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1 INTRODUCTION adequate. Passjve stabilization techniques are gen-
erally achieved by designing satellites with physical
Motion of a Spacecraft presents two dynamica) as- characteristics (such as booms; flaps like aileron, el-

other side, a satellite. while following trajectory, tion.
may execute rotationa| motion abouyt jig center of For attainmen; of high pointing accuracy active
techni

'nass, commonly referred to ag hbration.
There are umerous situations of Practical impor. cally yseq in active contro| are micro~thruster Units,

tance sych as ¢ommunications, scanning of cloyd Magnetic coils and wheels. In Particular all the mis-
cover for weather forecastmg, survey of Earth re. sions performed in Jow orbit and Earth—pointing re-
sources, scientific and military observations, etc., quiring a three axes stabilization cap be controlled

mental forces a4 solar pressure, Interactions with to be taken into account,
the Earth’s 8ravitational and Magnetic fields and, The life-cycle of the mission can be split into the
if the satelljte happens to be close to the Earth, free following phases:

¢ Launch

¢ Operative attitude acquisition

leads to undesirable libration motion which must ¢ Operative phase.
be controlled for successful completetion of 5 given
mission. Moreover, for re-entry vehicle

Several methods of attitude control have been de.
veloped over the years. Broadly Speaking, they may
be cla§sxﬁed as active .am‘i Dassive techn:qges. * Recovery,

For missions where pointing accuracy requirements

are not too exacting, passive techniques involvmg We address the attitude stabilization problem duyr-

116 expenditures of siored energy have proven to be ing the Operative phase. In addition to the attitude

* Re-entry
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problems mentioned above in this Phase the contro}
has to recover tesidual angular rates due to the ma-
noeuvers in the previoys phase executed by means
of thrusters.

feedforward ig proposed.
The contro] policy we Propose is based op 5 sliding
manifold approach. It has been Previously devel-

be the solytion of a system of differentia] equations Figure 1: CARINA re-entry capgule

2.1 The reference frames

control in the uniform topology. Then the _dmdf The coordinate systems used in attitude controf are
loop system exhibits stable behaviour ang INSEDS-  shown in Fig. 2. The inertially fixed coordinate

over, the system State is in a prescribed

hood of the sliding manifold at any time.
posed control algorithm is thep applied to a possible
configuration of the CARINA satelljte.

(see Fig. 1) is a new Tetrievable unmanpe

ence of athmospherijc disturbances and corrupted
Earth~magnetic field measures.

2 THE MODEL : ‘ ‘d&cribed in terms of an “a.irplane”

In this section the model of the satellite will be de. yaw.
rived. To this end We must first introdyce the ref- The nominal yaw axis, Z, is along the vector from
erence frames usually used in 4 satellite attityude th

control problem and then the dynamics equations.  of mags of the Earth, and the nominal pitch axjs Y



respect to the inertia“y fixed system X,
the orbita] rate of g,

The last reference System used g the body fixed
reference frame Zyz, that, for the sake of'simph'city,
Is taken coincident with the Spacecraft cengra) axes

2.2 Dynamics equations

The rigid body dynamics €quations with respect to

the Principal axes of inertia cap be written as
‘[r = Ir::‘;/r + Wyw:([zz ~ Lyy)
x‘/y = lyyu')y + Wr\-dz(]rr - zz) (1)
M, = [:;%"z +Ur‘-‘/y([yy ~ irz)

where o wy and w, are the angular velocities. M,
M, and M, the applied torques apq lor. 1y, and
I;. the momenta of inertja.

Introducing the attitude €Iror angles ¢ ¢ and y,
which are known as roll, pitch and yaw errors re-
Spectively, t)e angular velocitjeg can be expressed

as (KNaplan, 1976), (Wertgz, 1986)

Q.

Wy I 0 —sing .
“y =] 0 cosg cosfsin ¢ 8
w, 0 =sing  cogp cos @ v
€os B sin
- g COS @ cos ¥ + sip dsinbsip ¢ (2)

—SIn ¢ cos ¥+ cos @ sin fsjp 7

where u, is the orbita) rfate. It is knowp that sych
description Is valid only when g €(-7/2 7/2) and
@€ (~n/2. T/2).

Moreover the vector of applied torques can bhe split
Into two Components

M,
My, | =M, + T, (3)
M.
where M, is the vector of torque due to the actya.
tors and
{{. - Tyy)sin P oS @ cos” g
T, = 3.2 (l:: = I, )sin 8 cos b cos o {4)
(—— 1,y ) sin Jcos 9 sin @

i1s the vectop of gravity gradient torques,

Denote by ¢ = (8,6, 4)T the vector of error angles.
Then eqn (1) can be rewritten as

uaé+@xaz@r+ﬂwoé+cwm=

. Mc(&)¢ + M, (5)
where
. ¢ 0 0 9 0 ¢
27 = | ¢ 06 ¢ ¢ (6)
0 0 4 ¢
and the to1q4 mertiq matriz is
T 0 —I,,sin&
J(¢) = L ST Ly cos @ sin ¢ (7)

- z,SiD(P' [z.z C050C08¢

é € (~7r/2, 7/2),
half complex plape.

Bravity-gradient torques.
Rearrangi_ng eqn (5) in terms of
T = (fT,fT)T we obtain

the state vector

. 0
z"(J”&HMdO~GMD
X
-dﬂwmqoao~B«0)’
0
+ (J~l(€) )Ma (8}
The Xpression of M, depends op the choice of the
actuators,

2 axis and , reaction
axis is aligned with the y axis,

M, can be Written ag (Wertz and Larson, 1991)

0 -8, ¢ Hr
M, = ~-B. B, | H.
B, 0 90 h
0 0 =4 Wy
+ 0 0 ¢ wy, (9)
h o g W,

where (B, By BT is the Ear¢h Magnetic field ex.
pressed ip body axes. 4 1s the angular momentum
of the whee] apd Hr. u. are the components of the
vector of dipole Momenta iy body axes on the r ang
I-axes respectively.

Under the usual assumption to neglect the whee]
dynamics, the input—oucpun behavioyr of the whee]
is described by A = N,V where | g the control
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voltage of the wheel and K, js the whee| gain. Then
eqn. (8) can he rewritten as

0
z= ( T7HE) (Mg (g) - G(¢))
0

I 0
~J-1<s>(0<s>Z(e')—B<o) D6 | =
0 0

0
L ITHOTwp(e) | u (10)
0 0 K,
where z = (7, M)T and u = (Hz, u,, T,
0 -8B, 0
Twp(¢) = -B. B, [, (11)
B, 0 0
and the vector
_[:._- L ta;&coscp‘
rr Lo
D(¢,§) = “@ (12)
Wy cc;szé
l,.cosd

over, the entries of thjs matrix can be Measured by
means of magnetometers on the capsyle.

3 THE ATTITUDE CON-
TROL

Let R be the open connected sybset of R% in which
the state variables g of system (10) take the values.
Observe that o ER.

In this section we address the problem of regulating
Z to zero. This regulation probjlem can be stated
as follows.

Given 4 > 0,8 >0 and Ty € R, it s required to
design a feedback control law such that ¢he solution
z(l) = (a:(t)T,h(t))T of system {10) with z(0) =
(;toT, ho)T satisfies

[2(t) |[< 6+ 4e-01 (13)

for any ¢ ¢ [0.7], where 4 js a constant depending
on the data and 7 = 5 days (the nominal duratjon
of the operatjve phase}.

To solve this problem we myg; introduce some pre-
liminaries.

3.1 Mathematica] preliminaries

System {10) can be rewritten in the following form

}.:A(z)z+B(z}u (14)

where z ¢ R, :RxR,uERaandthemaps
Z— A(z), and z — B(z) satisfy alocally Lipschitz
condition on R,. [et s Ry x [0.7) — R3 g, a
given continuously differentiable map and define 5
related sliding manifold as

S:{(z,t)€R1 x[O,T]:s(z,t):O} (15)

Consider the function 9(Z,u,t) RyxR3x [0,7]—
R3 defined by

9Z, u,t) = (%s(z,t)-f- (%s(z,t)(A(z)z+

B(z)u) (16)

and for any ¢ > 0 consider the system of ordinary
differential equations

(17)
(18)

z = Alz)z B(z)y

fu = 9(2,u,t)

Now we make the following assurnptions on §

S1 Forany ¢ ¢ [0, 7] there exists Z € R, such that
(z,t) € S,

S3 For any Pair (zg,uq) ¢ Ri x R3® ang any
€ >0, the system (17)~(18) has an unique soly-
tion (z(t, £),ult, ) defined op [0, T such that

(2(0,¢), u(0,¢)) = (z,, uy)

S4 The equilibrium poiny g+ - U (2,1) of the
€quation (18) js asymptotically stable, for any
(2,6) e T Furthermore, We suppose that the
asymptotic stability js uniform jip (2, e T

v = g(z,y,i)
= u (19)

satisfies limp y(s) = a*, whenever 7 ig suffi-

33— 0
ciently closed to 4* and (z,f) e 7.

Now we give the following

Definition 1 For any (2,t) € T, the unique soly-
tron u*(z, t) of the algebrasre equation 9(Z,u,t) = ¢
15 called the equivalent contro] for the problem

z =
s(z,t) = ¢

Referring to (18}, i
sufficient condition for Assumption S2 is that the
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1s not singular for any (z,t) € 7. This condition
also defines uniquely the equivalent contro| as

-1
u (z,t) = — ((%s(z,t)B(z)) (%s(:,t)-}-
%s(z,t)A(z)z) (22)

Definition 2 4 poiny (2,4,1) such that the soly-
tion of the Cauchy problem (19) converges asymp.
totically to w™(2,1) is sqid 1o belong to the domaip
of influence of u*(z,1).

The following Theorem is a direct consequence of a
classic result of the Singular Perturbation Theory
(Wasow, 1965).

Theorem 1 Assume that S1-S4 are salisfied. Ley
(%0, %0,0) be 4 point in the domain of influence of
u"(20,0), with (20,0) € S. Then the solution pair
(2(t,¢), u{t, z)) of the Cauchy probdlem

z
cu

A(z)z + B(z)u; z(0) = 24

9T, u.t), w(0) =u, (29)

U

has the following properties

Iirr(z)z(t.s) = z(t) uniformly in [0, T}
Iir%u(t,s) = u(t) uniformly in [t,,7) (24)

foranyt, > 0 qnd (2(t), 4(t)) 15 the solution of the
reduced system

A(z)z+B(z)u;
gZ. u.t).

2(0) =z, (25)

H

3.2 Feedback control design

In order to solve the attitude control problem we
choose a control Jaw u of the form

uw=To (6 (26)
and consequently. in order to design u’, we define
8:Ry x[0.7] — R ag follows

s(z,t):H(-z+eCtzo> (27)

where H and ¢ are matrices of suitable dimensions
to be chosen later and zp = (Ig‘O)T.
Now consider the system

0
= ( IHE (Mg (g) - G(§))
0

I 0
ST (Cozie - ) b |,
0

(s

0
J-!

(&) u' (28)
(0 0 ATz

wp (&)

(29)
where g is defined by means of ( 16) and (27). Since
$(20,0) = 0, the solution (z(z), u’(t)) of the reduced
system defined in Theorem 1 satisfies 8(z(t),t) = ¢
for any ¢ ¢ [g, T].

By Theorem i wé know that if assumptions §1-
S4 are satisfied, then the solution 2(t,£) of sys-
temn (28)-(29) with the corresponding control law

cu’ = gz, u' t)

1
u'(te) = EH (—z(t, €} + eCtzo) (30)
approaches 2(¢) uniformly in [0, T]. As we are inter-
ested in regulating only the vector T = (&7 ¢TyT
we let

trices to be designed. According to (21) it is easy
to prove that assumption S2 holds if and only if the
matrix

HJ-1(¢)
Ro{(pT,07)T pe R3} (39

1s nonsingular, Since, for any £ € Ry, the matrix
J(§) has all the eigenvalues with positive rea] part,
it is possible to select the matrix H; in such a way
that for any compact set £ Ro there exists a
constant ag > 0 such that

ReAmin (&) > ag >0 (33)

for each € € K, where Re/\mm(A) denotes the
minimum of the real parts of all the eigenval-
ues of the matrix 4. Therefore condition S4 g
satisfied.  S1 5 a direct consequence of defipj.
tion (27). Finally, by the properties of the ma.
trices A(-) and B(-) which

re =
VEER, =

locally Lipschitz condition, Furthermore, by (40)
and the estimates (43), (44) and (45) in the sequel,
the solution (2(t,¢),u/(t, £)) of (28)~(29) for which
(2(0,¢), w(0,¢)) = (z0,up) € Ry x R3 g defined on
[0,7]if zy |, and hence |20 [, is sufficiently smaj].
Observe that how smalj | 2o | has to be depends
only on the data H =(H, H>) and C.

where 4(.) denotes the logarithmic norm, or mea-
sure of a matriy, {Coppel, 1978), (Desoer and
Vidyasagar, 1985).

Consider svstem (28)-(29) and assume that the 3x 3
matrix Hy is such that I'(¢) given by (32) satis-
fies (33). Now we can state the following

Theorem 2 Let 3 >0, ¢ >0, 9 > 0. Let Zo be
grven i such a way thay Z(t) € R for anyt € [0, 7]
Assume they

Re/\mm(H:;_IHl)zd'f"? (35)
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and

H(C) < ~Redmin(H; 'H}) + 4 (36)
then there exists o > 0 such that for any
€ € (0,e0] the solution (z(t,€),u'(t,¢)), with
2(te) = (2T (t.e), ht.e))T, 1o (28)~(29} satisfying
(2(0,€), u'(0.2)) = (zo, uy) 1s such that

[2(t e} |< 64 4,emCt o 4, -ae (37)

with

u'(t.e) = §(H1 H, 0) (—z(t,s) + eCtzo) +u,
(38)
where t € [0, T] and A; and Az are positive con-
stants depending on H,, H) C and zg.

Proof. Denote by (z(t), u'(t)) the solution of the
reduced system associated to (28)-(29), with 2(0) =
zo. Since s(2(t),t) = 0 for all t € [0, T], we have

(H: Hy)#(t) = HeCly,. (39)

This implies

&)= ~H; ' H Et) + HI'HeCy, (g
so by assumptions on the matrices H:,’lHl and C

we have

lim z(¢t) = ¢
{~—~00

(41)

exponentially. Consider now a neighbourhood I of
S such that the set {z€ R (2,t) € T for some
t € [0,T)} is bounded with respect to the z~variable
andI CR,. Fore > () sufficiently small under our
assumptions it is not hard to show that conditions
S1-S4 are verified in T. In fact, S1 is a direct
consequence of the definition of s and S2, S4 can
be derived from inequality (33). Finally, $3 holds
since 2(t) € R, and it is defined on [0,T). Hence
by Theorem | we get the following inequalities
It e) <] 2(t,e) — (1) | + | z(t) |<
S+ &) [+ &t) ] (42)

(40) and (Cop-
0, we obtain

Finally, using our assumptions, eqn.
pel, 1978), for sufficiently small v >

[2(t.2)| < &+ 4,e4Ct

+  ApelmReAma(HT T H, 4t (43)
where, since [xo] = |24], we obtain
A=l HITH || |z | (44)
and
Ao = LO+ | HH ) (] €00) | +
L HT H | [z | )
[ 1(C) + Redmin(H; THY) ~ 5 |
and L = L{~) is the constant of Proposition 3 in

Coppel. Then (37) can be easily derived.

The choice of the matrix C is a degree of freedom of
our design. The role of this matrix is to “drive” the
decaying of the state in the sense that the state
tends to track the term cc‘zo. Then the cloger
to zero the real part of she eigenvalues of C, the
slower the convergence of the state to zero will be.
This allows us to consider bounds on the control:
by Theorem 1 the contro} signal u'(¢, ¢) approaches
the equivalent control u'(t) gn. [‘tﬂ and the shape
of the equivalent contro} 1s determined by the ma-
trix C according to (22). Then we can look for
the matrix ¢ minimizing a suitable performance
index; this topic is the subject of work in progress.
Moreover the presence of the term eCtzo avoids
the drawbacks of high gain control systems such as
peaking phenomena.

4 SIMULATION RES ULTS

In this section the contro] law (29) presented in
the previous section js used to obtain the attitude
control of the CARINA satellite. The simulations
have been performed by using the ESA-MIDAS dy-
namic simulator. Assuming a quasi—circular orbit,
l.e. small eccentricity, the data for the satellite and
actuators are
27

wg = 5145 rad/s
Lz = 66  kg.m?
Iy = 152 kg.m? (46)
L, = 152 kg -m?
K, =4£1000 N m/v

The data for the control, with the notations used in
the previous section, are

£ = 193
10—+ 0 0
H, = 0 101 0
0 0 10—+
(47)
002 0 o
H, = 0 1 0
0 0 002
C = ~510741,

The initial non nul) conditions on the attitude error
angles and their derivatjves are due to the Minimum
Impulse Bit of the 20 N thrusters used in the previ-
ous phase of operative attitude acquisition. In the
most unfavourable situation a possible set of initja)
conditions is

»(0) = 0.0925 rad

800) = 0025 rad

v(0) = 0025 rad

$(0) 0.004  rad/s (48)
8(0) = 0.0012 rad/s

v(0) = 0.0019 rad/s

h0)y = o9 N-m-s
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In Figs. 3—4 the behaviour of the error angles and
rates, respectively, are reported. In Fig. 5 the dipole

tor bounds are Hmax = 100 As-m? and Vinax =
In order to not exceed the bounds, the matrix C has
been chosen to impose settling time of about 104 s,
The simulations have

(Utkin, 1978), (Bartolinj and Zolezz;, 1986). This
topic, due to space limitations, cannot be discussed
in detaijl.

5 CONCLUSIONS

In this paper a sliding manifold approach to the at-
titude control of a satellite has beep Presented. Ip

mental disturbances and corrupted measures of the
Earth magnetic field.
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