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Optimal Feedback Control
for a Semilinear Evolution Equation'

M. 1. KAMENSKIL? P. NISTRL® V. V. OBUKHOVSKIL,* AND P. ZECCA®

Communicated by R. Conti

Abstract. In this paper, we consider a minimization problem of a cost
functional associated to a nonlinear evolution feedback control system
with a given boundary condition which includes the periodic one as a
particular case. Specifically, by using an existence result for a system of
inclusions involving noncompact operators (see Ref. 1), we first prove
that the solution set of our problem is nonempty. Then, from the
topological properties of this set, we derive the existence of a solution
of the minimization problem under consideration.
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1. Introduction

In this paper, we will consider the following semilinear feedback
control system:

yi(t) = A, (y () +1: (6, 1 (D), - -, yalD), u(D)), (1a)
yneX, i=1,....n te[0,1], (1b)
W eV, v, ...,y = Z.,  te0,1] (1c)
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Here, X,, ..., X,, Z are Banach spaces; the spaces X,, i=1,2,...,n, are
assumed to be separable; {4,(f)},.01, for each i =1,2,...,n, is a family
of linear operators in X;; f;:[0, 1] x X, x X, xX, xZ=X, i=
1,2,...,n, are nonlinear maps; and V:[0, 1] x X; x X, x X, — Zisa
feedback multivalued map.

Let Fi:[0, 1] x X; x X, - x X, —o X, i=1,2,...,n, be given by

Ft,xy,....,x,)=filt, x,..., %, V(t, x(, ..., X))

Given X: X x X —o X upper semicontinuous, acyclic-valued, compact
multivalued mapping, X = X| x X, - - x X,,, under suitable assumptions
on A,, f;, V, and F, that will be specified in Section 2, we will show
(Theorem 2.4) the existence of a ball B(0,r) < X and of a mild solution
WO = (3,0, y2(D), . . ., (1)) of the system (1), with corresponding control
u(H eV, y (D), . .., y,(0), which satisfies the boundary conditions

y(0)eB(0, r), (2a)

YD ep(0) + A (y(0), ¥(1)), (2b)
and

J(») =yi§£j(ﬁ), (3)

where Q is the set of all mild solutions of the system (1) satisfying the
conditions (2) and j is a lower semicontinuous functional.

The paper is organized as follows. In Section 2, we give some
definitions and preliminary results which will be used in the sequel. Section
3 contains the main result (Theorem 3.4) as well as several related results.
Theorem 3.4 is based on an abstract existence result on the solvability of a
system of inclusions in Banach spaces (Theorem 2.2 below), which is an
extension of Theorem 2.3 of Ref. 1. Specifically, in order to apply this
abstract result, we first reduce the nonlinear boundary-value control prob-
lem (1)—(2) to a system of inclusions,

yel(x,y),  xeG(x,y),

where T and G are suitable multivalued maps associated to (1) and (2),
respectively, ye Y = <= ([0, 1], X)X - X < ([0, 1], X)) is the trajectory y(¢),
te[0, 1], and xeX is its initial condition y(0). Then, we solve the first
inclusion with respect to y considering x as a fixed parameter in a suitable
ball B(0, r) = X. Replacing the corresponding solution set S(x) to y in the
second equation, we obtain a multivalued map T: B(0,r) < X —o X, given
by T(x) = G(x, S{x)), whose fixed points are the solutions of the nonlinear
boundary-value control problem (1)-(2).



JOTA: VOL. 82, NO. 3, SEPTEMBER 1994 505

In Section 3, Theorems 3.1, 3.2, 3.3 provide the necessary properties of
I" and T in order to apply Theorem 2.2. Furthermore, from the topological
properties of the set of fixed points of the map T and the assumptions on
the cost functional j, we derive the existence of a solution of (1)—(2)
satisfying the optimality condition (3).

Finally, we would like to mention that both boundary-value problems
and controllability problems for dynamical systems, modeiled by nonlinear
ordinary differential equations, have been solved in Refs. 2 and 3, by using
an approach similar to the one outlined here.

2. Definitions and Preliminary Results

Let X, Y be topological spaces; a multivalued map M from X into Y
will be denoted by the symbol M: X — Y.

Definition 2.1. A multivalued map M: X —o Y is said to be upper
semicontinuous (u.s.c.) if the set

M7\(Vy={xeX: M(x) =V}
is open in X for every open ¥ < Y. A multivalued map M: X —o Y is said
to be closed if its graph

GrM = {(x,y)eX x Y:yeM(x)}

is a closed subset of X x Y.
If a multivalued map M: X —o Y is closed and compact [i.e., M(X) is
relatively compact in Y], then M is upper semicontinuous.

Let us recall the following concepts (see, for example, Refs. 4 and 5).

Definition 2.2. Let X be an infinite-dimensional Banach space. A
function yr: 2¥ — [0, o) is said to be a measure of noncompactness in X if

Y (o Q) = Y (Q), for every Qe2¥.
A measure of noncompactness ¥ is called

(i) monotone, if €, Q,e2* and Q, = Q, imply ¥() < Y(Q,);

(i) nonsingular, if y({a} UQ) = Y(Q) for every aeX and Qe2%;

(ii) semiadditive, if Y(Qou ) =max{y (), Y(Q,)} for every
Q,, Q,e2%,

(iv) algebraically semiadditive if, Y(Q, + Q) < Y(Qy) + ¥(€2;);

(v) regular, if Y(Q) = 0 is equivalent to the relative compactness of
Q.
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A well-known example of a measure of noncompactness satisfying the
properties (i)~(v) is the Hausdorfl’ measure of noncompactness,

x(Q) = inf{e > 0: Q has a finite e-net}.

Let X be a Banach space, and let .£(X) be the space of all the bounded
linear operators in X. The y-norm of Be.#(X) is defined as

|B|®:=x(BS),

where S is the unit sphere in X (see Ref. 4).
We shall use the following property of the y-norm.

Lemma 2.1. (See Ref. 4.) If Be £(X), then y(BQ) < |B|Yx(Q) for
every bounded set Q < X.

Definition 2.3. Let X, be a closed subset of a Banach space X; let ¢
be a measure of noncompactness in X. A multivalued map M: X; — X
with compact values is said to be ¥ -condensing if there exists k, 0 <k < 1,
such that

(M) < ky(Q),

for every Q < X,.

Let A be a topological space; a multivalued map G: A x X; —o X is
said to be Y -condensing in the second variable if there exists &, 0 <k <1,
such that

Y(G(K x Q) <kp(Q),

for every compact K € A and Q< X,.
The following fixed-point principle holds (see Ref. 6).

Theorem 2.1. Let X, be a bounded, convex closed subset of X, let
be a monotone and regular measure of noncompactness in X, and let
M: X, —o X, be a closed y-condensing multivalued map. Then, the set of
fixed points of M,

Fix(M) = {xeX,: xe M(x)},

is nonempty and compact.
Let X be a separable Banach space.
Definition 2.4. A multivalued function (multifunction) &: [a, b] — X

with closed values is said to be measurable if it satisfies one of the following
two equivalent conditions:
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(i) the set G~'(V) is measurable for every open set V' < X
(ii) there exists a sequence {g,}r.; of measurable functions
g, la, b] — X such that

G = {g. (O}, for all refa, b].

By the symbol S}, we denote the set of all Bochner integrable selectors
of the multifunction G: [a, b] —o X, i.e.,

SL={geL'(a, b], X): g()eG(1), a.e.}.

If SL # (¥, then the multifunction G is called integrable, and by definition,
j G(s) ds:={f g(s)ds: geS§ } for every measurable set 5 [a, b].
5 F

Clearly, if G is measurable and integrably bounded [i.e., there exists
aeL' ([a, b]) such that ||G(1)|=max{|y|: yeG()} <a(t), a.e], then G is
integrable.

Lemma 2.2. (Sec Ref. 7.) Let the multifunction G:la, b] —o X be
integrable, integrably bounded, and let x(G(1) <p(r), ae., where
BeL'((a, b)). Then,

x(J G(s) a's) < j B(s) ds,

for any measurable 7 <[a, b]. In particular, if G is measurable and
integraly bounded, then x(G(-))eL! ([a, b]) and

xq G(s) ds)s J $(G(s)) ds.

Definition 2.5. (See Ref. 8) Let X, Y be Hausdorff topological
spaces. An u.s.c. multivalued map M: X —o Y is said to be admissible if
there are multivalued maps Q,: Z, — Z,,,,i=0,1,...,m, with Z, Haus-
dorff topological spaces, Z, =X, Z,,,, = Y, satisfying

(a) M:Qmo"'oQO’

(b) Q,is u.s.c. with acyclic, compact values for each i =0, 1,...,m.

Let X, Y,Z be Hausdorfl topological spaces; a continuous map
p: Z — X is said to be a Vietoris map provided it is proper, surjective, and
the set p~'(x) is acyclic for every xeX.
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Definition 2.6. (See Ref. 8.) An u.s.c. multivalued map M: X —o Yis
said to be generalized acyclic if there exists a pair of continuous maps
p:Z =X, q: Z— Y such that p is a Vietoris map and q(p ~'(x)) € M(x) for
each xeX.

It is known that every admissible multivalued map is also generalized
acyclic (see Refs. 8 and 14).

Let X be a Banach space, let B = B(0,r) be an open ball, let yy
be a monotone, nonsingular measure of noncompactness in X, and let
M: B —o X be a generalized acyclic ¥ y-condensing multivalued map. If

Fix(M) " 0B = &,

then the topological degree Deg(M, B) is defined (see Refs. 9 and 10),
Deg(M, B) = Z, and it has the usual property of the topological degree. In
particular:

(i) ifH:[0, 1] x B —o Xis a generalized acyclic  x -condensing in the
second variable multivalued map such that Fix(H(4, - )) n0B = (&
for all 1€[0, 1], then Deg(H(0, - ), B) nDeg(H(1, -), B) # &;

(i) Deg(M, B) # {0} implies Fix(M) # .

To solve our control problem, we need the following existence result

which is an extension of Theorem 2.3 of Ref. 1.

Theorem 2.2. Let X, Y be Banach spaces, and let  y, ¥y be monotone
nonsingular measures of noncompactness in X and Y, respectively. Let
I X x ¥ —o Y be a closed multivalued map y ,-condensing in the second
variable, and let G: X x ¥ —o X be an admissible multivalued map. Let us
suppose that, for every x € B(0, r) < X, the set S(x) = {yeY: yel'(x, y)} is
nonempty and acyclic. Then:

(i) the multivalued map T: B(0,r) = X —o X, defined by T(x) =
G(x, S(x)), is admissible;

furthermore, if T is ¥ y-condensing and Deg(T, B(0, r)) # {0}, then:
(ii) the system of inclusions
yel(x,y),  xeG(x,y) 4

has a solution in B(0,r) x Y.

3. Results

We will consider problem (1) —(3) under the following assumptions:
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For each i =1,. .., n, the family {4,(s)},.0, Of closed, linear
operators in the separable Banach space X generates a strongly
continuous evolution operator U;: A - % (X,), where

A={(t,9el0,1] x[0,11:0<s<r <1}

We also assume that the operators U, i =1, ..., n, are contin-
uous with respect to the norm of ¥(X,) when s < r. Moreover,
they satisfy the following estimates:

1U(t, 9)|© < exp(—9,(t —s)), where §,>0,i=1,...,n; (52)

1¢spectrum of U,;(1,0) forany i=1,2,...,n. (5b)

Let Z be the Banach space in which the control u takes values. We will
assume that:

(A2)

(A3)

(A4)

(A5)

(A6)

forany i=1,...,n, the map f;: [0, 1] x X, x - x X, x Z >
X, is continuous;

the feedback multivalued map V:[0,1] x X, x - x X, — Z
has compact values, is u.s.c., and sends bounded sets into
bounded sets;

foranyi=1,...,n theset F;(t, x,,...,x,) =fi(t, x,..., X,

Vv, x,,...,x,)) is convex for every (¢, x,...,x,)€l[0,1] x
X, x- - xX,;

for any i=1,...,n, Fi(t,x,...,x,)c W, for every
(6, xy,...,x,)€[0,1] x X; x--- x X,, where W, is a weakly

compact, convex subset of X;;
there exists an n x n matrix .# with nonnegative components
m,; such that

Dy, ...,D)) < z minj(Dj)9
J=1
for every t€[0, 1] and any bounded D, = X;, where y; denotes

the Hausdorff measure of noncompactness in the space X,
i=1,...,n

Let us observe that, from the above conditions, it follows (see Ref. 6)
that the multivalued maps F;, i=1,...,n, are us.c. and that, for any
choice of the functions y,€ C([0, 1], X)), i =1, ..., n, the sets of integrable

,,,,,

We will consider mild solutions of problem (1), i.e., the collection

(y]! L ,}’mu)ec([()» l]’ Xl) X e X C([O’ 1]’ Xn) X Lw([()? 1]5 Z)’
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such that
yl(t) = Ui(ta 0)))1(0) + J Ui(tv S)f;(s’ yl(s)’ R yn(s)7 u(s)) ds9
0

i=1,2,...,n,

where u()e V(t, y,(5), . . ., ¥, (D).
We assume that the Banach space X = X, x - - x X, is equipped with

the norm

el = ek = max i
where || - ||; denotes the norm of the space X;. Moreover, let

Y =C(0, 1}, X,) x - - x C([0, 1], X,)

be the Banach space equipped with the norm

i

1= 10yl = max ]

where | - ||; denotes the norm of the space Y, = C([0, 1], X,).
Let us consider the multioperator T: X x ¥ —o Y defined as

I_—‘(xﬂy)‘———r(xl’~"’xnsyl,---syn)

Following the methods in Ref. 7 one can show that the multioperator [is
closed.

Now, let us define in the spaces Y; = C([0, 1], X}), i=1,...,n, the
following measure of noncompactness:

¢:(D) = sup (6 (D(2) exp( —rmt))),
where

D(t) = {y(n): yeDj,
m=max{m;, 1 <i<n 1<j<n},

r > n is a given number, and y, is the Hausdorff measure of noncompact-
ness in X;.
The measure of noncompactness in the space Y can be defined as

Py (Q) = max ¢,(Q;),  where Q, = Projy ().
l<i<n

It is not difficult to verify that y; is monotone and nonsingular.
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Theorem 3.1. The multioperator T is y,-condensing in the second
variable.

Proof. Let K = X be an arbitrary compact set, and let Q < ¥ be an
arbitrary bounded set. Let us estimate ,(I'(K, Q)).
We can casily see that

F(K. Q) = T{(K, Q) x - x T,(K, Q)

where
T(K Q) = {Z,e Y, y,(t) = U (1, 0)x,
+ JO Ui(t, F(s, Q(5), . .., Q,(s)) ds: xiePronf(K)},
with
Q;(s) =Projx (Q(s)), Jj=1L...,n
Then,

1 (T (K, Q1) = x:(J: Ui(t, $)F; (5, Qi (5), - . ., Q,(5)) dS>-

By Lemma 2.1 and Conditions (A1) and (A6), we get
AU, Y (s, €4(8), ..., Q,(5))
< Uit 9) | Px (Fols, Q). - - ., Q,(5)))
S K (F (5, Qi (), ..., Q,(5))

< 3 m(@6) <m ¥ @0
=m i % (€2 (5)) exp(rms) exp( —rms)
i=1

<m i ¢, (L) exp(rms)

< mnyr () exp(rms).
Hence by Lemma 2.2, it follows that

1:(Ti(K, QYD) < mmfr (L) J’ exp(rms) ds < (n/riyry () exp(rmt).
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Therefore,
1(TAK, (D) expl( —rmit) < (n/r) v (),
¢, (T,(K, Q1) < (n[r) (D),
and finally
¥ (T(K, Q) < (n/ny (),
concluding the proof. 0

Now consider the multioperator I'(x, ) for x€X. From Condition
(A4), it follows that it is convex-valued. By using the methods in Ref. 7, it
can be shown that the set T(A, Y) is bounded and equicontinuous for any
compact A < X. By this fact and the regularity of the measure of noncom-
pactness iy on the equicontinuous subsets, we may deduce from Theorem
2.1 that T'(x, - ) restricted to co I'(x, Y) has a fixed point. Moreover from
Theorem 3.1, it follows that, for each xe€X, the nonempty set

S(x) ={yeY:yel(x, )}

is compact.

Since the u.s.c. multivalued maps F,(#, x;,...,x,), i=1,...,n, can
be approximated by continuous multivalued maps (see Ref. 11), by using
Condition (AS) and some methods of Refs. 12 and 13, one can show that
the sets S(x) are acyclic.

Consider now the multioperator G(x, y): X x ¥ —o X defined as

G(x,y) = y(1) — A (x, y(1)),

where ¢ is the multivalued map of the boundary condition (2).
The multivalued map G is admissible, since it may be represented as
the composition of the following maps:

W,: X x Y- X x X, defined as W,(x, y) = (x, ¥(1));
W,: X x X —o X x X, defined as W,(x,, x;) = (x2, H# (x, x5));
W, X x X = X, defined as W;(x;, x;) =X, — x;.

From Conditions (A1) and (AS5), it follows that the set £ < X, given
by

1
& = {(Xn C X)X, =f Ui(1, 9)g,(5) ds: 8- YESE .y i
o

yie)’,,i:l,...,n},
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is bounded. Let N >0 be such that
Ix| <N, forall xe¥ — .

Let us consider the linear operator U(1,0): X — X, defined by
U(1, O)x = (U, (1, 0)xy, ..., U,(1,0)x,).

From the condition (5b), it follows that we may choose r > 0 in such a way
that

Ix — U1, 0x| > N, (6)

if [x]=r.
Let us define, on the ball B(0,r) = X, the multivalued map
T: B(0, r) —o X as follows:

T(x) = G(x, S(x)).
Let

N =m)7<0s 70
be the matrix given by

_fmy =9, ifi=j,
5= m,,, if i #,
where the coefficients m;; are those given by Condition (A6) and 9, are the
coefficients from estimation (5a).
Let us suppose now that:

(N) the zero solution of the linear system in R”
z'(t) = A "z(2)
1s exponentially stable.

Under this condition, the linear operator B = ¢'": R® —» R” has the spectral
radius less than 1. Let / be such that |B’| < g, where ¢ < 1.

Let the map x: 2¥ — R" be the vector-valued measure of noncompact-
ness in X defined as

K(Q) = {XI(QI )s revy Xn(Qn)}’

where y, is the Hausdorff measure of noncompactness in X,. Then,
Wy 2¥ >R, defined as

Yol =q" k()| + q" B |+ + [BT (D), Qe X,

is a monotone, nonsingular measure of noncompactness in X.
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Let us prove the following statement.
Theorem 3.2. The multivalued map T: B(0, r) —o Xis ¥ y -condensing.

Proof. For Q < B(0, r), let us consider the translation operator along
the trajectories of the system (1), P: [0, 1] x Q —o X, defined by

P(t, x) = {p(z, x)eX: p;(t, x) = U, (1, O)x,

+ J\ l]l(t’ S)gi (S) dS: gr( : )eS}ﬂ(gp,(-,x‘)..,.,p,,(»,x))}‘

0

Let us denote
P.(1,Q) = Projy, P(1, Q).
We have the following estimate:
LU 9)2:05): €0 ) ESE prconpon s XEQD
< 1, ({U(t, 9)g:(5): &, V€S prcbican )
< (LUt 9F (s, Pi(s, ), . .., (s, Q)]
< U8, ) [ Px; (Fils, Pi(s, Q). .., P(s, Q)))

<exp(—5,(t =) Y, myx(Py(s, Q).
j=1

Hence,
x: (P (1, €)
< “ Ui(1,0) ”(X)XI(QI’) +J exp( —0,{f — 5)) Z minj(Pj(Ss Q) ds
o =1
<exp(—0;0x: () + J exp(—é,(t — ) Z my ¥y (P (s, Q) ds.
o =1
Therefore,

1 (P, (1, ) = e, (P(L, )
< exp(— 8,0k, () + f exp(— 6,1 ~ S A(P(s, Q) ds,
0

and from the Gronwall lemma it follows that

K(P(t, €)) < Br(€D),
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in the sense of component-wise comparison of vectors. But then
Yx(P(1, Q)
=q' (P )| +q' [ Br(P(L Q)| + - + [ B 'k(P(1, Q) |
<q"'B(Q)| +q' | B(Q) | + - + | B'R(Q)]
<q' [ B(Q) | + ¢ [ BA(D] + - +q B + |k
<q(@" R+ q" B+ +q | B 2(Q) | + | B k() ])
< gy (Q).
Note now that the following relation holds:

T(x) = P(1, x) — A '(x, P(1, x)), for all xeB(0, r).

Since " is compact and the measure of noncompactness V¥ is monotone,
regular, and algebraically semiadditive, it follows that T is ¥ , -condensing.
O

Now let us evaluate the topological degree of the map T.
Theorem 3.3. The following property holds: Deg(T, B(0, r)) # {0}.

Proof. From the condition (5a), it follows that the linear operator
U(1,0): X — X is yy-condensing. Since the measure of noncompactness 1/ ,
is algebraically semiadditive, we have the multivalued map H:[0, 1] x X
— X, defined as

H(4, x) = AT(x) + (1 — HU(1, O)x,

is ¥ x-condensing in the second variable. It is known that a multivalued
map of such a form is generalized acyclic (Ref. 14).
It remains only to show that

Fix(H(Z, - )) ndB(0, r) = .

Assuming the contrary, we will have the existence of xeX, |x| =r, and
A€[0, 1] such that

xeAT(x) + (1 — HU(, 0)x.
But then

x—U(1,0xeAT(x) — U1, 0x S UL —~ X)),
and hence,

[x — U(1, 0)x ]| < AN,
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in contradiction with our choice of r in (5). Therefore,
Deg(U(1, 0), B(0, r)) eDeg(T, B(0, r));

but from Ref. 4, it follows that
|Deg(U(1, 0), B0, )| =1,

and the theorem is proved. O
We are now in a position to prove our main result.

Theorem 3.4. Under Assumptions (A1)~(A6), (5a), (5b), and (N),
there exists a mild solution y( - ) of the system (1) satisfying conditions (2)

3).

Proof. We see that all conditions of Theorem 2.2 are fulfilled, and
hence the system (4) has a solution in B(0, r) x Y. Moreover, from
Theorems 3.1 and 3.2, it follows that the set of all the solutions of system
(4) in B(0, r) x Y is compact. Hence, the set of all functions y € ¥ of the form

i) = {Ui(t’ 0y, (0) + f U(t, 9)gi(s) ds: g:( )ES}F,-(',yl(v) ,,,,, n())?
o

y,eYi,i=l,...,n},

satisfying the boundary conditions (2), is compact. On the other hand, by
the Filippov implicit function lemma (see, for example, Ref. 6), it follows
that this set coincides with the set of all mild solutions of the control system
(1) satisfying the conditions (2). Therefore, there exists a mild solution y( )
with corresponding admissible control u( ) satisfying the optimality prop-
erty (3). This ends the proof. O

Remark 3.1. Let us note that, if ¢ = {0}, then we have the existence
of a solution of the periodic problem y(0) = y(1) which minimizes the given
cost functional.

Concerning the periodic problem for differential inclusions and control
systems in Banach spaces, see also Refs. 1, 15 and 16.
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