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Abstract We use the classical theory of singularly perturbed
systems to design a dynamical feedback controller which allows
us to solve control problems, involving slidings manifolds, within

error.  The dynamical feedback

prescribed  approrimation
controller s the solution of a differential equation containing a
small parameter € > 0. The equation 1s derwed from the data
of the considered problern. The controller turns out to be an
absolutely continuous function and so the chattering pheno-
menon 15 practically eliminated. We investigate the relationship
between the controller and the equivalent control. We also study
the behaviour of the coutrolled response of the system to

disturbances.

§1. Introduction

We consider a nonlinear control <vstem deseribed by the

differential equations
X o= fltxou) (h

where f satisfies Carathéodory-type conditions to be specified

later. The state vartable x  belongs 1o RB”  and the control

variable u belongs to UL where U i a given subset of R™

and m<n
An important class of control systems modelled by equations
1) is given by so-called vanable structure control problems.
The 1dea is the following. Cousider a shiding mamfold

fslx =) 023
s BB

function. Given a time nterval [0.T] with 4« T < ~x. we want

where the function 15 a contimonsty differenriable

to steer and then hold the state vector x on the shding

by using feedback contiol Jaws uw=ult.xjel’

manifold §

which are discontinuous along the surfaces

sixt o= 0 (3=1.20 o me
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Such control systems have very good properties; they exhibit
stable behaviour, accurate tracking, robust performance, and
insensitivity with respect to disturbances and variation of plant
parameters,

Iuteresting applications to the control of dynamical systems

with deterministic uncertainty have been considered in (1], {2],
{7]. and [8]. The main drawbacks of these systems are the

chattering phenomenon and the necessity of considering a
generalized notion of solution for (1) (usually that due to
Filippov [4]) instead of the classical solution concept of

Carathéodory.

Indeed. extra work and extra conditions on f are required
when we have to relate the Carathéodory conditions corres-
pounding to the “equivalent control” (which is a Carathéodory
function: see Definition 2.1 below) to the Filippov solutions
which lie on the sliding manifold S  and correspond to

dizcontinuous feedback controls (see [3]).

In this paper we introduce a different approach to the control
problem (1}:(2): we aim at solving it “approximately”. This
approach is based on the consideration of a different class of
feedback controls which we will introduce via the theory of

singnlarly

perturbed ordinary  differential equations. Such

controls will depend on a small parameter e>0 whose
corresponding states will not realize, in general, exactly the
shding condition (2). However. for any prescribed neighborhood
of 5. we can determine values of the parameter ¢ for which
the corresponding trajectories of equations (1) belong to that
neighborhood. Furthermore, by using this class of controls, we
ehminate both chattering and the necessity of considering

Filippov =olutions.

In {20 and {12] two different methods are proposed to eliminate
the chattering phenomenon. In [2] the problem of asymptotic
tracking of a deterministically uncertain systemn is solved using

differential inequalities and variable structure control methods.



One considers a suitable augmented system for which, via
application of the method outlined in {7} and [10]. one obtains
the desired asymptotic behaviour without chattering. One uses
a continuous feedback control law which solves a differential

inequality of Hamilton-Jacobi type.

In [12] on the other hand. Sira Ramirez uses Fliess' s
generalized observability canonical form to obtain an implicit
ordinary differential equation with discontinuous right-hand
side for the dynamical feedback control law. Thus the control

law turns out to be at least absolutely continuous.

This control law solves the problem of making the output
tracking error function (relative to a nonlinear dynamical
Therefore,

continuous, the chattering of the

system) tend asymptotically to zero. since the

controller is at least absolutel

controlled responses is considerably reduced.

Returning to the class of controls which we introduce, another
of their features is that. npon passing to the limit as ¢ —0, they
converge to the equivalent control as defined (for different
classes of control problems) in [3] and [13].

Moreover. under suitable conditions. the corresponding states
ideal

equuvalent control. By means of the equivalent control. we also

converge to  the so-called state  determined by the

give a suirable definition of the approximahility property for

the fullv nonlinear svstem (1) describes the

behaviour of system (1), controlled by the dvnamical feedback

This property
control. with respect tu the presence of a certain class of

perturbations.

We remark that [3] contams a definition of approximability for

L

systenn 1130250 with u(t.x) e UL and some particular cases of
systetns (1) which falfill the approximability property  are

] it 1s shown that, if we restrict the class of

presented. In (9]

admissible perturbations to an appropriate subelass, then the
approximability property of {3} v satisfied also hy the fullv

nonlinear control svstem (1.

Finally,

several control problems modelled by (13 Specifically, we will

we will show how the proposed approach works for

consider both controllabibity problems in a finite time interval

and tracking problems n an mfiuite time mterval,

§2. The Dynamical Feedback Control

We make the following assumption on the dvnamies f.

{f1y  For each (p.qye B xR, the map t—fit.p.gq} s
Lebesgue measurable on 0. 7] In addition. for almost  all

t€ (0.7}, the map (p.q)—fit.p.qj is continwous in B xR™.

{£2) For each p >0, there exists 5, € LU0 TLR,) such that.
for almost all t€{0,T] and every (p.q) with |pj+iq/ <p one

has

H(tpoa)l < 7p(t)
For our purposes, it is convenient to introduce a sliding
manifold S which depends also on the time t ¢ [0,T]. That is,

we consider
S = {(t.x}e{0.T]xR" | s(t,x) =0} .

where s : {0,T] xR"—R™, m <n, is a continuocusly differentiable

function. We assume that

(H1) for each te[0.T], there exists xeR™ such that
{t.x)eS.
For each €0, consider the following set of differential
equations:

% = f(t,x,u)

3)

e o= ;%s(t,,x) + aﬁx—s(t,x) f(t, x,u)

where t¢[0,T].
Define

g(txu) = Es(tx) + Ls(tx) f(txou) .

We make the following additional assumption.

{H2) There exists a neighborhood 1 of the manifold S such
that. for every (t.x)}€l. the map

u — g(t.x.u)
15 one-to-one on U and its range contains zero.

Definition 2.1. The unique solution (if it exists) ueU of the

algebraic equation

glt.x.u) = w

for a given w € R™ will be denoted by u*(t.x.w}). When w =0,
the map (t.xj~u"(t.x.0}) or simply u'(t,x) is called the

equivalent control for the system {1)-(2).

The notion of equivalent control was introduced in {13} and was

recast in the above form in {3].

Observe that. by hypothesis (H2), for each (t.xjel the

equilibrinm point 1 = 1 (1.x) is isolated.
Furthermore we assume

fH3) there exists po» 0 such that, if ftxyel bv—ut(t,xi) < p.
and vAuT(tx), then glt.x.v)#0;
PHA} for any (x,01,) e B®xR™ and any ¢ > 0, system (3) has a

unique solution  (x{t,rfu(t,¢)} defined in the interval {0, 7]

swch that (x(0.e)u0.6)) = (x4 151
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(H5) the equilibrium point Up = u(te,X,)  of the equation

€1 =g(t.x,u) is asymptotically stable for all {toxy) el In

other words, the solution of the differential equation

z = g(ty,Xy.2)

corresponding to the initial condition z{0) =y,

converges

asymptotically to the point Yy = u"(ty.xs) whenever u, is

suffictently close to Uy and (tg, X} €l Moreover we assume

that the asymptotic stability 1s uniform in (to,xg) € L.

Definition 2.2. A point (to.Xgug) € [0. T} xR xR™  such that

the solution of the Cauchy problem

satisfies (H5) is said to belong to the domain of influence of

g = u"{ty, xg).

Remark 2.3. Observe that, if (xplthay(t)) (O0<t<T) is a
solution of system (3) when ¢ =0, then
gltx(thug(t)) = é’{fsu-xa(t” =0

where  u,(t) = it xg(t)) and 02t <T. Therefore, if

${ty. Xoltg)) = 0 for some ¢, e D.TL then sttxyit)) =0 for all
te[0LT]. and consequently the graph of x, = X,it; hes on the

manifold S.

From the classical theory of singular perturbations we have the

following result (e g. [14]).

Theorem 2.4 Suppose that assnmptions (f1)-(f2} and (H1)-(H3)

are satisfied. Let (0,%,.u,) ¢ T xB"«R™ he a point in the

domain of influence of

Wy =u{t,x,.  Then the solution

Ixit.ehu{t.e}) of the Canchy problem

(Xen) = (fitxcu) gie.x.uy

(x(0)(0}) = (x,014)

has the following properties:

lim x(t.e) = x,(t) uniforinly m (0.7} |
lim ufte) = wyr) nmformly in ft,,T)
am ) [
whenever () < ty<T. Here (x rin,it)i is the solution of the

reduced svstern

X = f(t,x,u)
x(0) = xq
0 = g(t,x,u)

so that in particular ug(t) = u*{t, xo(t)).

In the sequel we will refer to u(t,e) (€>0) as the dynamical

teedback control law corresponding to the state x(t,e).

Explicit conditions ensuring that (H2) is satisfied can be found
in [11], while conditions ensuring (H5) are given in [6].

Specifically, if we wish to employ the first or second Lyapounov
method, we can give explicit conditions on g In order to
obtain the uniform asymptotic stability of the equilibrium
points  u”(t,x)

simplest  such

required by hypothesis (H5). Perbaps the
g(t,x,z) be

and that the eigenvalues

condition is  that
differentiable with respect to z
AMt.x) of the matrix i;%(f;,x,u‘(t,x)) satisfy AMt,x) < -2 <0

for all  (t.x)elL

suitable properties of the manifold S and the map u*(t,x),

Finally, hypotheses (H1)-(H3) guarantee

while (H4) is satisfied under conditions well-known from the
classical theory of ordinary differentail equations. Theorem 2.4
can also be proved in the case when solutions of the Cauchy
problem considered in (H4) are not unique. In this case one has
to use results on the continuous dependence of the solutions on
the data; see [5].

§3. Approximability Property

An important concept related to the equivalent control
u=u{t.x}) is that of approximability property. It has been
illustrated  through meaningful examples by Utkin [13] for
control systems of the form

X = A{t,x) +B{t,x) u

s{x) = 0

u=ult,x)eQCR" .

Using Utkin's discussion as a starting point, a definition of ap-

proximability for the fully nonlinear variable structure system

x = f(t,x,u)
s{x) = 0
u=ult,x) e DCR™ .

was proposed in [3]. There it was proved by means of the
notion of G-convergence that the approximability property is

satisfied for special cases of the nonlinear equation x = f(t,x,u).

Finally, in [9) it was shown that the approximability roperty
B i PE yp

is also fulfilled for the fully nonlinear variable structure systern,

provided that it is satisfied for a subclass of the set of

perturbations considered in [3].

For the reader’s convenience we recall the definition of the

approximability property given in [3]. Recall that, in this case.
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S={xeR"|s(x) =0} and so (H2) is formulated for such a set.

Definition 3.1. Fix p>1, MeLP[0,T], and a neighborhood I
of S. A set H is defined as follows. Let {ag | 7>0} beal-
parameter family of R™valued functions whose components

all lie in LP[0,T]. Suppose that
lag(t)] < M(t) (n>0) (4)

for a.a. te{0,T], and that

t

sup{ U ap(s) ds }

[}

F0<t<Th—0  as g0 (5)

Suppose further that u(t,x,ap(t)) is defined for a.a. te(0.T]
and all xel The family {a,} belongs to H if (and only if)
all these conditions hold.

L3
Definition 3.2. We say the system (1)-(2) with controls
u=u(t,x)elU
valid and if the following conditions hold.

obeys the approximability property if {H2)} is

First, there exist p>1 and MeLP[0.T] such that the set H
defined above (with 1 given by (H2)) is non-empty.

Second, if {a,}cH, if 15 a family of a.e.

solutions in {0.T] of

{xn | n>0}

X = f(t,x,n'(t‘x.an(t)‘v

such that s(xg(0))—0 as p—0. f v is an ae. solation in
T of x=f(t.x uT(t.x.0)) sivi0Y) = 0,

Xp{0}—y(0), then Xp{t}—v(t}) uuiformly in 0.T] as y—0.

such that and if

We now propose a different definition of approximability which
is based on the dynamical feedback control law wite) and on

the equivalent control wi(t.x).

In order to formulate it, let H, be the set of all oLe-paranteter

families  {a, | 7>0} of R"valued fuuctions ap e L'0.T]
which satisfy (4) and (5) for some Me LY0.T]. Ouce again 1
15 given by (H2), but now (H2) is formulated in terms of

s = s{t,x).
Cousider the system

x o= fltxou)
. (6)

1 o= g(t.x,tx)+a,l(t)4

For each ¢50, >0, let (x{t.e.n)uit.e. 3} be a solution of

{6). By our assumption on {an}, we have for each ¢ > ()

}Ii%éx(tvf,rl),u(t(f,v;)) = (x{t.e,0)uit.e,0}) (7

uniformly in {0, T] where {(x(t.e.0).ult e 0)) is a solution of

{3). Moreover under the assutuptions of Theorem 2 4. we get

uniformly in  [t,,T] for each 0<t,<T. We note that, in
general, the controls u(t,0.7) do not converge to uy(t) as

1—0.  Under suitable assumptions and for particular forms of
the nonlinear term f, this convergence was proved in [3f.

The above discussion indicates

that dynamical feedback
controls are necessary in order to obtain the good behaviour
described in (7) and (8) in the presence of perturbations like
{ay} CH,. Indeed (7) implies that the approximability property
as given in (3} concerns system (3) together with the condition
s{t.x) =0,

{7)-(8} allow us to formulate an approximability property for

rather than equations (1)-(2). However, properties
equations (1)-(2), as we see in the following definition.

Definition 3.3. We say that the system (1)-(2) fulfills the
approximability property if and only if the following conditions
hold:

(i} the hypothesis (H2) is valid;

(i1} there exists

M e L'[0,T)

empty and such that

such that the set H, is not
fin) if {ay} cH, if €>0, >0, if {x(t,e,n), ult,en)) is a
solution of (6) such that s(0,%(0.e,7))—0 as 7—0, and if y(t)
is the solution in [0, T} of the system

x = f(t,x,u)

0 = g{t,x.u)
satistving  s(0.y(0)) = 0, then the condition ’l}igbx((),c,q) =y(0)
implies that }1210 Yl]]_r}uux(t,f, 1) =y(t) uniformly in [0,7).
Reviewing previous considerations, we see that the system (1)

(2} fulfills the approximability property.

Note that. in general. hm lim x(t,e.n) does not exist.
N—0 €—0

¥. Applications

We first consider a tracking problem. That is, we want to
control the state x of system (1) with given initial condition
mm such a way it is asymptotically equal to a given state of a
reference model up to a preassigned error.

More precisely, consider a reference control model

veRY veVCRP
Iyol <M

Vo= ooltyov), (9)

vil} = v, for some M >0,

where telloc) and Vs a specified set. We pose the fol-

lowing problem.

{P1} Let a>0,é>0, and x,€R" he given together with a
for the reference model (9). It is
feedback

fixed state-control (y.v)

required  to  design  a  dynamical control  law



{equivalently, define a function s) in such a way that, if e>
is sufficiently small, then the solution x(t.€) of system (1) for

which x(0.€) = x, satisfies the mequality

Ft) - x(te)] < §4 A e 0<t <o) {10)
for some constant A = Alxg) > 0.
We can solve (P1) as follows.
Define a function s:{0,>) x R"—R" by
s(t,x) = }'(t‘/"x‘em(yo'xu} (11}

where C s a specified nxn matrix whose logarithmic norm
#(C) wCi= —a <.
(0.x5) €S .

satisfies Note that  5(0.xg) =0. e

We have the following

Proposition 4.1. Let s{t,x} be defined as in (11). Assume that

all the hypotheses of Theorem 2.4 are satisfied. Let uy e R" be

a point such that (0.%5.uy) is in the domain of mfluence of

Uy = n"(0.x). Then there exists €9 >0 such that, for each

0 <e<e,  the solution {x{te)ontte))  of system {3) with

initial condition (x(0. €} u{0.6)) = tx,1,) has the property that

x(t.e} satisfies (10).

Proof. System (3) takes the form
x o= fit.xuj. x{0} = x, ‘
. ! - 112y
o= pltvithal - e xuy - C e vy - x,)

where ¢ >0 and te{0. ),
S(‘f € o O,

mitial condition (x,(0). (0

and let (xpfthanyltih be the <olution of 112} with

Then by Remark 2.3,

for all ¢ >0 (hecanuse (%x’{r‘x”rft}) = {}

ER D TRINR

we have  sirx,(t)) =0

and  si0.x,0)) = 0). This it s the solution of (1) with

x(0) = x, which  cotresponds to the cqmvalent  conrrol
u'ft.ox,ty and which satisfies
Vit = xglt) = e oy, (1

On the other hand, Theorem 2.4 implies shar for sufficiently

small € >0 we have
[olt) = x{t.e)] < & {14)

for all te[0.x). Now {10} follows from ¢13) and BTN

Next consider the following problem.

(P2} Let x,. xR and &0 be given. We are to desien a
dynamical feedback control law in arich a way that, if ¢~ 0 1o
sufficiently small. then the solution xttoe) of (1) with inirial

condition x(0.¢) =X, satisfies
tTley ¢ Bix,. 4 {15}

for a given T < .

To solve (P2), let

follows:

us define a function s:(0, T|xR"—R"

s{t,x) = y(t)—Tx+(T—t)x0+tx, (16)
where  y(t) is any smooth function satisfying the boundary
condition y({0) = ¥(T}=0. Note that 8(0,%g) = s(T.x;) = 0.

We have the following

Proposition 4.2, Let s =s{t,x) be defined as in {16). Assume
that all the assumptions of Theorem 2.4 are satisfied. Choose
Ug € " such that the point (0.x0,u5) s in the domain of
influence of i, = u"(0,%0). Then there exists €0 >0 such that,
for any O<e <€, the solution (x(t.€),u(t,€)} of system (3)
with  (x(0.e},u(0,¢)) = (xg,uy)

satisfies (15).

has the property that x(t,€)

Proof. System (3) takes the form

{ X = f(t,x,u), X(O):XO

(17)
€t = y(t) = T f(t.xu) + (T - t)x, + tx,
with ¢ > (). tE[O.T}-
Set €=0.

satisfving

and let (xo(t),ug(t)) be the solution of (17)
(%5(0)119(0)) = (x4,u5). Then by Remark 2.3, we
have sit,x(t)) =0 for all t€[0,T] (because %s(t,xﬂ(t)):ﬂ
0<t<T and $(0.%4(0)) = 0). Thus %o{t) is the
x(0) = x5  which corresponds to the

for all
solution of (1) with

equivalent control u* and which satisfies

X(T) = x, (18).

Ou the other hand, Theorem 2.4 implies that, for sufficiently

small €50, we have

ol T)=x(T.e)| < 6 (19).

Combining (18} and {19). we see that x(T) € B(x,.6), as

required. g

Remark 4.3, Consider the following time-invariant linear
svstem
]f‘ . I I
Jj %, AL Ay, X, 0 (20)
= + u
| X2 Ay Ay Xy B,

where x = (x,, %) ERFXR™ = R”, ueR™

Note that there is no loss of generality in considering the
previous form for a linear system model % = Ax 4 Bu, since it
can be always rewritten as i (20), provided that B 1s of full

rank m. We assume that (20} 1s completely controllable.
For svsten (20}, hy using feedback

61, § 3.6) and [13}, classical control problems have heen solved

high-gain controls in

by means of a singular perturbation analysis. We would like to

point out that the method presented i this paper is different.
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since the resulting controls, in general, are not high-gain
controls and the fast dynamic is only that concerning the
control law. However, under the same assumptions, related
control problems for (20), as well as. control problems of
inertial systems can be successfully tackle by means of the
proposed approach. The work concerning these topics is still in

progress.

$5. Conclusions

We have defined a dvnamical feedback controller for the non
linear control problem (1)-(2}. The dynamical feedback control
can, under appropriate assumptions. be designed in such a way
that the corresponding state of (1) lies as close as one wants to
the sliding manifold (2). Moreover, chattering does not occur.
By means of this controller we have also defined an appropriate
approximability property for our control problem, and we have
seen that it is valid under our assumptions. Finally. we have
applied the dynamical feedback control method to solve a

general tracking problem and a general controllability problem.
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