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Abstract. We give conditions for the existence or nonexistence of positive solutions of
second-order subcritical elliptic nonpositone problems. We do not assume that the problems
are radial, nor that they satisfy a variational structure. Qur chief tools are Degree Theory,
a priori estimates, and Maximum Principle arguments.

In this paper we are interested in the existence or non-existence of positive clas-
sical solutions for the problem:

lu= —Au+25b;D;u = Af(z,u) in Q

(1)
u=0 on Jf)

in a smooth bounded domain ¢ R™. Here we assume that b; € C2(Q),
f e Cg (R with f superlinear and subcritical: f(z,) ~ & for 0 < ¢ large,

with 1 <y < (n42)/(n—2). Of specific interest, to us js the nonpositone situation,
f(2,0) < 0 and the prototype equation is:

—Au= Au” -z in Q

—
O]
—

u=10 on Jf)

Unlike in the usual case, f(x,0) > 0, there seems to be relativelv little literature
for this situation. We mention in particular the existence criteria of Castro and
Shivaji [5, 6], and Smoller and Wasserman [14]. Furthermore, a variational existence
result similar to what we shall establish here may be found in Chapter 3 of the
thesis of S. Unsurangsie [18]. We thank the referee for bringing this reference to our
attention. Nonexistence conditions for A large may be found in [4] for the radial
case. We recall that nonpositone radial problems are of interest if one considers
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“symmetry-breaking” situations [15, 16]. Many of the previous results of which we
are aware for problems (1)-(2) are radial (or close to radial) and/or variational with
the primitive of f usually playing a significant role in the procedures. While these
ecarlier considerations furnished the motivation for our work, it is clear that they
cannot be easily applied to problems such as (1), (2). To illustrate the results which
we will obtain we give as a special example:

Corollary 1. Assume §Q is strictly convex. For any ¢ >0 there exist A\ > Ag > 0
such that problem (2) has a positive solution for 0 < A < Ao and no positive
solutions for A > Aj.

Despite its very special nature, we believe this Corollary to be new.

We note that our work extends some of the recent radial results given in [4], 5]
and thus also answers a conjecture of Smoller and Wasserman [14] - concerning the
existence of positive solutions for n/(n — 2) < v < (n +2)/(n — 2) - in the non
radial case.

Our chief tools for existence are Degree Theory. a priori estimates of Gidas and
Spruck [9], and scaling arguments. The estimates in [9] are particularly selected be-
cause they hold under growth conditions which are analogous to the radial ones given
in [4] for the “large A” non existence results. The non existence results presented
here, however, are based on the Maximum Principle and ideas of de Figueiredo, Li-
ons and Nussbaum [8], and Gidas, Ni and Nirenberg [10], and hold under difterent
conditions than those given in [4] even in the radial case. They require assump-
tions only on some boundary patch, so that no global conditions need be placed on
problem (1) to ensure nonexistence for A large.

We emphasize that the solutions we find are strictly positive in Q. If f >0, then
nonnegative solutions must be positive by the Maximum Principle, but this is not
the case here. Furthermore, we observe as mentioned in [5] that u = 0 gives a
supersolution [13], thus making upper-lower solution procedures difficult to apply
in general, although these have been sometimes used to advantage [14].

In conclusion, we remark that there is a differential inclusion related problem to
(1); i.e.,

(u€ Af(z,u) in Q
(3)
u=20 on J9
with
. flx,u) u>0
fia,u) { [f(2,0).0] u=0

The connection between problems (1) and (3) is clear: if we can find a solution u
to (3) such that u > 0 almost everywhere, then u also solves (1). Alternatively, we
may consider the problem:
(u= Afp(z,u) in €
(4)

u=10 on  J9

where f,, is a suitable continuous graph approximation to f in the Hausdorft distance

where
. { floe,u) w>0
r.
0 o= .
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Passing to the limit as n — oo again gives a solution to problem (1), if we can show
that the limit function is positive almost evervwhere. For special cases of ), ¢, f
(e.g.. f has “upward discontinuities,” Q syminetric) this can actually be done, and
the interested reader may find these and related problems discussed in (7], [2], [1].
The difficulty with these approaches is that in general the candidates for solutions
of (1) found from (3), (4) may not be positive and hence will not actually solve
(1) — a fact which has been known for some time [17]. Consequently, we do not
employ these approaches.

Existence results. Our fundamental growth assumption on f is the same as
given in [9]. and is chosen in analogy with the one used in [4] in the radial case to
show nonexistence for A large. Specifically, we assume

i [E8)

£ o0 57

= p(z) (5)

uniformly in r € Q, with 0 < PECHN), 1<~ < (n+2)/(n - 2).
We begin with the following special results. Let (' = {wlw € CHR), w =0 on
90} and equip C with the Il llct norm.

plr)gr, £€>0
0. £<O0
then F: C — C, F(u) > 0 and there exist ri.72 > 0 such that deg (I — F, B, -
B, ,0) £ 0. where B, denotes the open ball of radius riin C.

Lemma 1. Assume f*(r.€) = { . and set F(u) = N f* (2, u));

Proof: This result is well known, but for completeness and convenience in what
follows we sketch a proof. Consider the problem:

u=240 on Of) (6)

tu= f*(z.u)+tJ in Q }
with
(i) £ >0,
(i) J the normalized positive cigenfunction corresponding to the least eigenvalue
of the formal adjoint ¢*.

Observe first that anv (classical) solution of (6) must be positive by the Maximum
Principle [11. p. 33]. Next, following the procedure in [3]. we conclude that problem
(6) has a solution ounly for t < ty, some t, > 0. This observation, assumption (5)
and the a-priori results in [9] imply that any solution of (6) must be bounded in
absolute value. We next apply (11, Corollary 8.36] and conclude that there exists
ro > 0 such rhat anv classical solution u of (6) must satisfv ||lullc1 < ra. Next, if
uis any solution of (6) with f = 0 then (y — (p(x)u— 1. Applyving results in
[12. p. 93 and p. 239]. we conclude that plegyu” " Hrg) > 1 for some Tq. where 7
denotes the least eigenvahie of £, From this we obtam [[ufer > f[ulleo > ry. for some
> O mdependent of w. We observe that - ¢ — ¢ I~ compact, since (7' maps
C o C7 by the Fredholm alternative and [11. p. 107]. Furthermore, our earlier
considerations show

(1) ~ 0™ T+ £l for >0, u e a3,
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(i) u#vF(u) for0<v<l ue OB, .

We can now apply Degree Theory arguments by constructing homotopies as n
(3, or 19, p. 562] and conclude that deg(f — F,B,,0) =0, deg (] — I, B.,0)=1
whence deg (I — F, B, — —Er‘,O) # 0, and the result follows. Observe that here F
is actually defined on the whole of C and the positivity is recovered by Maximum
Principle arguments.

Lemma 2. There exists & > 0 such that if Fy : C — C is a compact map with
|FL()|ler < & for v in Bey,, v > 0, then there exists 0 < u € B,, such that
u = F(u) + Fy(u).

Proof: Using the notation of Lemma 1, let S denote the set of solutions found for
f(z,€) = p(z)§* in B, — B,. Choose £ > 0 small and set N, = téJSBe(u) where

B.(u) denotes the open ball of radius ¢ in C centered at u. Clearly N, is open
and, by the compactness of F, there exists § > 0 such that ||(I — F)(v)|ler > 6 if
v € ON.. Next. we observe that if v € V. and ¢ is small enough then v > 0 in Q.
Otherwise there exists a sequence {v¢} in C. {u.} in S such that |[ve — uellcr = 0
and v. ¥ 0 in . Since & i1s compact. we assume without loss of generality that
u. — u for some u € §; Le., ve — U Observing that u € S, we conclude by the
Maximum Principle that « > 0 in Q and du/dn < 0 on 99, where n denotes the
outwards normal. Since v, = 0 on 9€) by definition, it follows that v, > 0in 2 for €
small enough and the contradiction establishes the result. Finally, if || Fi(v)|jcr <6
for v in B,,, we conclude by Lemma 1 that

deg ((1 _F—F).N.,0) = deg(I = F.N..0) = deg (I = F. By, ~B,,,0)#0.

Theorem 1. Let f satisfv (5). There exists Ag > 0 such that problem (1) has a
positive solution for 0 < A < Ao.

Proof: Let € > 0 be given. We observe that from condition (3),

B2y < 2pta)

if € is sufficiently large, whence
fla, ) = pla)&| < eplx)’

for such £. Since f,p are assumed continuous. we conclude that there exists a con-
stant k() such that

1f12.6) = pla)E"] < eplx)€” + k(&) (7)
for all £ > 0. Let a > 0 be ziven and set £ = % in (7). We thus have

a7 f(s i) — ployu] < eplaehu + k(=)at

Y

We reeall that the estimatos [110p. 212} and (11, p. 36} inply

1 e < Rllalleo.
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for some constant k; independent of g. Select & as in Lemma 2 and now choose
¢ so that ellp(z)u’|[co < 6/(2ky) for v € B,,, u > 0. Finally, choose a so that
a7k(e) < &/(2ky). With these choices, we observe that IE v (u)ller < & for w € B,,,
u > 0, where Fy(u) = (7'[a7 f(z, ) - p(z)u]. We apply Lemma 2 and conclude
the existence of a u > 0 such that u = Fi(uw) + F(u), where F(u) = H ()
iLe.

= a’ u
[U‘O f($va)’

for all @ small. Finally, setting v = u/o and observing that (v = a?’ ! f(x,v) and
7 > 1, the conclusion follows with A = a7~1.

Non-existence results. We consider now problem (1) under only some local
conditions of f,b; and Q and show that for \ large there are no positive solutions.
Specifically, we keep the smoothness assumptions on f,b;, Q) but now require that
for some o > 0 and all z € QN S, for some ball S centerod at some point P € 91,

() (€= a)f(2,6) > 0 for £ # o

(i1) there exists a smooth function g(x) > 0 such that

f(2,6) > g(x)(E—a) for &> a.

Observe that condition (i) implies f(z.a) = 0. We no longer require condition (5)
so that our non-existence results apply, for example, to some cases where flz, t) ~ ¢
at infinity. We also observe that if condition (5) and assumption (i) hold, then
elementary calculus shows that assumption (i1) follows for f smooth, fulz,a) > 0.
The prototype problem (2) is clearly an example of a suitable f. We also require
a condition on © and f so that there exists a fixed truncated cone A, such that
ifz € SNQ, and 0 < u solves (1) for some A > 0 then u(y) > u(x) for any
y € QNz+ K where Q. = {z|z € Q, p(z,0) < £} and 2 + K denotes a cone
obtained by rigid motion from K with vertex at z. Conditions for the existence of
such cones have been given by De Figueiredo, Lions and Nussbaum [8], using carlier
fundamental arguments on positive solutions of Gidas, Ni and Nirenberg [10]. Note
that, unlike the siruation in [8], we require the existence of our structure only on
some boundary patch rather than everywhere on .. For the reader’'s convenience
we recall from [8] that for the existence of such a A it suffices, for example, that:

There exists a smooth strictly convex domain I such that we have SN IO ¢
D, SNQ C D and
(i) fECDxRYand V,f =0in D x R':

(iv) b; =0in D.

Hereafter we assume that I, S exist. but we conjecture that the non existence
results may hold even without these assumptions.

Select and fix R, > 0 such that I contains a ball of radius R;. The non existence
result follows from a series of preliminarv results.

Lemma 3. There oxists A > 0 such that if A > XL 0 < o solves (1) and By, C
§2N S denotes anv ball of radins Ry then u(a) < o for some r € By, .

Proof: Since f{r. i) = 0. we have for w > by condition (i1,

(=) = A(rou) > Ag(a)u —a)



100 W. ALLEGRETTO, P. NISTRI AND P. ZECCA

with g(z) > 0. If for some Bg, C QNS we have u > «, we again apply the results
of [12] and conclude as before, that 7 > Xinf,¢q g(x), where 7 denotes the least
eigenvalue associated with the Dirichlet problem for € in Bg,. Since g(x) > 0 in Q,
the result follows.

Lemma 4. There exists an open ball B.(P) centered at P € 9 such that if X > Ay
then v < o in Be(P) N L

Proof: Let K,S denote the cone and sphere introduced above and let B.(P)C S
with 0 < & small. If u(z) > « for some = € Be(P) N, then u(y) > a for any
y € r 4+ K and, in particular, for any y € Bg,(€) for some £ € 7 + K. The result
follows by Lemma 3 applied to B, (£).

Lemma 5. Let A > \; and 0 < u solve (1). Select a sphere Sy centered at P with

So C B.(P). Let v solve:
fv=10 in Z
v=u on 0Z

where 7 is a smooth domain, SoNQY C Z C B(P)NQ. SoNO) C 2. Then for some
B, vl cr+s(sona) is bounded independently of X\,u. In particular, |Vv| < const. on
So N Q.

Proof: Observe that by the Maximum Principle, v is positive and bounded by «a,
since 0 < u < a on B.(P)N Q. Furthermore, v € C1+3(5y N Q) and

||U||CI+ﬁ(sonQ) < k[“v”CO(B,(P)nQ)]-

again by [11, p. 212].

Lemma 6. Let & be given with 0 < & < . There exists a sphere Sy C €, indepen-
dent of A > A\ such that |u| < é in Sy.

Proof: Recall that u < « in B.(P) N Q by Lemma 4 whence fu < 0. Let v be the
solution found in Lemma 5 and observe that {(v —u) > Oin Z and v > u on 0Z.
We conclude v > u > 0 in Z. Since |Vr| < const. on So N Q and v = 0 on I we
solect £ > 0 so that u < v < 6 in Sp N Q. and then choose any S; C So NfL..

Collecting the above results, we have:
Theorem 2. Problem (1) has no positive solutions for A large.
Proof: For A > X, we have shown that 0 < u < § < a in some fixed sphere

S, C Q. We recall that by assumption (1) and continuity,

inf _ (E-a)f(z,§) =0>0;
(6,5)€(0.6)x (NS

ie. f(x,u) < —0/a in Sy. In summary.

fu< =M /o in 9
u< b on  JS;.

From this we conclude, again by the Maximum Principle. that if A is large enough
then 1 < 0 somewhere in Sy and the contradiction establishes the theorem.
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In conclusion we observe that Corollary 1 is merely a special case of Theorems 1,2.
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