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Abstract. In this paper we give some results on the solvability of a class of nonlinear
boundary value problems, where the boundary condition is of asymptotic type. The results
are based on a continuation principle in locally convex spaces. Examples illustrating the
meaning of the assumptions are also given.

1. Introduction. In this paper we consider the problem of finding a solution
of the following nonlinear boundary value problem (b.v.p.)
{ & = A(t)z + f(t,z), te J=[0,+400) (L.1)
z(0) € V, z(+00) =0, )

where t — A(t) is a continuous n X n matrix function defined on J, f : J xR"” — R"
is a continuous map and V is a given linear subspace of R™.
An approach for solving boundary value problems of the general form

z = o(t, )

1.2

{ z €S, (1.2)

where S is a subset of C(J,R"), consists in reducing the b.v.p. to a fixed point
problem of the form

z =T(z). (1.3)

Here T is a (possibly nonlinear) operator defined on a suitable subset X of the
Fréchet space C(J,R"™), equipped with the standard topology of uniform conver-
gence on compact subintervals of J. T is defined in such a way that all its fixed
points in X are solutions of the original b.v.p. (see e.g. [3]).
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Obviously this procedure can also be adapted to deal with b.v.p. involving dif-
ferential inclusions (see [1] and the references therein). Returning to the fixed point
equation x = T(z), ¢ € X, the main tool for solving it, is represented by the
Schauder-Tychonoff fixed point theorem. This requires that X be closed and con-
vex, T(X) C X and that T be continuous and compact with respect to the topology
of X (see the references in [2]). However, in general, both the continuity and the
compactness of T are very hard to check. In fact even in very simple cases (see
[2]), the operator T may be discontinuous with respect to the standard topology
of C(J,R™). On the other hand, if we consider finer topologies for X then the
compactness of T is harder to check.

In [2] a method, based on a variant of Schauder’s linearization method, is pro-
posed to prove that, under suitable a priori estimates, the restriction of T to any
bounded set X C C(J,R") such that T(X) C X is compact and continuous with
respect to the topology of C(J,R").

Moreover in [5] and [6], by using the results of [2], the authors respectively
proposed a continuation method and defined a fixed point index in locally convex
spaces.

On the other hand, there are also b.v.p. for which the methods based on the com-
pactness of the operator T' are no longer applicable (see e.g. [7], and the references
therein).

Our main goal here is to provide sufficient conditions for the solvability of (1.1).
We achieve this by means of Theorem 2.1 in Section 2, whose proof is based on the
already mentioned continuation principle in locally convex spaces stated in [5] by
Furi-Pera. For the reader’s convenience we now review this continuation principle.

Consider the boundary value problem

{a’:=go(t,a:), tel

14
z €S, (14)

where ¢ : I x R® — R" is a continuous map, I is a (possibly noncompact) interval
of R and S is a non empty subset of C(I,R").

Theorem 1.1([2]). Let g: I x R® x R™ x [0,1] — R™ be continuous and satisfying
g(t,s,8,1) = p(t, s) for all (t,s) € I x R". Assume that
(1) there exist a convez closed subset Q, of C(I,R™) and a bounded closed subset
Si of S such that the problem

{a’:=g(t,z,q,A), tEI)’\E[Oal] (15)

€5
is uniquely solvable for each (g,\) € Q1 x [0,1];
(c2) the solution of (1.5) corresponding to any (g,0) belongs to Q;
(cs) if {(z4,\j)}jen is a sequence in S1 x [0,1] such that Aj — A € [0,1] and z;
converges to a solution € @ of

& =g(t,z,x,)), tel, Ael0,1],

then z; belongs to Q1 for j sufficiently large.
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Then system (1.5) has a solution in Q1 N Si.

We will apply the previous result with I = J, § = {z € C(I,R"), z(0) €
V, z(+00) = 0} and g(t,s,7,A) = A(t)s + Af(t,r) for any (t,s,r) € I x R* x R®
and A € [0,1].

The paper is organized as follows. In Section 2, under a suitable growth condition
on the nonlinearity f, Theorem 2.1 shows that if A(t) has an exponential dichotomy
with associated projection P such that Im P @ V = R" and if we assume a priori
bounds on the solutions of the family

{ i = A(t)r + Af(t,z), teJ=][0,+00)

z(0) € V, z(+o00) =0, (16)

where A € [0, 1], then, by means of Theorem 1.1, the b.v.p. (1.1) is solvable. We
give two examples of application of Theorem 2.1 for which the a priori bounds can
be found by direct calculation. In Section 3, we assume that A is a n x n real
constant matrix and then we decompose R™ into the direct sum of the root spaces
associated with the eigenvalues of A, respectively with positive or null real part and
with negative real part.

Theorem 3.1 gives conditions on the asymptotic behavior of the nonlinearity f
with respect to the root spaces, which ensure the required a priori bounds. We end
with some examples to illustrate the meaning of the assumptions.

2. Results. We will make the following assumptions
(H,) the function f: J x R®™ — R" is continuous and, if

ak(t) = sup |f(t,2)],
lel<K

where K > 0, then ax € L'(J),
(H3) the n x n matrix A(t) is continuous on J, and if X(t) is the fundamental
matrix such that X (0) = I, there exists a projection P for which

IX()PX1(s)| < Le™ @t~ t >,

XTI -P)X )<L st

with a, L > 0;
(H3) there exists a positive constant M such that if z is a solution of the problem
&= A(t)z+ Af(t,z), =z(0) €V, z(+o0)=0, A€ [0,1], (H>»)
we have

sup |z(t)] < M;
t€]0,00)

(Hy) {0} C V C R" is a linear subspace such that

ImP@V =R".

We are now in the position of proving the following:
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Theorem 2.1. If (H,), (H2), (Hs), and (Hy) are satisfied, then problem (1.1) has
a solution.

Proof. Let Q; = {g € C(J,R*) : |g(t)] < M + 1 for any t € J}. Clearly Q; is a
convex, closed subset of C(J,R"). By the second inequality in (H3) we have

(I~ P)X Y(s)| <L forany s>0,

so that by definition of apr4+1 and (H;) we have for any ¢ € G4

+oo
| [ = Px @) s a6 de| < Lhealinco 21)
We let
+00
v= [ U= PIXT ) (sa(e) ds

By (Hy), for any q € Q1, there exists a unique §; € Im P such that {;, — v, € V, so
that, by (2.1) we deduce that

1€ql < Nllamtalizi) (2.2)

for some positive constant N.
Consider now the family of systems for ¢ € Q1,

& = A(t)z + Mf(t,q(t)), =z(0)eV. (Hxq)

Observe that the only solution of (H) 4) such that z(+o00) = 0 is given by

2ralt) = \[ X6+ [ XOPX@)f(s,a(s)) ds

+o00

-] XOU = PXT S s a(s) ds),

so that by (Hz), (Hs), (2.1), and (2.2) we have

11 +o0
|Za,q(t)] < L(N||0M+1||L1(J)6_°‘t + 6_‘"/ e*anm+1(s) ds +/ am+1(s) ds)
0 t
= P(t).
It is easy to verify that we have

lim %(t) = 0.

t—-+00

For this aim it will be sufficient to show that

t—+4-00

i
lim e_at/ e apry1(s)ds = 0. (2.3)
0
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Fix € > 0; by (H;) there exists { = {, such that
¢
/ apii(s)ds<e Vi1,
13
and we have for t > £

¢ t
e'“‘/ e ap1(8)ds = e""‘t/ e**apri1(s)ds + e [ e“ap41(s)ds
0 0 £

<Ce ® te.

T

Now if we consider the upper limit for ¢ — 400 of each member of the last inequality,
with € > 0 arbitrary, we obtain (2.3). Then, if we let

51 ={z € C(J,R"): 2(0) € V, |z(t)| < ¢(t) Vt € J},

we have proved that assumption (c;) of Theorem 1.1 is verified, i.e., Sy is a closed
bounded subset of C(J,R™) and for any q € Q; there exists a unique solution
Z),q € 51 of (Hy,q). Moreover, (c2) holds too because if A = 0 then z(t) = 0 is the
only solution of (Hog 4) for any ¢ € @1, and 0 € @, N S;. It remains to check the
validity of (c3), i.e., if z(t) is a solution of

z=A(t)x + Af(t,z), =z(0) €V, z(+00) =0,

and if z,, — z uniformly on compact subsets of J and A, — A € [0, 1], then there
exists i such that z, € Q1 for any n > fi. This is easy to prove by virtue of (Hs)
and by the definition of Sj.

Remark 2.1. If V = {0}, P = I then (H;) means that A(t) is an exponentially
stable matrix. If V' = R", P = 0 then (H;) means that A(t) is uniformly stable.

Remark 2.2. Assumption (Ha) is satisfied if A(t) has an exponential dichotomy.
Recall (see [4]) that, if X(t) is a fundamental matrix for the linear differential

equation
z = A(t)z,

the n x n continuous coeflicient matrix A(t) is said to possess an exponential di-
chotomy if there exist a projection P and positive constants L, & such that

[ X(t)PX~1(s)] < Le™ =9 for t > s,
|X () — P)X'(s)| < Le~*(~% for s > t.
This is the case for a matrix of the form
A(t) = A + B(t),

when every eigenvalue of A has real part different from zero and B(t) is bounded
on J with sufficiently small L°°(J) norm. This follows from [4] Proposition 4.1.
Moreover by the same proposition, we have that the projection depends continuously
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on B(t) in L*(J), so that the complementary condition (Hj) is not destroyed by
small L°°(J) perturbations.

Observe that (H3) is also satisfied if A(t) is of the form A(t) = A + B(t), where
A possesses an ordinary dichotomy, that is, the previous inequalities hold with
a = 0, and B(t) is an L'(J)-small perturbation. Furthermore, the projection P
depends continuously on B(t) in L*(J). This can be shown by adapting the proof
of Proposition 4.2 in [4].

Example 2.1. Consider the problem
i+ [a+a®))t+ -0+ b))z = h(t,z,z), (0)=0, z(+o0) =0, (2.4)

wherea : J — R, b: J — R are continuous functions, o and f are positive constants,
and h: J x R x R — R is a continuous function of (t,z1,z2). Assume that there
exists a constant M for which

z1h(t,z1,0) >0 forany |z;|> M, te J (2.5)
and that, for any compact set K C R, there exists ax € L'(J) such that
|h(t,z1,22)| < ak(t) forany z; € K, 23 €R, t € J. (2.6)
Then there exists § = §(a, 8) such that if
lall Loy + 1Bl Loy < 6 (2.7)
then problem (2.4) has a solution. In fact consider the system
2=[A+ B(t)]z+ f(t,2), 2(0) €V, 2(+00) =0, (2.8)

where z = (z3, z2),

4=(5 2 5=y ) 100= ().

V= {(0, 172) X € R}

If z(t) = (z1(t), z2(t)) is a solution of (2.8), then obviously x(t) is a solution of
(2.4). We note that A has an exponential dichotomy and that the spectral projection
verifies the complementary condition (Hy). Then, by Remark 2.2 there exists a
constant 6§ = &(a, 3) such that if (2.7) holds then A + B(t) has an exponential
dichotomy with the projection @, associated to the fundamental matrix Z(t) such
that Z(0) = I, which verifies (Hy).

Since (2.6) holds, hypothesis (H, ) is satisfied. Finally in order to solve (2.8), we
have to show that (Hs) is satisfied.

Consider the family of problems

2=[A+B(t)z+M(t,2), 20)€V, z(+00) =0 (H»)
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with A € [0,1]. Let 2(t) = (z1(2),z2(¢)) = (z1(t), £1(¢)) be a solution of (H)), for
some A € [0,1], and let t; € J be such that |zy(to)| = Iilea}h:l(t)l. We have

&1(to)z1(to) = |8 — b(to)|z3 (to) + Az1(to)h(to, z1(t0), 0),
and since % (to)x1(to) <0, if § < 3, then from (2.5) we obtain
lz1()] < lz1(to)l < M Vi J (2.9)

On the other hand 2(t) satisfies the following integral equation

+o0o t
A0 =M= 20) [ (- @27 @ (s,20) ds+ 20 [ Q27 (6) (s, 2) ds],

and by (2.6) and (2.9) we obtain
|2(t)] < Cllamllzrgy Vied,

so that hypothesis (Hj) is satisfied.
Example 2.2. Consider the problem

&+ o + a(t)]E + b(t)z = h(t, ,&), 2(0) =0, z(+00) =0, (2.10)

where a,b : J — R are continuous functions which are absolutely integrable in J,
a >0, h{t,z;,z2) € C(J x R x R) satisfies (2.6) and the following assumption:

lim inf h(t,flJl,O)

= fB(t) > b(t) exists uniformly for t € J. (2.11)
fz1|—+oo T

Then there exists 6 > 0 such that if
lallLqay + IbllLrsy < 6
problem (2.10) has a solution. In fact consider the problem
z=[A+ B(t)lz + f(t,2), z(0) €V, z(+00) =0,

where z, f(t,2), V are defined as in Example 2.1 and

a=(3 %) m0- (Lo i)

A possesses an ordinary dichotomy with projection P, where
0 1
-0 )

IetAPe—sA' < Le—a(t—s), t>s,

and P is such that
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let4(I - P)e™*4| <L, s>t

AsIm P = {c(1, —a) : ¢ € R}, the complementarity condition holds. By Remark 2.2
it follows that if 6 is sufficiently small (H2) and (Hy) hold for the fundamental matrix
Z(t) of # = [A + B(t)]z such that Z(0) = I and for a projection Q. By using (2.11)
and the same arguments as employed in Example 2.1 we obtain the bounds (Hj)
on the solutions of (H)), and so, by Theorem 2.1, the existence of a solution of our
problem.

3. The autonomous case. In this section we consider the case when the

matrix A is constant in (1.1). Thus, we consider the b.v.p.
= Ar+ f(t,z), z(0)eV, z(+o0)=0. (3.1)

In this case we can provide conditions which guarantee that (H;) and (Hs) of
Theorem 2.1 are verified. For this, assume that

(H}) If an eigenvalue of A has null real part, then its algebraic multiplicity is

equal to its geometric multiplicity.

Let Vi, V3 be the root subspaces associated with the eigenvalues of A respectively
with positive or null real part and with negative real part. We denote by P; the
projection of R™ onto V; in the direction of V3, and let P, =1 — Pi.

By (H}) we can choose a base q1,... ,gp for Vi, and a base for V3, gp+1,... 1¢n,
such that the n x n matrix

Q=(x1---q)
has the property that: the change of coordinates

r=Q¢

transforms the solutions z : t — z(t) of (3.1) into the solutions § : t — £(t) of

X 40+ Q71,08 = Agt +9(4,6)
where P
_ - _ 1
Ag=Q1AQ= ( : Az).
Moreover, if J; and Jp are the canonical isomorphisms between Vi and R? and
between Vo and R™P, and if & = J1 Pz, & = JoPax, we have
(§I7A1£1) 2 Ov 61 € Jl‘/l, (32)

(€2, A262) <0, & € oV, &2 #0. (3.3)
We now need some more assumptions on the nonlinear part g of the vector field
in order to obtain a priori bounds on the solutions. In the sequel, £ = (£1,£2)-
(Hj) There exists M; > 0 such that

(51) lelg(t) E)) Z Oa (34)
for any |£1] > My, t € J and any & € J;V3, and
[J2Pag(t,€)| < ak(t) + br(t)I&al, (35)

for any & € JoVa, t € J and for any £ € K, where K is an arbitrary
compact set of J1V; and ax,bk € L'[0,+00) are functions depending on
K.

We can prove the following:
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Theorem 3.1. If (Hy), (H}) and (H3) are satisfied, and V is a subspace of R"
such that
VeV, =R" (3.6)

then problem (3.1) is solvable.
Proof. Let us consider the family of problems

= Az + M f(t,z), x(0)€V, z(+00) =0, (H»)

where X € [0,1]. By (3.6), if A = 0 then the only solution of (Hp) is z(t) = 0 for
any t € J. Let A € (0,1] and £(t) = Q™ 'z(t), where z(t) is any possible solution of
(H)). Then

1d y

§Ez|§1(t)| = (&1(t), &1()) = (L (1), Ara(t) + M1 Prg(t,€(2))),
and by assumptions (3.2) and (3.4) it follows that

|€1(t)| < My, forany te€ J. (3.7)
In particular
l£1(0)| < Mla

and since P; is a linear homeomorphism between V and V;, we have that there
exists D > 0 such that
1€2(0)| < D. (3.8)

On the other hand
t
£a(t) = e426,(0) + / €= Pyg(s, £(s)) ds.
0

It is well known that there exists a > 0, L > 1 such that
let42| < Le™** ¢ >0, (3.9)

and by (3.5), (3.8) and (3.9) we have that

l€a(t)] < D™t + L /0 (anss () + ba, (5)]€a(s)] ds.

Thus by Gronwall’s lemma it follows that there exists M, > 0 with the property
that
|€2(t)] < M3, for any t € J. (3.10)

By (3.7) and (3.10), we have that there exists M > 0 such that if z(¢) is a solution
of (H)), then
lz(t)] < M, for any te J. (3.11)

We point out that the constant M depends on the subspace V. Thus we proved that
(H3) of Theorem 2.1 is satisfied. Since (Hj) implies (Hz), we have the solvability
of the considered b.v.p. (3.1) by means of Theorem 2.1.
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Example 3.1. In this example we show that, in general, assumption (H4) cannot
be dropped if the problem (1.1) has to have a solution. Furthermore, the following
example shows that the function V — M (v) is not necessarily bounded,

&1 = &1+ v(t, £1)h(2)

& = &1+ w(t, &)] +a(t)

a1 (0) + B€2(0) =0

§1(+OO) = €2(+OO) =0, a,BeR, IB # 0,

(3.12)

v:JxRoR w:JxR—R,h:R— R a:R— R are all continuous maps. If
we fix o, 8 € R, 8 # 0, and we assume further that

v(t,£)& > 0 for any || > M and t € J,

and that, if
ag(t) = sup [v3(t,&) +wi(t, &)] +a?(t)
{611<K

then
ak € L'(J),
the problem (3.12) has a solution.
But if we suppose that
v(t,&1) >0 forany & >0and t € J, (3.13)

then any solution starting from the £;-axis has the property that £;(t) increases as
t — 400, so that the problem (3.12) has no solution for 3 = 0. We note further
that if (3.13) holds and the vector field is sufficiently smooth, say C1, then if we let

E = {£(0) € R? : £(t) is a solution of (3.12) for some o, 8 € R, 8 # 0,},

it results that E is not bounded. In fact suppose by contradiction that there exists
C > 0 such that
|| <C forany (€ E, (3.14)

consider the subspaces
Va ={§1 + b2 =0:0n _"0}1

and let £,(t) be a solution of (3.12) with £,(0) € V,,. By (3.14) we can assume
£.(0) = £ € Vo = {(0,&) : & € R}. Let £(t) be the solution of the differential
equation with £(0) = £. By the continuous dependence of the solution on the initial
value we have

limnt [€(t)| = 0,
while for (3.13), & (t) increases with t. So (3.14) is false, and E is unbounded.

Example 3.2. Asin (H}) we use a coordinate system involving V; and V. It is
natural to consider vector fields with some “symmetry property” with respect to
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the root subspaces of A and which is represented by conditions similar to (3.4) and

(8.5). For example,

g9(t,&) = ¢(t, &) + (2, €), (3.15)
12?3350(51’ J1Pig(t,61)) 2> 0 (3.16)
uniformly for t € J,
lim (&[] Pin(t,€)l =0 (3.17)
{€1l—+o00
uniformly for ¢t € J and & € JyVa,
| J2Pen(t, )] < ak(t) + bk (t)|al, (3.18)

where & € K C J1V;, K is an arbitrary compact set, &, € JoV, and ag, by are

functions depending on K and belonging to L!(J).

We note that (3.15), (3.16) and (3.17) imply (3.4), while (3.18) is implied by
(3.5). All together they ensure the required a-priori bounds on the solutions of

(H»)-
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