : Y — K. Let n: X — [0,1] be an Urysohn function such
that nly = 1 and plxw = 0. Define a map g : [0.T} x X — X by

n(z)glt,p(z)) if (t,2)€(0.T] xU
{0} if (¢,2) € [0,T] x (X \U).

glt,z) =

It is easy to see that g is the extension of g on [0,T} x X satisfying conditions
(a)-(c). From ({1}, Theorem 5.2.1) it follows that every solution of the problem
y'(t) = g(t,y(t)), y(0) = z € K, is viable. Therefore, for £ € K, the solution
sets £,(z) and E;(z) coincide. But from [19] it follows that every ¥5(z) is an
R;-set and hence, acyclic, and from [18] we know that the solution multimap >
is u.s.c., which proves the lemma.

We can now prove the following periodicity result.

Theorem 5.7. Assume :c(k\ # 0, and that the conditions (K), (f1)-(f3), (U1)-
(U3), (fU) and (FRK) ar€ satisfied. Then for every closed-loop controlu € C(R)
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the periodic problem (11)-714) has a solution.

Proof. From Lemma 5.6 it follows that for every closed-loop control u e CLR).
the initial problem r'it) = f(t. ri¢). utt.o(t)}), foraa. t € 10, Tloult. rit)) e
Lt i)y 210 = r € K. defines an acvclic solution maultimap £ A —C({0.T]: K.
Consider now the evaluation map e CHO.TER) < [0.1] — K defined as follows
fiytdopt = yipT') It is clear that a multimap [ @ A « (0.1]—0/" defined by
iz p) = a1 ¥iz) p)is quasiacyelic, I'(- M) =1dy and I'(z,1) = Priz)={y(Ty:
y & X(zri} is the translation operator along the trajectories of the control SVS-
tem (f. [}, corresponding to a chosen closed-loop control.

From Theorem 5.5 it follows that a multimap Pr has at least a fixed point r,

which represents the initial value of the periodic problem (11)-(14).

Corollary 5.8. If the control system (f.U) 1s autonomous, i.e. flt.zou) =
flrouwy, Ut z) = Uz), then for every closed-loop control u(-) there erists a sta-
tionary trajectory x(t) = 1. € K.

Proof. From Theorem 5.7 it follows that for every n € N there exists a trajec-
tory r,(-) of the control system (f, 1) corresponding to a’closed-loop control v
and such that z,(0) = z, (%) = =7z, <(”'nl T> = zo(7'). The limit point z,

ol a sequence {I"}neN 1s the desired stationary trajectory.

References
{1} J.P. Aubin.* Viability Theory”, Birkhauser-Verlag, Berlin. 1991 .

[2] J.P. Aubin and A. Cellina,* Differential Inclusions, Set-Valued Maps and
Viability Theory™. Springer-Verlag, Berlin, 1984.

(3] J.P. Aubin and H. Frankowska.” Set-Valued Analysis”, Birkhauser-Verlag,
Berlin, 1990.

4] R. Bielawski, L. Gérniewicz and L. Plaskacz, “ Topological Approach to
Differential Inclusions on Closed Subsets of R™”. Dynamics Reported (N.S.),
1(1992), 225-250.

[5] Yu.G. Borisovich, B.D. Gelman, A.D. Myshkis and V.V. Obukhovski * In-
troduction to the Theory of Multivalued Mappings”. Voronezh Gos. Univ.,
Voronezh, 1986 (in Russian).

(6] K. Borsuk,” Theory of Retracts”. Monogr. Math. 44, P. W. N Warszawa,
1967.



¥
37N PONISTRID V. OBUKHOVSKIT AND P ZECOA

SO Castaing and M. Valadier.” Convex Analysis and Measurable Multifune.
tons”. Lecture Notes in Math.. 580, Springer-Verlag, Berlin, 1977

g

N K Detmling. Extremal solutions of multivalued differential cquations [ Re.
silts in Math.. Na. 314, 13019395, 197-201.

9" K. Deimling.” Multivalued Different;al Equations™ Walter Jo Gruvter.
Berlin. N. Y., 1992,

101 L. Gérniewicz. Homological methods in fixed point theory of multivalued
mappings. Dissertationes Math.. 12901976}, 1-71.

11} L. Gorniewicz. P. Nistri and P. Zecca. Control problems in closed subsets of
R" via feedback controls. TMNA. 201993, 163-17%.

{121 MW, Hirsch.” Differential Topology™, Springer-Verlag, Berlin. 1976

[13] S. Hu. V. Lakshmikantham and \ Papageorgiou. Extremal solutions of func-
tional differential inclusions. J. Math. Anal. and Appls.. 173(1993). 130-135

[I4] Z. Kannai and P. Tallos. Viable trajectories of nonconvex differential inclu-
sions. Nonlinear Anal. T.M A 18(1992). 295-306.

(L5] S. Plaskacz. Periodic solutions of differential inclusions on compact subsets
of R". J. Math. Anal. and Appls.. 148(1990). 202-212.

{f6} R.T. Rockafellar, Integral Functional Normal Integrands and Measurable
Selections. in Nonlinear Operators and Calculus of Variations. Lecture Notes
in Math.. 543. Springer-Verlag. Berlin. 1976, pp. 157-207.

7] L. Rybinski. On Carathéodory type selections. Fund. Math., 125(1985). |87

193.

cr

AA. Tolstonogov.” Differential Inclusions in a Banach Space”. Nauka.
Novosibirsk, 1986 (in Russian).

0]

[19] Ya.l. Umanskii. One property of the set of solutions of differential inclusions
in a Banach space. Differential Equations, 28(1992), 1091-1096.

Paolo Nistri and Pietro Zecca: Unjversita di Firenze, Via di S. Marta 3,
50139 Firenze, Italy. PNISTRI @ INGFIL.ING.UNIFLIT & PZECCA @ ING-
FITLING.UNIFLIT.

Valeri Obukhovskii: Voronezh State Pedagogical University. 394043 Voronezh,
Russia. VALERI @ VSPU.AC.RL.



