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ABSTRACT

In this paper we give two examples of application to control theory of

some results on the solvability of set-valued systems of the form

0€e F(x,
{06 gl W

where F and G are upper semicontinuous multivalued maps defined on Banach
spaces. More precisely, in Problem 1 we give conditions for the solvability of two
point boundary value problems for a multivalued control system. In Problem 2 we

consider nonlinear control problems with dynamical feedback controls.
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1. PRELIMINARY RESULTS

We will denote a multivalued map M from X to Y with the symbol M : X —o Y.
In the sequel, deg will denote the Leray- Schauder topological degree for single-valued
compact fields. We will denote by Deggy, the degree for multivalued compact vector fields
with convex values, defined by Cellina and Lasota in [1]. By a r-neighborhood of a subset ©

of a metric space X we mean the set B(,r)={y € X : 3x € Q such that d(x,y) < r}.

Definition 1.1 . Let X be a metric space. An upper semicontinuous set valued map
M : X~o X is admissible if there are maps Gi:Yi—»Yi_H, i= 0,1,.., n (Yi metric spaces,
YO:Yn_H: X) satisfying

) F=Gpo-oGy;

i) Gi is upper semicontinuous with acyclic, compact values for each i=0,1, ..., n.

Each sequence GO” -Gy, is called an admissible sequence for M. 0

Definition 1.2 . Let X be a Banach space and let B(0,r) be a closed ball in X of radius r. We

will say that the upper semicontinuous map M : B(0,r) —o X verifies the Borsuk - Ulam



(B.U.) property on 0B if for all x € B(0,r), M(x) and M(-x) are strictly separated by a
hyperplane, ie. for all x & dB(0,r) there exists a continuous functional x* € X*, the dual

space of X, such that x™(y) > 0 for all y € M(x) and x*(y) < 0 for all y € M(~—x). n|

Definition 1.3 . Let M : B(0, r) C X—o X be an upper semicontinuous set valued map. The
map M satisfies the boundary condition “P” i x € 8B(0,r) and Ax € M(x) implies A<1. O

Definition 1.4 . Let X and Y be metric spaces. Let U C X xY be open and locally bounded
over X. We shall say that F: U—-oY is a parametrized compact veclor field if
F(x,y):y—f‘(x,y) with F upper semicontinuous and F(D) relatively compact in Y for any
bounded set D of U. We shall denote by SFo{xy) e T :yeFxy)h S(x)={y€Y:
v eF(xy)); SE=5Fn(fxxY); o = {x eX: sE nou=0). o

We want to investigate now the existence of solutions for the system

{y eF(xy) o {0 ey - F(xy) = F(xy) )
x = g(x¥) 0 =x ~ g(xy) = gxy)

Theorem 1.5 [2]. Let X, Y be Banach spaces, let U C X xY be an open, locally bounded set
over X. Let ¥ : U~oY be an upper semicontinuous compact map with convex values and
§:U—X be a continuous and compact map. Suppose that there exists r >0 such that
B(0r) C ‘TF, and  Degpp(F(0,-),U(0),0) #0.  Let T:B(0,r)—o0 X be defined by
T(x)= x— T(x), where T(x) = g(x, S(x)) and S(x). Let us suppose that for any x € 9B, the
sets T(x) and T(—x) are strictly separated by an hyperplane. Then, there exists x € B such
that 0 € T(x) and hence, system (2) has a solution. 0

In the next theorem we give an existence result for system (2) under the assumption ’
that F and G are both multivalued maps and G is admissible. However, in this case we have
to assume that the set S(x) is acyclic for every x € gF, Notice that this assumption holds in

many cases (see e.g. [4] and [5]).

Theorem 1.6 [2]. Let X, Y be Banach spaces, let U C X xY be an open, locally bounded set
over X. Let F:TU —o Y be an upper semicontinuous, uniformly quasibounded with respect to
x, compact map Let us suppose that there exists r>0 such that
B(or) C ¥ and for any x € B(0,r) the set S(x) is non empty and acyclic. Let G : U—o0 X a
compact, admissible map. Let T:B(0r)~oX be the map defined by
x —o T(x) = G{x, $(x)). Suppose that the map T satisfies property “P” of Definition 1.3,

then the system (1) has a solution. 8]

2. APPLICATIONS.
Problem 1.

Consider the nonlinear muitivalued control system,



)'fG(P(t,y,u),tG[O,l],ueﬂm,yeRn. (El)

The map ¢ : [0,1] x R® x R™ —o R satisfies the following hypotheses.

(®,) ¢ is t-measurable, (p, q)-upper semicontinuous and ®(t, p, q) is a compact, convex set
for (t,p,q) € {0,1] x R x R™ ;

(®,) for each p > 0 there exists 7p € L1((0,1),RT) such that for a.a. t € [0,1] and every
(p,a) € R x R™ with |p| +|q | < p one has|®(t,p,q) | < 7,(t).

The controls u = u(t) are taken in a given n-dimensional subspace AU of L™((0, 1),R™). In

{6] and [7] one can find examples of possible choices of .
¥(0) =0

v(1) = y,' where y, is a given vector in R™. (Ey)

We consider the boundary conditions {
Formulation of the problem : we want to prove the existence of a control law u € U for

which the multivalued nonlinear boundary value control problem (Ey) - (E,) is solvable.

Let X =R" and Y = AC([0,1],R"). Let g:Y——R" be the map defined by
g(y) = y(1) — y;. Clearly g is compact and continuous. Assume the following conditions
(i) let J: R™ — U be an isomorphism. Let B be a bounded open set in R™. For every
b € B the solution set S(b) = {y € Y:j € &(t, y(t), 3(b)(t)) , y(0) = 0} is bounded
in C([0,1,R™) = (C)®, and so, in virtue of (®,), it is bounded in Y by some constant
M = M(b);
(ii) The Cauchy problem { ;' (OE) (i(t(,)y 0) has the Cellina-Lasota topological degree different
from 0 ;
(iii) Consider the map T:R™ —— R" defined by T(b) = g(S(b)).
There exists ry = r1,(y;) > 0 such that for any b € R with |b| = r; and 0 ¢ T(b), we

have that  inf <b,z> > 0 and sup <b,z> < 0.
z € T(b) z€T(~b)

Under assumptions (@,) - (®,), for any b € X, the Cauchy problem {5’ ;5(0‘1)’('3_’)’,-1(1)))

can be rewritten in the integral form y € @(b,y) where &: X x Y——Y is defined by
. 1
2(b,y)(t) = [¥(s,y(s),J(b)(s)) ds,  foramy t € [0,1].

0

The integral is intended in the Aumann sense. It is easy to see that, in virtue of (®1) - (),

®(b, -):Y —0 Y is a u.s.c. compact. operator with convex values for any b € X.

Proposition 2.1 . Under assumptions (i) - (iii) and (®,) - (®,) there is a control u € U such that
system (E,) - (E,) is solvable.

Proof : We show that all the conditions of Theorem 1.5 are fulfilled. First of all, assumption 1)
implies that for every B(0,r) C R" the set (S(B(0,r)) is bounded and so gF = R2. To prove
this, given r > 0, let us consider the sequence {ynky eN© (S(B(0,1) ). Let {by}, enC B(0,1)
yn((gg € DL,y (1), J(bp)(1)) for aa t€[0,1]

be a sequence such that {
¥n



Passing to a subsequence, if necessary, we have that bn—+b0, bO € B(0,r). For every n€N,
define ®,:[0,1] x R" — R® as follows &,(t,p) = &(t,p,I(by){t)). Using (®,) - (®,) and
adapting the proof of Theorem 9.4 in [6) we can prove that the sequence
{¥nlyenC (S(B(0,1)) has a subsequence converging uniformly in [0,1] to a function yg which
is a solution of the following problem
{ y(t) € ®(t, y(t), I (bg)(t)) for a.a. t € (0,1}

y(0) =0 ’

Thus S has closed graph and S(B(0,1)) is a compact set in (C)®. This implies, by (®,), that
S(B(0,r)) is bounded in Y, say by a constant C = C(r) >0, and so the map S is u.s.c. . If we
set U= {bY)eXxY :Db e B(oy), 1y lhy < C(ry)}, then assumption (ii) implies that
Degey, (F(O, - ), U(0),0) # 0, where F = 1— &. Finally, assumption (ili) ensures that there
exists a ball B(0,r;) C X such that for any b € 8B(0,r,) for which 0 ¢ T(b) we have that the sets
T(b) and T(—b) are strictly separated by an hyperplane. o

Note 2.2 . We conclude with some remarks concerning conditions (i) - (iii) of Proposition 2.1 .

Condition (i) is verified if, for every p >0, there exists a function w : [0,]]xR — R
satisfying the following conditions:
a) | o(t, p, q)l < wp(t, ipy) foralljq|<p,allpe R" and a.a. t € [0,1];
b} wp(t, ¢) is measurable in t for every ¢ and continuous in { for a.a. t € [0,1);
¢) VK >0 there exist 7 such that ‘wp(t, {) | < yglt) for [¢|< K and for a.a. t € [0,1];
dy w P(t, ¢) is non decreasing with respect to the second variable;

7(t) = wp(tvn(t))

.e. in [0,1 i
n(tg)= ¥ a.e in [0,1] s

e)  the maximal solution of the Cauchy problem {
defined in all of [0,1].

The existence of such function wp is assured, for instance, if for any p> 0 there exist two
functions op ﬂp € L! such that |<I>(t, P q)! < ap(t)lp| +ﬁp(t) for all |q|< p, 2all PE R" and
a.a. t €[0,1]. Furthermore, the topological degree theory for compact vector fields with convex
values (see [7]) provides several conditions ensuring that (i) is verified. Finally, in order to
guarantee (ili) assume the multivalued map & satisfies the following condition

1
(f) there exists & > 0 and a function a € LY((0,1),R) with [ a(t)dt > 0 such that
0

lim infinf{f—lz‘—vzz
Ib oo b+

Under condition (f), it is not hard to see that for any vector y € R" there exists ry >0
1 1

- w € ®(t,B(0,R), J(b)(¢) )} >a(t) ¥ R>0and for aa t €[0,1].

such that for any b € R%, |b]=r,, we have
<b,w—y;> a(t)

inf o717 >0 foraa.t€(0,1 and |p[< Ry,

wee(t,p,Ib)(t)) IblFe 2 (01 endpi=

where Ry > 0 is such that || y “Y <R, for any y € S(B(0,r;)). Substituting b with —b we also
<b,w—y;> t
<hW—Yy> S—g—;—l, for a.a. t € 0,1} and {p| < Ry,

et
e o d(-be)  oFT

In conclusion, by (f), we have that (Ey) - (E,) is solvable for any y; € RP. Therefore it is



possible to reach any point of R™ from the origin along the trajectories of (E,)-

Problem 2 .

Let f and g Caratheodory maps. We consider the nonlinear boundary value control problem

y = f(t,y,u
Y () ¥g assigned , B compact, contractible set of R™. (Py)
¥(0) =y, y(1) €B
The control u satisfies the differential system {3(0:) g—(t,j,u) ,te{0,1], ueRY, y e R, (P,)
= Ug

Formulation of the Problem : we want to give conditions under which there exists a pair of

functions (y,u) € Y x Y satistying (P} - (P,), where Y denotes the Banach space AC({0,1],R™).

Assume the following conditions on the dynamics g.
(81) Let @, B € LI((0,1),RY) such that |g(t,p,a)| < a(t)[q|+A(t), pER®, q € RY;

u = g(t,0,u)

u(0) = u, has the topological degree different from zero;

(g;) the Cauchy problem {

(g3) for any i=1,2,...,n we have that u(i)—nr + 0o implies ui(y,uo)(t) — *ooforanyyeyY
and any t € {0,1]. Here (ui(y,uo) );]z 1 = u(y,up) which represents the solution to (P,)
corresponding to (y,uy) € Y xR™.

Under assumption (g;) and using the continuous dependence on the parameters
(¥,u9) € Y xR™ of the solutions u to problem (P,), (see [6]}, it can be shown that for any r > 0,
the set  S(B(0,r)) = {ue U:u = g(t,y,u), u(0) = u,} is bounded in C([0,1],R?) = (C)™ and
thus  bounded in Y. Here B(0,r) = {x = (y,u5) € Y xR™ : x|/ = max {jy [|Y,|u0’} <r }
Moreover, conditions (g;)-(g,) ensure that the upper semicontinuous map S : B(0,r) —o (C)!
defined by S(y) = {u 10 =g{t,y,u), u(0) = uo} has nonempty, compact, acyclic values.
Finally, assume the following conditions on f.
(f;) for any p > 0, there exists Tp€ LY((0,1),R* ) such that for a.a. t € [0,1] and any

(p,q) € R" xR" with 1P| +|q| < p one has If(t,p,q)fg 7p(t) ;

(f;) for any 5 > 0 there exist ¢ > 0 and a function ay € LY(0,1),R*) with a,l(t) > 0 for
<p, f(t,p,q)>

a.a. t €[0,1] such that for any [p|> ( we have that T
Ipr*

> an(t) for some
6> 0, for any |q| < n and for a.a. t € [0,1};

(f3) foranyi=12,..n, qijin;m £(t,p,4) = *oo for any p € R" and for a.a. t € [0,1].

Let F: YXR"xY — Y and G : YxR"xY —o R" be the operators defined respectively by

t
Fyugu)(t) = 2(t) = y(0) + [f(t,y(t),u(t))dt, for any t €[0,1]
0
N 1
G{y,ug,u) = ug+B — y5 ~ gf(t,y(t),u(t))dt
F is a continuous and compact map. G is an admissible map, in fact G can be considered as the
composition of the following applications
1
V:YxRUxY — R” defined by V{y,ug,u) = ug ~ [(t,y(t),u(t))dt ;
]
W, :R" —o RPxR™ defined by W,(v) = {v,B);



W, :R%xR" —o RZ defined by Wy(v,b) = v+ b—yg;
V is continuous, W;, W, are us.c. with compact, contractible values, since the Cartesian

product of contractible sets is contractible, then G = (W,0W, oV) is an admissible map.
Proposition 2.3 . Assume (f,)- (f;) and (g) - (g3). Then there exists a solution to (P;)-(P,)-

Proof : Consider the map T : YxR®—o YxR" defined by T(x) = H(x,S(x)), where
x = (y,uy) and = (F,G ) T is admissible since it is the composition of the admissible map ¢
with the u.s.c. compact, acyclic-valued map S. Furthermore it can be proved that T satisfies

property “P” on some ball B(0,r) and so by Theorem 1.6 there is a solution to (P,)-(P,). il

Observe that, by slight modifications we can assume in the previous example that f, g
are t-measurable, (p,q)-upper semicontinuous, compact, convex valued maps.

Controllability problems of this kind are also treated in (3] by a different approach.
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