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ON THE SOLVABILITY OF SYSTEMS OF INCLUSIONS
INVOLVING NONCOMPACT OPERATORS

P. NISTRI, V. V. OBUKHOVSKII, AND P. ZECCA

ABSTRACT. We consider the solvability of a system

yeF(x,y),
x €G(x,y)

of set-valued maps in two different cases. In the first one, the map {(x, y)—o
F(x,y) is supposed to be closed graph with convex values and condensing
in the second variable and (x, y)—o G(x, y) is supposed to be a permiss-
ible map (i.e. composition of an upper semicontinuous map with acyclic values
and a continuous, single-valued map), satisfying a condensivity condition in
the first variable. In the second case F is as before with compact, not nec-
essarily convex, values and G is an admissible map (i.e. it is composition of
upper semicontinuous acyclic maps). In the latter case, in order to apply a fixed
point theorem for admissible maps, we have to assume that the solution set
x —o S(x) of the first equation is acyclic. Two examples of applications of
the abstract results are given. The first is a control problem for a neutral func-
tional differential equation on a finite time interval; the second one deals with
a semilinear differential inclusion in a Banach space and sufficient conditions
are given to show that it has periodic solutions of a prescribed period.

0. INTRODUCTION
This paper is devoted to the study of the solvability of a system of the form
0€F(x,y),
{ 0eG(x,y),
where F and G are maps given by
F(x,y)=y-F(x,y) and G(x,p)=x-G(x,y)

with x€ X, yeY; X, Y Banachspaces; F:UxV—VY, G:UxV— X
and UcC X, V C Y are open sets with 0 e U .

In §2, first we give two results, Theorems 2.1 and 2.2, concerning the case
when the map F is convex-valued with closed graph and (k, wy)-condensing,

(0.1)
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k& € [0, 1), in the second variable with respect to a regular monotone non-
singular measure of noncompactness and G is a permissible map (i.e. it is the
composition of an acyclic map and a continuous single-valued map) satisfying
a certain condensivity condition in the first variable.

Moreover, in Theorem 2.3 we also give sufficient conditions for the existence
of solutions of system (0.1) when F is as before but it has arbitrary compact
values and G is an admissible map (i.e. it is the composition of acyclic maps).
In this case, we do not require, as in Theorems 2.1 and 2.2, any assumption on
the topological degree of the vector field F = I — F , but we have to assume
that the solution set S(x) is acyclic, in order to apply a fixed point theorem for
admissible maps. Notice that this assumption arises naturally in applications.

In the case when F is an upper semicontinuous, compact map with convex,
closed values, sufficient conditions for the solvability of system (0.1) are given
in [4]. The case when F is not convex-valued and the second equation is
single-valued has also been treated in [5].

The approach we use in this paper follows closely that one of {4, 5 and 10].
That is, we solve the first equation with respect to vy treating the variable x
as a parameter and then we introduce the corresponding solution set S(x) in
the second equation. Obviously, the fixed points of the composite function
G(x, S(x)) are the solution of system (0.1).

In order to follow such a procedure, we had to reformulate in §2 the most part
of the results in the above quoted papers to the present situation in which the
vector field F is not compact but only condensing. In this way we obtained re-
sults which are interesting in themselves besides being necessary for the proof of
the main existence Theorem 2.1 and its straightforward consequence Theorem
2.2.

In particular, we would like to mention Lemma 2.4, which states the existence
of zeros for Lefschetz w-carrier with nonzero index, verifying the Borsuk Ulam
condition on the relative boundary (with respect to an open ball) of a compact,
convex set K ¢ R” which is symmetric with respect to the origin. We would
like also to point out that here we use the theory of w-carrier instead of that of
w-maps as in {4, 5 and 10].

In §3 we will present two applications of our abstract results. Specifically,
first we will consider a controlled neutral functional differential equation on a
given finite time interval and, by using Theorem 2.1, we will solve the problem
of finding a control law in a suitable finite-dimensional control space in such a
way that the corresponding trajectory reaches at the final time a given target set.

In the second example, in order to apply Theorem 2.3, we will deal with a
semilinear differential inclusion in a Banach space and we will give sufficient
conditions to show that it has periodic solutions of a prescribed period.

In the next section, §1, we give the definitions and some known results we
will need through the paper.

1. DEFINITIONS AND PRELIMINARY RESULTS

Let X, Y be topological spaces; a multivalued map M from X into Y
will be denoted by the symbol M : X —o Y.

Definition 1.1. A multivalued map M : X —oc Y is said to be upper semicon-
tinuous (shortly u.s.c.) if the set
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M VMy={xeX: Mx)cV}
isopenin X foreveryopen VCVY.
It is not difficult to verify the following properties (see, e.g., [2]).

Lemma 1.1. (a) If M| : X —c Y, M, : Y —o Z are u.s.c. multivalued maps
then their composition My o M, : X —o Z,

(M2 0 My)(x) = Ma(M,(x))

Is an u.s.c. multivalued map.
YIf M. X —o Y, My: X —o Y, arewus.c. multivalued maps with compact
values then their Cartesian product M; x My : X —o Y; x Y5,

(M) x M>)(x) = M;(x) x My(x)
Is an u.s.c. multivalued map.
Definition 1.2. A multivalued map M : X —o Y is said to be closed if its graph
GrM={(x,y)e X xY:ye M(x))}

is a closed subset of X x V.

If a multivalued map M : X —o Y is closed and compact (i.e. M(X) is
relatively compact in Y) then M is upper semicontinuous.

By an e-neighborhood of a subset £ of a metric space X we mean the set

eQ = {y € X :3x € Q such that d(x, y) < ¢}.

Definition 1.3. Let X, Y be metric spaces and let M : X — Y be a multivalued
map. A multivalued map M’ : X —o Y is said to be an g-approximation of
M if GrM ceGrM.

The following result is due to A. Lasota and Z. Opial [9].

Theorem 1.1. Let X be a metric space and Y a metric locally convex space.
Then for every ¢ > 0 any w.s.c. multivalued map M : X —o Y with closed,
convex values has a single-valued continuous e-approximation

u: X =Y such that p(X) C coM(X).

Definition 1.4 (cf. [6]). Let X and Y be Hausdorff topological spaces. A mul-
tivalued u.s.c. map M: X —o Y with compact values is said to be a weighted
carrier/ (w-carrier) if, for any x € X, to any piece C (i.e. open and closed
subset) of M(x) is assigned a weight or multiplicity m(C, M(x)) € Z in such
a way that the following properties hold:

(a) m(-, M(x)) is an additive function, i.e.

m(CyU G, M(x)) =m(Cy, M(x)) + m(Cy, M(x))

whenever ;NG =a;

(b)if U isopenin Y with dUNM(x) =@, then m(M(x)nU, M(x)) =
m(M(x"YnU, M(x")) whenever x’ is close enough to x.
Definition 1.5 (cf. [6]). If U C Y is an open set, M(x)NOU = @, then the
number {(M(x), U)=m(M(x)nU, M(x)) is called the index or multiplicity
of M(x) in U.
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If X is connected the number i(M(x), U) does not depend on x € X.
In this case the number (M) = i(M(x), Y) will be called the index of the
w-carrier M .

Let us mention the following properties of w-carriers (see [6]).

(1) Let M : X —o Y be an u.s.c. multivalued map with compact, connected
values. Then M becomes a w-carrier by assigning multiplicity 1 to M{x). In
particular every continuous single-valued f is a w-carrier with i(f) = 1.

(2)Let M: X —c Y beaw-carrierand f:Z — X (resp. f':Y — W) bea
single-valued continuous map. Then Mo f:Z —o Y (resp. ffoM : X — W)
is a w-carrier.

(3) Let M : X—o Y be a w-carrier and f : Z — W be a continuous
single-valued map. Then M x f: X x Z —o Y x W is a w-carrier.

(4) Let M : X —o Y be a w-carrier, then the graph map I'r: X —o X x Y,
I'r(x) = {x} x M{x) is a w-carrier.

By a weighted map (w-map) we mean any w-carrier M : X —o Y such that
M(x) is a finite subset of Y for every x € X.

Let H(D) = {Hq(D)}4>0 be the graded Cech homology module of a space

Definition 1.6 (cf. [6]). A w-carrier M: X —o Y 1is said to be acyclic if for every
xekX,
Hq(M(x))=0 forallg>0.

Following [6] we may define the notion of Lefschetz w-carrier.

Definition 1.7. A w-carrier M : X —o Y is said to be a Lefschetz w-carrier if
it can be factorized in the form

X——y—-—oY

N, A
Z

where O : X—o Z is an acyclic w-carrier and r : Z — Y is a continuous
single-valued map.

Definition 1.8. Let X be a topological vector space; let &/ C X be a set
symmetric with respect to the origin. We will say that a multivalued map
L : &/ —o X verifies the Borsuk-Ulam property on &/ if

(B.U.) for each x € & the sets L(x) and L(—x) are strictly separated
by a hyperplane, that is, for each x € .% there exists a continuous functional
x* € X*,the dual of X, such that x*(y) > 0 forevery y € L(x) and x*(y) <0
for every y € L(—x).

Using the methods illustrated in the papers [6, 10] one can prove the following
generalization of Theorem 2.8 of [10].

Theorem 1.2. Let B be the closed unit ball in R". Let L : B—o R" be a
Lefschetz w-carrier with i(L) # 0. If L verifies the (B.U.) property on OB then

there exists x € B such that 0 € L(x).

Let us recall the following notions (see, for example, [1, 16])
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Definition 1.9. Let X be a Banach space; a function ¥ : 2X — [0, +o0) is
said to be a measure of noncompactness in X if y(CoQ) = w(L2) for every
Q € 2X . A measure of noncompactness y is called

(i) monotone if Qq, Q; € 2% and Qg C Q; imply w(Qy) < w(Qy);

(i1) nonsingular if w({a} U Q) = w(Q) forevery a € X and Q€ 2¥;

(ii1) semiadditive if w(QoU Q) = max{w (L), w(;)} forevery Qp, Q; €
2%
{(iv) algebraically semiadditive if w (o + Q) < w(Qo) + w (L)
(v) regular if w(Q) = 0 is equivalent to the relative compactness of Q;
(vi) invariant with respect to the reflection at the origin if w(-Q) = ()
for every Q € 2¥X.

Well-known examples of measures of noncompactness satisfying the proper-
ties (1)—(vi) are: the Kuratowski measure of noncompactness

a(Q) = inf{d > 0: Q admits a partition into a finite number of sets
whose diameters are less than d'}
and the Hausdorff measure of noncompactness
x(Q) = inf{e > 0 : Q has a finite &-net}.

Definition 1.10. Let X; be a closed subset of a Banach space X; w be a
measure of noncompactness in X and 0 < & < 1. A multivalued map & :
Xo-—o X with compact values is said to be (k, y)-condensing if w (¥ (Q)) <
ky(Q) for every Q ¢ X. Let A be a topological space, then a multivalued
map G: A x Xg—o X is said to be (k, y)-condensing in the second variable
if w(G(K xQ)) <kw(Q) for every compact K CA and QC X.

Definition 1.11 (cf. [1, 11]). A closed, convex set .# C X is called fundamental
for a multivalued map % : Xy —o X if

(1) F(XonA)C A,

(2) xp € TO(F (xo) U.#) implies xo € .# .

A closed convex set .# C X is called fundamental for a family G : Ax Xy —o
X if it is fundamental for every multivalued map G(4, ), 1 € A. Finally, a
fundamental set .# of a multivalued map . is called essential if it is compact
and Xon.# # 9.

Following the methods presented in [1 and 14] one can prove the following
statements.

Lemma 1.2. Let Xy be a closed subset of a Banach space X, A be a topological
space, let G : A x Xo — X be a closed multivalued map which is (k, y)-
condensing in the second variable where 0 < k < 1 and w is a regular monotone
nonsingular measure of noncompactness in X . Then for every compact K C A
there exists an essential fundamental set of the family G|kxx, .

Lemma 1.3. Let Xy be a closed subset of a Banach space X, & : Xo—o X be
a closed multivalued map which is (k, w)-condensing where 0 <k < 1 and the
measure of noncompactness y is regular, monotone, nonsingular, semiadditive
and invariant with respect to the reflection at the origin. Then F has an essential
Jundamental set which is symmetric with respect to the origin.

Let ¥ be an open bounded subset of a Banach space Y, let w be a regular
monotone nonsingular measure of noncompactness in Y, 0 < k < 1, and
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¥ :V—o Y be aclosed (k, w)-condensing multivalued map with convex
values such that y ¢ .7 (v) for all x € 8V . Then the topological degree of the
corresponding multivalued vector field %, 7 (x) = x — % (x), can be defined
by the formula

Deg(F , V,0)=Degy(F , Ve, 0)

where .# is an arbitrary essential fundamental set of % and Deg, denotes
the relative topological degree of a compact multivalued vector field (see [1, 11,
14]). Let us remember that in turn the relative degree Deg,(F , Vo, 0) can
be defined as Deg ,(i — f, Vg, 0), where f is an arbitrary e-approximation
of F|y, and ¢ is sufficiently small (see [1]).

We will need the following properties of the introduced topological degree.

(1) The fixed point property. If Deg(¥ , V', 0) # 0 then the fixed point set
Fix¥ = {y:ye F (¥)} is nonempty and compact.

(2) The generalized topological invariance. Let A be a path connected topo-
logical space, G : A x V' —o Y be a closed (k, y)-condensing in the second
variable multivalued map (0 < k < 1). If y ¢ G(A,y) forall A € A and
y € 8V then

Deg(G(dg, ), V, 0) = Deg(G(4;, ), V', 0)
forall Ay, 4, € A, where G(4,y) =y — G(4,y).

(3) The additivity property. If V =V, UV, where ¥, and V, are open and

disjoint and y ¢ % (y) forall y € 8V, U8V, then

Deg(5 , V', 0) = Deg(#, 1, 0) + Deg(# , V3, 0).

(4) The index of a fixed point. If y € V' is an isolated fixed point of F then
its index ind(.% , y) is defined as Deg(¥ , Q, 0) where Q is a neighborhood
of y which does not contain other fixed points of .Z . If ¥ hasin V only a
finite number of isolated fixed points y;, ..., y, then

Deg(, V,0) = ) ind(F , yy).

i=1
Using results of the paper [7] one may prove the following statement.

Lemma 1.4. Let A be a topological space, Yy be a closed subset of a Banach
space Y, w be a regular monotone measure of noncompactness in Y. Let
G : AxYy—o Y beaclosed (k, w)-condensing in the second variable multivalued
map (0 <k < 1). If forevery A€ A theset S(A)={y € Yy:y € G(A, y)} is
nonempty then the multivalued map S : A—o Yy is compact-valued and u.s.c.

Definition 1.12 (cf. [8]). Let X, Y be metric spaces. An u.s.c. multivalued
map M : X —o Y is said to be admissible if there are maps Q;: Z;—o Z;,1,

i=0,1,..., m (Z; metric spaces, Zo =X, Z,. = Y), satisfying
(@) M =Qmno--0oQp;
(b) Q; is u.s.c. with acyclic, compact values foreach i =0,1,..., m.

Let us note an important particular case

Definition 1.13. If in the previous definition m = 1 and Q; = ¢ is a continuous
single-valued map then the map M = g o Qy will be called permissible.




SYSTEMS OF INCLUSIONS INVOLVING NONCOMPACT OPERATORS 549

Definition 1.14. Let U C X, VV C Y be open sets, where X, Y are metric
spaces. Let F : U x V—o Y be a multivalued map and let F (x,y)=p—
F(x,y). We shall denote by

Felx,»)eUxV:yeF(x,y), ZF={xeXx:SFfcUuxV},

where S{ =SFn(4xY) forany 4C X.

2. RESULTS
We want to prove the existence of solutions for the system

1) {yef(x,y) 0Oey—F(x,y)=F(x,y)
’ x e G(x,y) Dex—Gx,y)=G(x, ).

For this, let X', Y be Banach spaces, wy and gy be regular monotone
nonsingular measures of noncompactness in X and Y respectively; the mea-
sure Wy is also semiadditive and invariant with respect to the reflection at the
origin. Let U C X be an open neighborhood of the origin and V' C Y be an
open set.

We can now formulate the following.

or equivalently {

Theorem 2.1. Let F : U xV —o Y be a closed (k, wy)-condensing in the second
variable, where 0 < k < 1, multivalued map with convex values and G : U x
V —o X be a permissible multivalued map. Suppose that there exists r > 0 such
that B(O,r) c UnZ¥ and Deg(F(0,-),V,0)#0. Let T: B(0, r)—o X be
the operator defined by T(x) = x—T(x), where T(x) = G(x, Sx)) and S(x) =
{rev:ye F(x , )} Suppose that the multivalued map G:B(0,r)—o X,
given by G(x) = G(x, V) is closed and (I, wy)-condensing, where 0 <1 < 1,
and that for every x € 9B(0, r) such that 0 ¢ T(x), the sets T(x) and T(—x)
are strictly separated by a hyperplane.

The system (2.1) has a solution.

The proof of Theorem 2.1 needs several preliminary results. First of all,
observe that the multivalued map T has nonempty, compact values and it is
upper semicontinuous. These facts follow from the assumption that

Deg(F(0,), V,0)#0

and Lemmas 1.1 and 1.4. R

Moreover, Lemma 1.3 states that the multivalued map G has a symmetric
(with respect to the origin) essential fundamental set # C H. Let By =
B(0,ry)n# and let # C Y be an essential fundamental set of the family
Flg, .7

Let Vy =V Nn.# andlet V4,0V, denote the closure and the boundary
of Vg respectively in the relative topology of the space .# . It is easy to see
that SF CByxVy

Fxrst of all we need the following extension of Lemma 2.2 of [4].

Lemma 2.1. For each neighborhood W < By x Ve (in the relative topology)
of the set Sg , there exists ¢ > O such that if [ : By x V4 — Y is an
x

e-approximation of Flg 5 . then SL W
: L
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Proof. Since the map F is closed the set SE is compact. Let W; C By xV
x
be an ¢;-neighborhood of SF such that W, ¢ W and W, NnoW = .
Let e = dist(0W , oW} = mm{a’(w wy)w e oW, w € OW,} and 4 =
(By x V g\W,. Then F(4) C Y is a closed set, 0 ¢ F(A) and let &3 > 0
be such that B(0, &) C Y, B(0, &3) N F(A4) = @. Hence, if (x,y) € 4 then
dist(y, F(x,y)) > &3. Let ¢ = min{e;, &, €3} and let [ By xVye—Y
by an e¢-approximation of FlE,xV,' Let (x,y) € (By x V. ¢)\W and let
y = f(x,y), thatis (x,y) € S% . Then there exists (X,7) € By x V o
— I —
such that |[(x, y) — (X, P)Il + |f(x,») — z|| < ¢ for some z € F(x,p). As
H(x, v) = (X, ¥)|]| < ¢ it follows that (X, 7) ¢ Sgy . Since y = f(x, y) we get

1=zl <ly=Jll+y -zl <litx, ») = (X, DI+ 1F(x, ¥) = zf <e.
Hence (x,7)g A. Thus (x,p) € Wl\Sgy. This is an absurd, since (x, y) €
(B xV.)\W and |(x,y)—(x,y)| <e andso (x,y)¢W;. O

Following the same arguments as in Lemma 2.3 of [4], we may obtain the
following result.

Lemma 2.2. Let X = R", Y = R™. There exists an €y > 0 such that for all
£ < gy there exists a smgle—valued continuous map f: U xV — R™ such that
f:By xV 4 — . # isan e-approximation of FIB Vs and

(a) for every x € By theset S/(x)={y e Y :y = f(x,y)} is a finite subset
of V'

(b) Deg(F(Os ')) V9 O) = Degﬂ(f(0> ')s VI7 0)
Lemma 23. Let X, Y and _F_ satisfy the conditions of Theorem 2.1. Let
us suppose that for all x € Bg the inclusion y € F(x,y) has only iso-
lated solutions. Then the multivalued map S : By —o Vg is a w-map and
i(S) = Deg(F(0, ), V,0).
Proof. The upper semicontinuity of the multivalued map § follows from Lem-
ma 1.4. If y € S(x) then y is an isolated fixed point of F(x,-) and we can
put m(y, S(x)) =ind(F(x,-), y). Now, let Q be an open set in V' such that
S(x)NdQ 4 = @, where Q 4 :_Q N.# . From the upper semicontinuity of .S it
follows that there exists a ball B(x, é) such that S(B(x,0)NZ)N0Q ey =2.
Then, for every x' € B(x,d)Nn#, the admissible homotopy H : [0, 1] x
Q 4 —o A4 , given by

H(A, p)= F(Ax + (1 = A)x', )
ensures that
Deg 4 (F(x,-), Q,0)=Deg(F(x', ), Q,0).

Therefore

mS(x)NQ, S(x))= Y ind(F(x,),y)=Degy(F(x,-),Q,0
yES(xINL
Deg ,(F(x', ), Q, 0)

> ind(F(x', ), ¥) = m(S(x)nQ, S(x')).
P ES(X NG

i

I
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Thus § is a w-map and

i(S)=i(S(0), V) = ) ind(F(0, ), y)=Deg(F(0,-),V,0). O
y€S(0)

In the sequel we need the following result which is the “relative™ version of
Theorem 1.2.

Lemma 2.4. Let K C R" be a convex, compact set, symmetric with respect to
the origin, let Bx = B(0,r)nK. Let L : Bx —o R" be a Lefschetz w-carrier
such that i(L) #0 and L(Bg) C K, where L(x) =x — L(x). If L verifies the
(B.U.) condition on dBg = 0B(0, r)N K, then there exists x € Bx such that
0e L(x).

Proof. Let p : R" — K be any retraction, then the mapping p : R” — K,
defined by p(x) = 4[p(x) - p(=x)] is an odd retraction. Then the set p~!(Bk)
is symmetric with respect to the origin. Passing, if necessary, to its connected
component containing By and using the Dugundji’s extension theorem we may
assume without loss of generality that 5~!(Bk) and R"\jp~'(Bg) are connected
sets. Now, let B, = B(0, r;) ¢ R” be an open ball contammg the set K. Let
us consider the multivalued map L : D—o R", given by L(x) =x - Lo p(x)
with D = B, njp~'(Bg). The map L is a Lefschetz w-carrier since it can be
decomposed in the form

D Lo R" x R" -4 R”

where I = F—L—Oﬁ is the graph map and d(x, y) = x — v. Moreover, i(i) =
i(L) # 0. Let us show now that L verifies the (B.U.) condition on 8D . In fact,
if x € 8D and x € 8 Bk the assertion follows from the fact that Zl oy = Loy
and our assumptions.

Let x € 9B; N p~'(Bg) then by Proposition 2.10 of [10] it is sufficient to
show that N N

0¢k(co L(x))-t5 L(-x),

where k(A) = {Ax : 2 € [0, 1], x € 4}. Assume, to the contrary, that there
exist Ag € [0, 1], y; € ©0(Lo j(x)) C K and y, € 86(Lo p(—x)) ¢ K such that
Ao(x—y1) = =x—y,. Then (Ag+1)|lx}} = ||Ay1—12|| < (A+1)r;. This contradicts
the fact that x € 0B, . Finzilly from Theorem 1.2 follows the existence of a
point x € D such that 0 € L(x), thatis x € Lo p(x) C K, hence j(x) = x
and 0 e L(x). O

Let us observe that we do not exclude the case when K ¢ B(0,r), 0By = &
In this case we have the following

Corollary 2.1 (cf. [6]). Let K CR" be a convex compact set, L:K—o K bea
Lefschetz w-carrier, i(L)# 0. Then L has a fixed point.

We are now in the position of proving Theorem 2.1.

Proof. Let Ty = T 3, - Assume to the contrary that system (1) does not have
solutions in the set By . Then 0 ¢ Tx(x) forall x € By . Since Ty is an
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u.s.c. multivalued map, this assumption implies the existence of an ¢; > 0 such
that B(0,e)NTy(By) =02

On the other hand from the Proposition 2.13 of [10] it follows that there
exists €; > 0 such that every &;-approximation 77 : Bg —o X of Ty verifies
the (B.U.) property on 9By . _

Let 6 = min{e;, &;} and let W C By x V4, given by

W={(x,y)€BpxVyg:(x,G(x,y) €GrTy}.
It is clear that W is an open neighborhood (in the relative topology) of the set
SF .

We will divide the rest of the proof into three parts.

First step. X =R", Y =R™. _

Let ¢* >0 be that one given by Lemma 2.1, i.e. every g*-approximation f
of F 5 BpxVa has the property that S_ cW.

Let ¢y be given by Lemma 2.2 and let & = min{e*, &, d}. By Lemmas 2.2
and 2.3 there exists an ¢’-approximation f' of F | BaxVe such that the map
S’ : By —o V, defined by S'(x)={y:y=f'(x,y)} is a w-map. The index
of this map is given by

I(S/) = Deg(fl((), ') s W(O) ) 0)
= Deg(F(Oa ')’ W(O): O) = Deg(F(Oa ')3 Va O) ?é 0.

Now let us show that the multivalued map TJ(x) = G(x, S'(x)) is a Lefschetz
w-carrier. Indeed, since the map G is permissible it can be represented as

G =qoQ where Q: By —o Z is acyclic-valued and g : Z — R” is single-
valued. Then T may be decomposed as

r

By S0 Z xR" 1 7 L R”

where &(x) = U,cg w{(@(x, ¥)x{y}) is an acyclic w-carrier and r; is a natural
projection. Moreover, i(T') = i(T) =[SV #0.

Since Sf C W wehavethat GrT' c 6 Gr Ty ,i.e. T' isa d-approximation
of Ty . From our choice of ¢ it follows that 7" satisfies the B.U. condition on
OBy . Hence, from Lemma 2.4 it follows that there exists x € By such that
0 € T'(x). Then O € 6T (dx) C & Ty(e;x). This contradiction establishes
the result.

Second step. X =R", Y is a Banach space. .

Let ¢/ > 0 be as in the first step and f, be an ¢’-approximation of F ’ﬁzx71
such that its range 7, (B xV 4) is contained in a finite-dimensional subspace
YicY.

—— .._1 p— —

Let V), = V,NY,, then SB{” CWNBwxVy) =W, let [1=Til5 5 .
from the additivity and the reduction properties of the topological degree we
have that

Deg(ﬁ(o P ') I Wl(o) ) O) = Deg(fl (0 s ') ) W(O) ’ 0)
= Deg(F(0, ), W(0), 0) = Deg(F(0, -), ¥V, 0) #0.
Then applying the first step to the maps /. , and G, = G[ LT we obtain that
I

the multivalued map T, : By —o Y|, given by T5(x) = Gz( ,S7Z(X)), Gy =
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I —G,, has a zero x € By . As sz C W we have that Gr7; ¢ d GrTg,

contradicting the fact that 0 ¢ elT;»(elx)

Third step. X, Y are Banach spaces.

Let n: 7% — % A N X; be a Schauder’s ¢-projection, X; is a finite-
dimensional subspace of X. Let G3 : By xVy—o #, G3=7n0G: Gy =
I1-G;) Fox7, and Fy;=F|; B, x7, - 1tis clear that G is permissible and if 7" :

By —o X, be defined as T'(x) = G3(x, S(x)) then T’ is an g-approximation
of TIE,, and, for ¢ > 0 sufficiently small, it satisfies the (B.U.) condition on

0By . éy the second step we have that 7" has a zero on By, contradicting
the fact that 0 ¢ eT(ex) for ¢ small enough. 0O

Theorem 2.2. Let X, Y be Banach spaces, U C X, V C Y be open sets. Let
F:UxV—o Y be a closed multivalued map with convex values, condensing in
the second variable with respect to a regular monotone nonsingular measure of
noncompactness yy. Let N C U bea nonempty compact convex set such that
N c 2F andDeg(F(x,-), V,0) # 0 for some (and hence for all) x € N. If
G:UxV—o X isa permzsszble multivalued set such that G(N, V) c N then
there exists a solution (x,y) € N xV of system (2.1).

Proof. Let p: X — N Dbe any retraction and consider the multivalued maps
Fi:XxV—oY, Gy : X xV—o X defined as F(x,y) = F(p(x),y),
G(x,y) = G(p(x),y). Let B(0,r) be any ball containing the set N. We
may now apply Theorem 2.1 to F;, G, and B(0, r). It is not difficult to see
that all the conditions of this theorem are fulfilled except the closedness of the
map G, but in our situation this condition is unnecessary since G is compact
map.

Hence there exists (x, y) € X x Y such that y € Fy(x,y), x € G(x, y).
Since x € N we have that

{yef(x,y),
xeG(x,y). O

In the next theorem we will assume that the multivalued map G is admissible
and the solution map x —o S(x) has acyclic values for any x € ZF .

In order to formulate the result we need to introduce the following boundary
condition “P”,

—Let M : B(0, r) C X —o X be amultivalued map. We say that M satisfies
the boundary condition “P” if x € 8B(0, r) and Ax € Mx implies A <1 .—

Theorem 2.3. Let X, Y be Banach spaces, U C X, V C Y be open sets. Let
wx and wy be monotone nonsingular measures of noncompactnessin X and Y
respectively. Let F : UxV —o Y be a closed multivalued map wy-condensing in
the second variable and let G : U x V. —o X be an admissible multivalued map.
Let us suppose that there exists r > 0 such that B(0, r) ¢ ZF, and for every
x€ZF theset S(x)={yeY:yeF(x,y)} is nonempty and acyclic. Let the
multivalued map T : B0, r)—o X, T(x) = G(x, S(x)), be wy-condensing
and satisfying the property “P” on the boundary dB(0, r). Then system (2.1)
has a solution.

Proof. The multivalued map S is compact valued and u.s.c. Therefore 7 is
an admissible multivalued map. Let # C X be an essential fundamental
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set of T, since the measure of noncompactness wy is nonsingular we may
assume, without loss of generality, that 0 € #. We want to show that T
has a fixed point in By = B(0,r)n# . Let p: X — # be any retraction
then T :B(0, ry—o # , given by T(x) = po T(x), is an admissible, compact
muitivalued map. Let us show that it satisfies the property “P”. Indeed, if
x € 0B(0,r)n# then T(x) = T(x) and so the assertion follows directly
from our assumptions. If x € dB(0, r) and x ¢ # then T(x) C # and
AxNA# = forall A>1 and hence the property “P” is also fulfilled. Using
Lemma 2 of [11] we may find a compact, convex set .#° C B(0, r) such that
co(llo T(/V )) =.#", where II is the radial projection of X on B(0, r). Since
ITo T(x) is admissible, there exists a fixed point x € .4, thatis x € ITo T(x).
Condition “P” implies that x € T(x) and hence x € T(x). O

Remark 2.1. We can also prove Theorem 2.3 by using the fact that if x ¢ T(x)
for all x € @B(0, r) then the topological degree Deg(T, B(0,r),0) =1 (see
[3 and 12]).

3. APPLICATIONS

In this section we will give two applications of our results. The first appli-
cation consists in solving the problem of finding an optimal control parameter,
u € R", in such a way that the corresponding state vector y of a given control
system governed by a neutral functional differential equation, starting from a
given convex, compact set C C R" reaches at the final time a variable target set
H(y(0), ) ¢ R" and the pair (¥, u) minimizes a given functional.

In the second application we look for periodic solutions of a prescribed period
of a semilinear evolution differential inclusion in a Banach space.

Example 1. In this example we are looking for a control parameter, represented
by a vector u € R", in such a way that the following problem is solvable.

y'(@)=f(t, y(@), p(6(1)), y'(6(1)), u) forallzel[0, 1],
(3.1) y(0)yeC, y(1)e H(y(0), u),
Jo ow(s), y'(s), u)ds — min,
where C is a given convex, compact subset of R”, the multivalued map H :
C x R"—o R” is closed, compact, and acyclic, 6§ € C([0, 1], R) satisfies 0 <
0(t) <t forany 1 € [0, 1] and 6(0) =0, fo:R"xR"xR" — R is a continuous
function.
We assume the following conditions on the dynamics f:[0, 1] x R" x R" x
R" x R" — R".
(f1) The map f is continuous at any point
(ta Uy, Yy, V3, u) E[Oa I]XR4n;
(f2) there exist positive constants a, b, ¢, d and k, with 0 < k < I,
such that
|f(t, v, v, 03, W)l < a+ bloy| +clua| + ki) + dlu]

for any (¢, vy, vy, vy, u) € [0, 1] x R¥;
(ﬁ) f(zyvlavzaUS’ O):O fOTﬂny (l,'U],'Uz, U})E[O, 1]XR3n;
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(f4) there exists N > 0 such that

liminf <u, f(t’ Yy, V2, Vs, u))
U—+00 Iu{‘*‘f

>N

for some 0 < d <1, forany ¢t € [0, 1] and for every (v, vz, v3) belonging
to any bounded set of R3;
(./%) ‘f(ts Uy, Uy, V3, u)_f(ta U, U2, ’Ug’ u)l S k"U3"7-’§f forany
(t, vy, V2, v3, 0%, u) €0, 1] x R,
where the constant 4 is the same of assumption (f;).
Under assumptions (f;)~(f;) the problem

(3.2) Y0 = S, p(1), y(0(0), y'(0(1)), u), y(0) € C

can be rewritten in the following form y € F(x, y) where x =u e X = R",
y € Y =C!([0, 1], R") and the operator F : X x Y —o Y is defined by

Flx,»)=C+ /0 £, 9(5). p(6(s)), ¥'(6(5)), x) ds.

Furthermore, the operator G: X x ¥ —o Y defined by
G(x, ¥) =x+Hy(0), x) - y(1)

is permissible, in fact G can be considered as the composition of the following
maps

W:XxY—o X xX defined by Wi(x,y)=(x-y(l), Hy(0), x));

Wi X x X — X defined by W(w;, wp) = w; —w,.
. Clearly, W is continuous and W] is u.s.c. with compact, acyclic values, and
G=W oW,

The problem of finding x € R" for which a corresponding solution of (3.2)
satisfies y(1) € H(y(0), x) is equivalent to solve the system

{yefu,w,
xeG(x,y).

We will show that this system has a solution by using Theorem 2.1. For this,
we need some preliminary results that we present in the sequel.

Lemma 3.1. Assume (f1)~(f2). Then for any r > O there exists a constant
M(r) > 0 such that any solution y of (3.2), corresponding to some control
x € B(0, r), satisfies |yly < M(r).
Proof. Let y € Y be a solution of the Cauchy problem (3.2) corresponding to
x € B(0,r). By (f») we have that

(3.3) V(O < ar+ bly(0)] + clp(0(1))] + k' (68(1))]

forany t € [0, 1], where a, = a+d-r. Following [17] define now a C'!-function
z:[0, 11— R as follows

Zy=a +b+c)yz+kZ()+1, z(0)=1+|C].
Or equivalently,

, l4+a, b+c
=Tt TR

z(t),  z(0)=1+|C],
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where |C| = max{|c|: c € C}. Equivalently, we have

{ 2(1) = 1+a, b+cz(t)
z(0) = 1 + |C[.

It is easy to see that z is a positive and increasing function on [0, 1], hence
z'(t) is also increasing on {0, 1] and so

(3.4) /() >a, + bz(t) +cz(6(1)) + k' (6(1))

for any ¢ € [0, 1]. We want to show that (3.3) and (3.4) imply {yiy < |z]y.
For this, let

T =sup{t €[0, 1]:|y(s)] < z(s) and [y'(s)| < 2'(s), O <s < t}.

Since |y(0)| < z(0) and 6(0) =0, from (3.3) and (3.4) we obtain |y'(0)| <
z'(0). Therefore 7 > 0, being y, z e Y. We claim that 7 = 1. In fact, assume
to the contrary that |y(t)] = z(r), 7 < !. Integrating (3.4) between 0 and 7
and using (3.3), the definition of v and 0 < 8(¢) <t for any ¢ € [0, 1] we get

2(1) - 2(0 /ly(SIdS

But £[y(1) < [¥'(1)], thus
z(t) > z(0) + [y()] — y(O) = 1 + [¥(7)].

Furthermore, if z(7) > |y(t)| we have, again by (3.3) and (3.4), that z'(7) >
[¥'(7)]. In conclusion, |y|y < |z|y and taking M(r) = |z|y we end the
proof. O

As a direct consequence of this lemma we have that 2F = R". Indeed, the
map
x—o S(x)={y €Y :yis a solution of (3.2)}

sends bounded sets into bounded sets, thus, for any r > 0, we can take U =
B(O,r)C X and V = B(0, M(r)) C Y as open sets in Theorem 2.1.

Definition 3.1. Let Q ¢ Y be a bounded set, we define a measure of noncom-
pactness yy in Y in the following way wy(Q) = a.(Q') where Q' = {)' :
y € Q} and «, is the Kuratowski measure of noncompactness in the space
c([o, 11, R").

We can now prove the following.

Lemma 3.2. Assume that conditions (f1)-(f,) and (fs) are satisfied. Then the
operator F: X xY —o Y, given by

F(x,y) = C+/O f(s, y(s), y(0(s)), y'(6(s5)), x)ds

is (k, wy)-condensing with respect to the second variable.
Proof. Let K ¢ X be a compact set, & C Y be a bounded set. We want to

show that .
wy(F(K, Q) < kyy ().
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For this, let the operators #: X x Y — C([0, 1], R") and
g:X xC([0, 1], R*") x C([0, 1], R") — C([0, 1], R™)
be defined as follows
h(x, y)(t) = ft, y(t), y(8(1)), ¥y'(8(1)), x)
and
glx, u, v)(1) = f(1, u(t), u(0(2)), v(6(1)), x).
Since (K, Q) C q(K, Q, Q') it suffices to estimate a(g(K, Q, Q')). The set
TCR', T={z:z=yp(t)or z=y'(t), y€Q, t€[0, 1]} is bounded. So,
if ¢ >0 from the uniform continuity of f on [0, 1] x T3 x K it follows that
there exists such # > 0 that
|f(t> Uy, uz, st)—f(la al; 122,'1],,%)'<8
whenever |u; —it;|+|us— | +|x—X| <2y, t€[0, 1]; uy, iy, ty, i, v € T
x,Xek.
As Q is a bounded equicontinuous subset of C([0, 1]; R”) there is an #-net
{ui, ..., un} for Q. Let {ky,..., k;} be an n-net of K. Then

aK,Q, Q) c |J elgthy, u, Q).
1<i<m,
1<j<l

From the properties of the Kuratowski measure of noncompactness (see [16])
then it follows that

a(g(K, Q, Q) <max{a(q(k;, u;, Q) +2e:1<i<m, 1<j<lI}.
Now let us show that the operator g(k;, u;, -) is k-nonexpansive. In fact if
vy, U2 € C([0, 1]; R") then

la(ks, wi, vi) —q(k;, u;, v3)|
= sup |f(t, wi(t), wi(0(0), vi(t), k;) ~ f(¢, wilt), ui(6(1)), va(t), ky)|

te[0, 1]

<k sup |vi(t) —va(8)] = kflvy — va.
te[0,1)

Therefore
a(q(k] s Uy Q/)) S ka(Ql)

and, since ¢ > 0 is arbitrary, it follows that
a(g(K, Q, Q) < ka(Q).
Hence
wr(F(K, Q) = alh(K, Q) < a(g(K, Q, Q) < ka(Q) = kyy(Q).

This ends the proof. O
Lemma 3.3. Assume (f1) + (fs). Then there exists r > 0 such that:

(1) the multivalued map T : X —o X defined as follows

T(x)=G(x, S(x))

1
= U {/O f(s,y(S),y((?(S)),y’(B(S)),X)dS+C—H(y(0),X)}
)

yES(x
satisfies the B.U. condition on 6B(0, r);
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(i1) Deg(F(0, «), V,0)#0, where V = B(0, M(r)).
Proof. By (fs) and Lemma 3.1 for r > 0O sufficiently large we have

Deg(F(0, -), V', 0) =Deg(, V', 0).

By (f3) and Lemma 3.1, for r > 0 sufficiently large we have

(u, f(t, v, v, 03, u)) . o (u,y) N
A7l s T
!u|1+5 +y€%1fz |u|l+5 -2
where # = H(C, X), for any ¢ € [0, 1], for any u, |u| > r and any
(v, v7, v3) € R such that |vy] + |va| + |v3] < 2M(r). In fact,

) u
lim in g—’—%z =0.
u|—+o0 yeC—7 |ujl*

Finally, if for any x € X we define x* € X* as x*(:) = (x, +) then it is easy
to see that 7T satisfies the B.U. condition on 8B(0, r).
By virtue of (f3) it is evident that Deg(F (0, -), V,0)=Deg(/, V,0). O

We are now in a position to prove the following

Theorem 3.1. Assume (f1) + (fs), then there exists u € X such that problem
(3.1) has a solution y € Y .

Proof. From the proof of Lemma 3.3 it follows that all the solutions of the
system

{yef(x,y)
xeG(x,y)

are contained in U x ¥V, where U = B(0, r), V = (0, M(r)) and the above
lemmas show that for ¥ and G on U x V' all the assumptions of Theorem
2.1 are satisfied.

From the conditions of Theorem 2.1 it follows that the set {(x, y)} of so-
lutions of system 2.1 is a nonempty, compact subset of X x Y. Hence there
exists a pair (v, u) € Y x X giving the solution of problem (3.1). O

Example 2. Let us consider the periodic problem for an evolution semilinear
differential inclusion in a separable Banach space E described as follows

(3.5) V() e Ay + ¢, y(1) »(0)=y(1)

under the following assumptions

(A1) {A()}epo, 1 1s a family of closed linear not necessarily bounded oper-
ators in E satisfying the periodicity condition 4(0) = A(1);

(Ay) {A(1)}epo,1; generates a strongly continuous evolution operator U :
A — F(E), where A= {(t,s)€[0,1]1x[0,1]1:0<s<t<1} and F(E) is
the space of bounded linear operators defined in E.

It is supposed also that U is continuous with respect to the norm of .Z°(E)
while s < .

(A3) The operator U(t, s) satisfies the estimation

L= sup U, s)ji< 1.
(t,5)EA
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It will be supposed that the multivalued map ¢ : [0, 1] x E—c E has the
following properties.

(¢1) ¢ has compact, convex values;
(h2) qS is periodic in the first variable, i.e. (0, ) = (1, -);
(p3) ¢:10, 1] x E o E isu.s.c.;
(ha) ({0, 1] x Ey € M where M is a weakly compact, convex subset of
E .

(¢s) for almost all ¢ € [0, 1] and every bounded Q C E the set ¢(t, Q) is
relatively compact in F .

In the sequel we will need some additional properties of the Hausdorff mea-
sure of noncompactness y in E.

Temma 34. If B € Z(E) then x(B(Q)) < ||Bllx(Q) for every bounded set
QcE.

Lemma 3.5. [f Q c C([0, 1]; E) is bounded and equicontinuous then
p() = sup x(Q(1) = x.(€2)
t€[0,1}
where Q(t) = {y(t) 1y € Q} and yx. is the Hausdor[f measure of noncompactness
in C{[0, 1]; E).

By Sé we will denote the set of all Bochner integrable selectors of the mul-
tifunction Q : [0, 1]—o E, i.e.

Sé ={q € L'([0, 1]; E) : q(t) € Q(¢) a.e. in [0, 1]}.
If Sé # @ then the multifunction Q is called integrable and

/TQ(S)dS: {/Tq(s)dS:qESé}

for every measurable set 7 ¢ [0, 1].
A multifunction Q : [0, 1]—oc E is said to be integrably bounded if there
exists a nonnegative « € L'([0, 1]) such that

1Q()]| < a(t) foraa.te[0, 1].

Lemma 3.6 (cf. [13)). Let the multifunction Q : [0, 1]—o E be integrable,
integrably bounded and x(Q(t)) < y(t) fora.a. t € [0, 1] where y € L'([0, 1]).

Then
X ( / Q(s)ds) < [sds

Jor every measurable set © C [0, 1].

For y € C([0, 1]; E) let H, : [0, 1]—o E be the multifunction given
by H,(t) = ¢(t, y(t)). From the conditions (&), (¢3), (¢4) it follows that
S},y # @ for every y € C([0, 1]; E) (see, for example, [2]).

We will consider the problem of the existence of mild periodic solutions of
the inclusion (3.5), i.e. functions y € C([0, 1]; E) which satisfy to the equation

y(t)y=U(t, 0)y(0) +/1 Ult,s)f(s)ds
0

where f € S}; and to the periodicity condition y(0) = y(1).
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In order to find mild periodic solutions we will consider the spaces X = F,
Y =C([0,1]; E) and maps F: X xY —o Y, with

Fix,y)= {z cz{t) = Ult, O)x+/: Ut, s)f(s)ds: feS},y}

and G: X xY — X, given by G(x, y) =y(1).
Then it is clear that the problem (3.5) is equivalent to the system

(3.6) {yeF(x,y),

x = G(x, p).

Let us show that the multivalued maps F and G satisfy all the conditions of
Theorem 2.3. In fact, using the methods of [13, 15], one can prove the following
property.

Lemma 3.7. The multivalued map F is closed and for every bounded 7% C X
the set F(#% ,Y) is bounded and equicontinuous.

Lemma 3.8. For every compact K C X and bounded Q C Y the set F(K, Q)
Is compact.

Proof. It is clear that
FK, Q)(1)C U(t, 0K + /Ot Ult, 5)b(s, Q(s)) ds.
Then from equicontinuity of F(K, Q) it follows (Lemma 3.5) that
xv(F(K, Q)< sup xe {U(t, 0K + /Ot Ult, s)p(s, Q(s))ds| .

t€l0,1]

From condition (¢s) it follows that yg(¢(f, Q(¢)) = 0 a.e.in [0, 1] and hence
using Lemmas 3.4 and 3.6 we have that

xy(F(K, Q) < |U(t, 0)} xe(K) +/O 1U(t, )l xe(d(s, Qls)))ds =0
proving the lemma. 0O

Further from Theorem 2.1 of [13] it follows that for every x € X the set
S(x)={yeY:yeF(x,p)} is nonempty and using the methods of [15] it
can be shown that S(x) is a Rs-set and, hence, acyclic. From (¢¢) it follows
that there exists v > 0 such that

(e, e)ll =sup{ilyil:y € g1, €)} <v
forall (¢, e) € [0, 1]x E. Now take B(0, r) C X where
vl
1—-L

Lemma 3.9. The multivalued map T : B0, r)—o X, T(x) = G(x, S(x)) is
x-condensing and it satisfies the condition

T@AB(0, r)) C B, r).

r>
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Proof. Let £ C X be a bounded set, then

T C {U(O, 1)(2)+/l UL, s)f(s)ds: [ €S},
A ,

y is solution of (3.5), y(0) € 2} .

From the condition (¢s) and Lemmas 3.4 and 3.6 it follows that
x(T(X) <UL, 0)fx(2)
and hence T is (/, y)-condensing where / = NU(1,0)} < 1. Now let x €
OB(0, r) and let z € T(x), then
1
z=U(1, O)x+/ UL, s)f(s)ds
0

where [ €Sy . Then
I
Izl < TUCL, 0y x|l +/0 NUCL, I If(s)lds < Lr+ Lv <r. O

Now we have the following

Theorem 3.2. Assume (A,) + (A3) and (¢1) + (¢s), then there exists a solution
of problem (3.5).

Proof. Apply Theorem 2.3.

Remark 3.1. We would like to point out that the differential inclusion in (3.5)
can model control systems of a parabolic type (see e.g. [13]).
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