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0. INTRODUCTION 

One important problem in the mechanics of continua is the stability of a deformable solid body. 
This problem may be formulated as following: to find restrictions on external forces which 
guarantee that small perturbations of load cause small perturbations of stress-strain in the 
body. 

The stability of a deformable body is a nonlinear problem due to the geometrical nonlinearity 
of dynamic equations and the physical nonlinearity of material properties [l-3]. 

There are two fundamental approaches to the study of the stability of deformable bodies. The 
first approach may be called “bifurcation”. It is used for quasistatic loading processes when the 
forces of inertia are neglected. Through this approach, the state of the body is stable if this state 
minimizes the Helmholtz free energy of the system. Analysis of stability consists of the evaluation 
of the second variation of free energy, and testing conditions on external forces which ensure this 
functional is positive definite. Some conditions of stability were formulated using the method 
in [l , 41. Note that the bifurcation approach can be applied to viscoelastic bodies only because 
of the definition of specific free energy for viscoelastic or viscoelastoplastic materials. 

The second approach may be applicable to quasistatic and dynamic processes of loading. It 
consists of the linearization of the equations of movement and constitutive equations, and the 
direct analysis of the perturbation equations using, e.g. techniques of integral estimates. 
Linearization in the nonlinear theory of elasticity was developed in [l], whilst the method of 
integral estimates for determination of critical loads was considered in [4]. 

Applications of these methods to real engineering problems meet great difficulties because of 
the variety of types of loading and material properties at finite strains. Hence, we need to 
introduce some assumptions which simplify the problem of stability. 

In this paper our interest is focused on the analysis of the stability of nonhomogeneous aging 
viscoelastic bodies. The model for such materials was formulated in [5] for infinitesimal strains 
and in [5-71 for the case of finite strains. 

Aging of materials means that the mechanical properties depend on time because of physical 
or chemical transformations. 

1. STATEMENT OF THE PROBLEM 

Let us consider a viscoelastic body, which in natural configuration [2] occupies a star domain 
0 with connected Lipschitz boundary I. Introduce the coordinate system r = (&) in the 

1361 



1362 A. D. DROZDOV et 01. 

domain C-2. At time t = 0 the body forces F(t, <) and the boundary forces& r) are applied to 
the body. Here F and fare column vectors. Suppose that the displacement of the domain 0 as 
a rigid body under external forces vanishes. The functions F(t, <) and f(t, <) are quadratic 
integrable at the domain 0 and its boundary for fixed t 1 0 

IW)12 = s F’(t, Mt, ~3 dv c 00, 
n 

IfWl2 = s r f’(t, Tlf(t, 0 d.9 < 00. 

Here and below dv is the element of volume of the domain Q, and d.r is the element of area of 
the surface r, whilst the prime denotes transposition. 

Assume that for any r there exist the derivatives @= 8FKU and$ = 8f/c3t and the functions 
&t, r), &t, <) are quadratic integrable in r for any t 1 0. Suppose that the functions 
IF(t Ill, If(t If(t)1 are bounded and integrable in t. Denote 

IlFII = wIF(t)l + s OD Ir’(t>l dt, 
t 0 

llfll = sy-df(t)l + s 1 IhI dt. 

Represent the functions F, f in the form 

F = F,& 0 + AF(t, 0, f = fo& 0 + Aft4 0, 

where (F,, fo) is the basic load and (AF, Af) is its perturbation. 
For the estimation of the nonperturbed stress state suppose that 

lk,llr = llFoll + supl&(t)l c 00, IlfOlll = llfoll + suPlfo(ol < a* r t 

Denote by u(t, r) the displacement vector, by c(t, r) the strain tensor and by a(t, cf) the stress 
tensor. Let 

u = u. + Au, E = e. + AC, o = a0 + Ao, 

where uo, so, o, are displacement, strain and stress caused by the basic load and Au, Ahe, Ao 
are perturbations of the corresponding quantities. 

Definition. The viscoelastic body is “stable” if for any 6, > 0 there exists such 6, > 0 that the 
inequality 11~~11 + IlAf 11 < a2 yields the estimate [Au(t)1 < aI, (t 2 0). 

The aim of this paper is to determine the conditions required for the stability of a viscoelastic 
body. 
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2. CONSTITUTIVE LAWS 

Denote by X(r) < 0 the moment of creation of the material element in the neighbourhood 
of the point <. The function X(r) is bounded and piece-wise continuous. The constitutive 
equations of a nonhomogeneous aging viscoelastic material with elastic volume deformation, 
may be written in the form [5, 71 

a(t) = 3KE(f), s(t) = 2G ‘aQ ,%(t - ‘X, r -tX)e(r)dr 
I 

, 
(2.1) 

i? = tr 0, E = trs, s = d - W3, e = E - EZ/3. 

Here K is volume modulus of elasticity (constant), G is shift modulus (constant), Q(t, 7) is a 
measure of shift relaxation, Z is unit tensor, tr is the first invariant of tensor. For simplicity we 
omit argument [. 

Consider only materials with a regular relaxation measure, where the function Q(t, r) is twice 
continuously differentiable in its arguments. According to (2.1) we may choose the relaxation 
measure in such a way that for any t 1 0 

Q(t, f) = 0. (2.2) 

The restrictions on the creep measure of aging viscoelastic material were formulated in [5]. 
Here we formulate the similar restrictions on the relaxation measure and give its interpretation. 

Denote by Sij, eii the components of the tensors s, e in the initial configuration. Consider the 
deformation processes 

&“‘(t , to) = 0 , (t 10); et’@, to) = 0, (0 I t I to); e#‘(t, to) = ed, (t > to) 
(2.3) 

and 
&@‘(t 9 to) = 0 , eg’(t, to) = es&t - to), (2.4) 

where t,, is a fixed time, ei > 0 are constant and (r(t) is the Dirac function. 
From (2.1), (2.2) it follows that the components of the stress tensor deviator and its time 

derivatives are equal to 
s!!‘(t to) = S.o’(& to) = 0 u ’ lJ 9 (0 I t < to); 

sf)(t, to) = 2G[l + Q(t - X, to - ‘X)]eE, (2.5) 

@(t, to) = 2G aQ(t - EC, to - X)/at et, (t > to); 
and 

sqt to) = iqt, to) = 0 
lJ ’ II , (0 I t < to); 

@(t, t,,) = -2G aQ(t - X, t,, - x)/a7 ez, 

$f’(t, to) = -2G a2Q(t - 3c, t,, - X)/at at ei, (t > to). 

Suppose that 
aQ(t,r)/at I 0, (0 I 5 I t). 

(2.6) 

(2.7) 
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By virtue of (2.5) the condition (2.7) means that after loading according to the program (2.3), 
the stresses do not increase in time. 

Now assume that 

t$(f - 92, 7 - 92) 2 $(f, 7), (0 I 7 5 t). 

Equations (2.9, (2.7), (2.8) imply that the rate of relaxation decreases as the age of the 
sample increases. 

From (2.2) and (2.7) it follows that Q(t, 7) I 0 at 0 I 7 I t. Assume that the condition of 
limit creep holds [5]. According to this condition the stresses in the sample tend to the fix limit 
positive values independent of the loading time to as t + 00. Hence there exists such a constant 
Q0 E (0, 1) that 

-Qo = QV, 7) 5 0, (0 I 7 I t); 

-Q. = li? QU, 7), (t + a,7 1 0). 
(2.9) 

Suppose that 

aQ(t, 7)/87 r 0, (0 I 7 5 t). (2.10) 

By virtue of (2.9, (2.10) at t, > to the inequality sf’(t, tJ 2 sf’(t, to) holds. The condition 
(2.10) means that the stresses in the sample decrease as the loading time increases because the 
relaxation process has no time to be observed. 

‘Let us assume that 

fg(f - 3c, 7 - X) 5 $(f, 7), (0 I 7 5 t). (2.11) 

From (2.6), (2. lo), (2.11) it follows that increasing the material age at the loading moment 
causes a decrease of the absolute stress value. 

Suppose that 

Z(f, 7) 5 0 (0 I 7 It). 

From (2.6), (2.10), (2.12) it follows that under the deformation program (2.4) the absolute 
value of the stresses decreases in time. 

Note that adiabatic loading process conditions (2.7), (2.12) guarantee that the second law of 
thermodynamics for a viscoelastic body will be valid. These conditions for the difference 
relaxation kernels were formulated in [8]. 

Finally, we suppose that there exists a constant a > 0 such that 

sup[-aQ(t, r)/dt] I a, 
f.7 

(0 I 7 I t). (2.13) 

Relationships (2.5), (2.7), (2.12), (2.13) imply that the rate of stress relaxation in the sample 
is limited under the deformation program (2.3). 

3. DETERMINATION OF THE UNPERTURBED STATE 

Suppose that the basic load (F,,f,) changes in time slowly and we may neglect the forces of 
inertia in the analysis of the unperturbed stress state. Furthermore, we assume that under the 
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action of load (F, , fo) the incremental strains are realized in the body. In this case, tensor co is 
connected with displacement vector u. by the relation 

&g(t) = [Vu,(t) + Vu#)]M, (3.1) 
where V is gradient operator. 

Write the equilibrium equation 

div so(t) + F,(t) = 0. (3.2) 

The boundary conditions for the stresses may be written as 

HOW = .mh (< E n 
where n is the unit outward normal vector to the surface I. 

Equations (2. I), (3.1)-(3.3) determine the unperturbed 
viscoelastic body. 

(3.3) 

stress-strain state in an aging 

4. THE ENERGY ESTIMATES 

Multiply the equality (3.2) by uo(t) and integrate over the domain Sz. From the received 
identity, Stoke’s formula and (3.1), (3.3) we find 

s [@o(t)Eo(t) + s,(t): co(t)] du = &WuoW b, 
0 s 

Fd(t)u,(t) dv + (4.1) 
n s r 

where so: e, is a convolution of tensors. 
According to (2.1), (4.1) we get 

J;(t) = 2G ‘aQ 
,g - Tc, T - We,(z) dr 1 dv + A,(t) + B,(t), (4.2) 

where 

J;(t) = 
s 

[K&t) + 2Ge,(t): co(t)] dv, 
n 

A,(t) = s GWoW du, BOW = fiw~ou) d.!J. 
n s r 

Estimate the term in the right-hand part of (4.2) with the aid of (2.11) and the Cauchy 
inequality 

/zGineo(t):[ S:~(t-EC.r-S)eo(r)dr]dul 5 Jo(t)~$f(t,r)Jo(r)dq 

l/2 

(43) . 
IAoWl 5 IFoWl lu,Wl, IBoWl 5 I.M)l ~im~,W ds 1 * r 

For any function uo(t, r), which satisfies the condition of nondisplacement of the domain hz 
as a rigid body, there is a constant c1 > 0 such that [4] 

luo@)12 5 c;JiW, (4.4) 
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and a constant C, > 0 such that [4, 91 

s 
u#)u&) d.s I &I&). 

r 
From (4.2)-(4.5) we get 

Jo(t) 5 s 'aQ oz(ts @JoW~T + &Wl + &XOl. 

Let J,,,(t) = sup, Jo(t), (0 I T I t). By virtue of (2.2), (4.6) we obtain 

11 + Q<t, WJodt) 5 c#oll + dfoll. 
This inequality and (2.9) yield 

s;p Jo(t) 5 (c,IIFoll + c,k,ll)(l - Qd-‘. 

(4.5) 

(4.6) 

(4.7) 

According to (2.1) we get 

c&t) = 
s 

a,-,(t): q,(t) do 
n 

co(t): co(t) - 2e,,(t): ‘8Q o z (t - ‘X, 7 - ‘X)e,(t) dr 

+ t 'aQ ss -(t - EC, 51 - 3C)g(t - X, t2 - X)e,(r,): eo(T2) dr, dr, 
o oat, dv. 

2 

From (2.2), (2.9), (2.11) and the Cauchy inequality it follows that 

s ‘aQ [S 'aQ I 
2 

a: I max(3K, 2G)Jt(t) + 4G -(t, @Jo(t dr + 2G 
o 87 

o at (t, 5) JoW dr 

I [max(3K, 2G) + 4GQo + 2G@o] sup J:(t). 
t 

Denote 

W) = ho(t), %(f) = so(t), or(t) = ir,V), 

El(t) = 4(t), al(t) = ko(t), e,(t) = i,(t), s1(t) = So(t). 

According to (2. l), (3.1)-(3.3) we obtain 

(4.8) 

al(t) = 3m,(t), 

sl(t) = 2G ‘aQ 
,x(t - ‘32, T - X)e,(t) dr + z(t - X, -X)e,(O) 1 (4.9 

; 

El(t) = [Vu,(t) + Vu;(t)]/2; 

diva,(t) + PO(t) = 0; 

o,(t)n = &t>, (r E 0 

(4.10) 

(4.11) 

(4.12) 
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Multiply (4.11) by ui(t) and integrate it at the domain 0. Using Stoke’s formula and (4. lo), 
(4.12) we get 

s %dWl(t) + W): edt)l du = A,(t) + B,(t), (4.13) 
n 

where 

A,(t) = 
s 

&(t)ui(t) do, B,(t) = fxt)%(t) ds. 
n s r 

In accordance with (4.9), (4.13) we find 

J;(t) = -2G (t - X, -X)e,(O) + 
s 

‘aQ 
oat (t - ‘X, t - X)e,(r) dr 

I 
: cl(t) du 

where 
+ A,(t) + MO, (4.14) 

J;(t) = 
s 

[KC;(t) + 2Ge,(t): e,(t)] dv. 
n 

Now estimate the expression in the right-hand part of (4.14) using (2.7), (2.8) and the Cauchy 
inequality 

(t - 3c, -X)e,(O) + 
s 

‘aQ oat (t - ‘X, T - ‘X)e,(r) dt 
I I 

: cl(t) du 

s 

‘aQ oat (t, r)Jh) ds 
I 

Jdt), (4.15) 

Relationships (4.4), (4.5), (4.14) and (4.15) yield 

Jdt) I -z (t, O)J,(O) - 
s 

‘aQ 
-$t, T)J,(@dr + c#o(t)l + c, Ijo<t)l. (4.16) 

Integrate inequality (4.16) by t from zero to infinity. With the aid of (2.2), (2.9) we have 

s m aa 

J,(t) dt 5 Qo Jo(O) - 
0 I s J,(r) dr 

0 
; $f (t, d dt + ~1 IlFoll + czllfo11 

From this inequality it follows that 

s O” Jdt) dt 5 [QoJo(O) + clllFoll + c21)foll](1 - Qo)-‘. 
0 

(4.17) 
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Using (2.7), (2.12), (2.13) and (4.16) we get 

Ji(t) 5 a[ Jr,(O) + i;Jr(r)dr] + cillFolli + czllfollr. 

Using (2.8), (4.9) and the Cauchy inequality, we find 

(4.18) 

s 2 

ay:(t) = al(t): al(t) dv I 3KJ;(t) + 2G ‘aQ 
. 

n 
oat (6 7)4(7) d7 - tjf (6 W,(O) 1 

This relation and (2.7) imply 

‘aQ 
oat (t, 7)4(7) d7 - $f (6 W,(O) 1 , (4.19) 

where c$ = 3K + 2G. Integrating (4.19) from zero to infinity and using (2.2), (2.9), we find 

1 . (4.20) 

From (2.7), (2.12), 

(4.21) 

By virtue of (4.7), (4.8), (4.20), (4.21) it follows that there exists a constant c > 0 such that 

sup oo(f) 5 4llFolll + llfoll1h 
t 

s;por(t) 5 mill1 + IIfoll1h 

s 
moi(t) dt 5 c(llFollr + llfollr). 

(4.22) 

0 

5. STABILITY OF VISCOELASTIC BODY UNDER DYNAMIC PERTURBATIONS 

Suppose that the forces AF, Af depend on time. Then at the investigation of perturbed state 
we need to take inertia forces into consideration. Write equations of the body element 
movement and boundary conditions in terms of stress, neglecting the second order terms. 
According to [2] we get 

p Aii(t) = div[Aa(t) + co(t) VAu(t)] + O(t); (5.1) 

[Au(t) + @o(t) ~~WYl~ = 4fW, (5.2) 
where p is the density of the material. 

Perturbation of the stress tensor Aa is connected with perturbation of the strain tensor by 
the constitutive laws 

AB(t) = 3K A.?(t), 

As(t) = 2G ‘8Q ,z(t - ‘X,7 - ‘X)Ae(r)dr 1 . 
(5.3) 
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Perturbation of the strain tensor As(t) may be expressed by the formula 

A&(t) = [VAu(t) + VAu’(t)]/2. (5.4) 

Equations (5.1)-(5.4) with the initial data 

Au(O) = 0, Az.i(O) = 0 (5.5) 

determine the perturbed stress-strain state in a nonhomogeneous aging viscoelastic body. For 
the analysis of stability we use the modified second Liapunov method (e.g. [lo]). 

Introduce the functional 

E(t) = Air'(t) Azi(t) + :K AZ2(t) + G (1 + Q(t - ‘X, -3c)) Ae(t): Ae(t) 

+ ‘aQ 
oat (t - ‘X, r - X)(Ae(t) - Ae(r)): (Ae(t) - he(r)) dr dv. 

From this formula and (2.9) it follows that 

E(t) 2 J(t) = s [*KAE2(t) + G(l - QO) be(t): Ae(t)] du. 
n 

(5.6) 

Calculate the derivative of the functional E(t) 

‘aQ 
ox (t - X, r - X) Ae(r) dr dv + R(t), (5.7) 

where 

R(t) = G 
S[ 

n f$ (t - X, -CC) Ae(t): Ae(t) 

+ s t a2Q 
o ataT (t - xc, t - WAe(t) - Ae(r)): (Ae(t) 

From (2.7), (2.12) we get 

R(t) I 0. 

Transform expression (5.7), using (5.1)-(5.4) 

r r 

he(r)) dr 1 du. 

(5.8) 

i(t) = J M’(t) Air(t) dv + 
! 

Af’(t) Ari(t) dr; + Z?(t) - 
n r J 

tr[(VAic(t))‘o,(t) VAu(t)] dv. 
n 

It is clear that 

s tr[(VAzi(t))‘o,(t) VAu(t)] dv = -B,,(t) - Q(t), 
0 
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D,(t) = -3 s tr[VAu’(t)o&) VAu(t)] dv, 
n 

Q(t) = 3 tr[VAu’(t)ir,(t) VAu(t)] dv. 

Hence 

E(t) = B,(t) + D#) + 
s 

AF’(t) AC(t) du + 
s 

A/‘(t) Ati ds + R(t). (5.9) 
n r 

Integrate this equality from zero to t. With the aid of (5.5), (5.8) we obtain 

s t E(t) I D,(t) + Q(t) dt + A(t) + B(t), (5.10) 
0 

where 

S[ s t A(t) = AF’(t) Au(t) - AI+‘(r) Au(r) dr du, 
n 0 1 

t 
B(t) = S[ A_f’(t) Au(t) - s Aj’(r) Au(r) dr ds. 

r 0 1 
Denote by 7.l. the set of continuously differentiable in Q displacement fields w(r), which 

satisfy the condition of lack of the displacement of the domain C2 as a rigid body. For any 
w E U denote the corresponding incremental strain field by E,. Let 

Ew = tre,, e, = E, - &I/3. 

Denote by A,(t), h,(t) the values 

n,(t) = sup 
IS 

tr(Vw’o,(t) VW) du 
w 0 

I 
-1 

X [KC: + 2G(l + Q(t - 32, -X))e,: e,] dv , 
n 

n,(t) = sup 
IS 

tr(Vw’ir,(t) VW) dv 
w n 

(5.11) 

1 
-1 

X [KC; + 2G(l + Q(t - 92, -X))e,: e,] dv . 
n 

From (5.11) it follows that 

IDo(Ol 5 ~o(O~(O, lDl(Ol 5 MOE(t). (5.12) 

According to (4.4), (4.5) and (5.6) we get 

s 
Au’(t) Au(t) dv I c;c:E(t), 

s 
Au’(t) Au(t) ds 5 #E(t), (5.13) 

n r 
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where ci = 2(1 - QO)-‘. Estimate A(t), B(t) using the Cauchy inequality and (5.13), 

IN)l ‘= c,c‘JlWIW2(0, IN)] 5 c2c411Af11E;‘2W9 (5.14) 

where E,(t) = sup&r), (0 I T I t). 

Inequalities (5.10), (5.12), (5.14) imply 

E(t) I &(t),?(t) + 
s 

’ A,(r)E(r) dr + c,E:‘~(~)(c,IIAFII + c21hf11). (5.15) 
0 

THEOREM 1. Suppose that 

s:p[n,(t)+ i:li(r)dr] s/Y< 1, (tz0). 

Then the viscoelastic body is stable. 

(5.16) 

Proof. According to (5.15), (5.16) we have 

E(t) 5 BW) + c,~:‘2(0(c,l]@‘ll + czk’11). 

This inequality yields 

J%‘~V) 5 c&,I]@II + c2b.f11)(l - BY’. 

The theorem assertion follows from (5.13), (5.17). 

(5.17) 

Remark. Suppose that the basic load does not depend on time and the corresponding principle 
[5] holds. Then the stress tensor o. is also independent of time and n,(t) = 0. By virtue of (2.9), 
(5.11) the stability condition (5.16) may be written in the following form 

-1 
sup 

1.r 
tr(Vw’a, VW) dv 

IIS 
[K.$ + 2G(l - Qo)e,,.: e,] du 

1 
IS< 1. (5.18) 

W n n 

Inequality (5.18) coincides with the condition of stability of a nonhomogeneous aging 
viscoelastic body under quasistatic loading [ 111. 

For nonstationary external forces the stress a0 depends on the material age ‘X(r) and we 
cannot apply the limit moduli theory for the determination of the critical loads [6]. In this case 
the condition of the theorem 1 is not sufficient. However, one can prove the stronger assertion, 
in which the sufficient conditions of stability are close to necessary ones. 

THEOREM 2. Suppose that 

and 
s 

m 
A= n,(t) dt < 00 

0 

(5.19) 

sup&(t) I p < 1. (5.20) 

Then the viscoelastic body is stable. 
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Proof. Fix arbitrary positive value y E (0, (1 - /?)/2). From (5.19) it follows that there exists 
such tr(v) that 

s 

OD 
L,(t) dt < y. (5.21) 

t1 

Choose arbitrary time t > tl . Integrating (5.9) from tl to t and using (5.8) we get 

s 

t 
Jw) - WI) 5 al(t) - &&) + Q(r) dr + A,(t) + MO, (5.22) 

t1 
where 

t 
h(t) = M’(t) Au(t) - AF’(tl) Au@,) - 

s 
G’(r) Au(r) dr dv, 

fl 1 
s t B,(t) = Af'(t) Au(t) - Af'(tJ Au@,) - AjQ) Au(r) dr ds. 

t1 1 
Reinforce inequality (5.22) by the aid of (5.12) 

This relation and (5.20) imply 

s t (1 - b)&t) 5 (1 + /%%) + E,(t) &(r)dr + IA2(t)( + IB2(t)l, (5.23) 
t1 

where E,(t) = supE(r), (tl I T I t). 

Equations (5.;4), (5.23) yield 

where c, = 2c,. 
Transform this inequality using (5.21) 

(1 - B - Wz(t) 5 (1 + B)&tr) + c,(c,II~lI + czllAfll)&‘2(0. 

From (5.24) it follows that 

(5.24) 

%2(t) 5 c,(crll~II + c21hf1bW - B - I’))-’ 

+ WS(CI~J’II + c2114f11M1 - B - I’))-‘I2 + (1 + Ml - B - v)-1Wd1’2. 
(5.25) 

The restriction on the value y implies (1 - j3 - y)-’ c 2(1 - /I)-‘. Rewriting estimate (5.25) 
we find 

E:“(t) = c,(c,II~II + czllAJll)(l - 8)-’ 

+ Ucs(crII~ll + czllAfll)(l - /W112 + 2(1 + 8X1 - /W’Wd”2. 
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From this relation and the Cauchy inequality we obtain 

E,(t) = 4l]cs(c,11~11 + c,]]Afl])(l - 8)-‘I’ + (1 + 8X1 - /W’J%N. (5.26) 

For the estimation of E(t,) we use formula (5.15), which is valid on interval [0, ti]. According 
to (5.20), we get 

E(t) 5 BW) + 
s 
’ W)W)dr + c,(c,l]AFlI + c&-~~)&~‘~(M. 

0 

This inequality implies 

CF t 
E(t) I U7)H7)d7 + c,(c,I\~Ii + c2bfll)E:‘2(fJ 1 (1 - 8)-‘. 

LJo 

According to Bellman’s inequality 

E(t) I &E:/2(t,)(c~II~II 

5 &j E:‘2(t&c1 lbf’ll 

From this relation and (5.19) we get 

The assertion of theorem 2 follows from (5.13), (5.26) and (5.27). 
According to (5.18) and theorem 2, if inequality (5.19) holds, then sufficient conditions of 

stability of the body at quasistatic and dynamic approach coincide. In the common case we 
cannot prove that the coefficient A is limited. However, for thin-walled elements of 
constructions one can prove the corresponding estimate. Here we obtain such an estimate for 
the problem of stability of a viscoelastic plate. 

6. STABILITY OF A NONHOMOGENEOUS AGING VISCOELASTIC PLATE 

Consider viscoelastic plate of constant thickness h. Introduce Cartesian coordinate 
system x = (xi), whose axes x1 and x2 lie in the middle plane and axis x, is perpendicular to the 
middle plane of the plate in its undeformed state. The plate occupies the domain 
0 = 8, x [-h/2, h/2], where Q. is the domain on the plate (x1, x2) with Lipschitz boundary 
r 0. 

Suppose that the moment of creation of material elements ‘X does not depend on x, and 
under the action of the load (F,,f,) the generated plane stress state is realized in the plate 

OOij = aOij(t* Xl 9 x2)9 (i,J- = 1,219 

0013 = 0023 = 0033 = 0. 

For a thin plate we have h/r 4 1 where r is a characteristic dimension of the domain no. 
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According to [13] the admissible displacement fields W(X) may be written in the following 
form 

Wl = -X,Y, 19 % = -x3y,,, w3 = Y, (6.1) 

where y(xt , x2) is the deflection of the plate, Y,i = aY/aXi. 
For simplicity we assume that the boundary of the plate is stringently fixed 

Y = 0, Y,l = Y,, = 0, (x1,x2) E ro. (6.2) 

Neglecting the terms of the higher order by h/r we find with the help of (5.1 l), (6.1), (6.2) 

where 

no(o = sup WWW), W) = sup M*(WN(t), (6.3) 
Y Y 

M,(l) = h s no(%llYTl + 2~012Y,lY,2 + ao22Y:2) cl% h2l 

M,(f) = h s no(~ollYfi + 2&012Y,IY,2 + ~022Yf2) % du,, 

(6.4) 

N(f) = ; s [ K(Y,,, 
fl0 

+ ~,22)~ + ?(I + QU - X, -‘W) 

X (y?ll + y,i2 - y,lly,22 + 3~:12) 
I 

kl dr,. 

From (2.9) and (6.4) it follows that 

N(t) 2 $min[SK, 2G(l - Qo)] 
s 

(Y:I, + 2Y52 + YF22) kl dw, * 
00 

Estimate M,(t), M,(t) using the Cauchy inequality 

l/2 l/2 

MO(t) 5 h [&I(0 + 2&2(0 + d22Wl &I dx, 
n0 I [S no (Yfi + 2Y?rY?2 + YP2) % du, 

I 

l/2 
= ,,I/2 

[s 
a,(t): so(t) dv 1 Y = h1’2ao(t)Y, 

n 

(s 

l/2 

Ml(t) 5 h no K~oll(o)2 + 2(~o12(0)2 + (~022W21 &I b2 

I 

l/2 
X (Yfl + 2YflYf2 + Yfi) bl h2 

QO 

(6.6) 

= h l/2 [S 
l/2 

ire(t): iio(t) do 1 Y = h1’2al(t)Y, 
n 



where 
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y2 = 
s 

(Yf, + 2Y?lY?2 + Yf2) &I h2. 
00 
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By virtue of [9] there exists a constant c, > 0 such that for any function y(x, ,x2), which 
satisfies to the boundary conditions (6.2) we get 

According to this inequality and (4.22), (6.3), (6.5), (6.6) there exists such a constant c7 > 0 
that 

&I(0 5 c,(llFoII1 + IMI A A= 
s co W) dt 5 c,(llE,ll, + llr,ll,). (6.7) 

0 

From (6.7) and theorem 2 it follows that inequality (5.20) is a sufficient condition of the 
dynamic stability of the viscoelastic plate. This condition coincides with the stability condition 
of viscoelastic plate under quasistatic loading, which has been obtained in [12]. 
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