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Optimal Control Problems Via a Direct Method (*) (*%).

PaoLo NISTRI

Summary. - I'n this paper we deal with the minimization problem of a cost functional associated
to a nonlinear boundary value control problem of a general form, defined in the fixed time
mterval [0, 1). Specifically, we first give conditions which enswure that the nonlinear bounda-
7y value control problem is solvable and we study the structure of the relative solution set.
Then, based on the properties of this set, we establish conditions ensuring both the existence
of quasisolutions and that of solutions of the minimization problem under consideration.
Such conditions will depend also on the choice of the control space L7([0,1], R™) where

lsr<+ o,

1. - Introduction.

In this paper we consider the nonlinear control process described by the differen-
tial system

(1 a(t) = f (¢, (), w(®t)) for almost all (a.a.) tel0,1],

where the function f: [0, 1] X R"*x R™-> R" satisfies the following Carathédory con-
ditions

(fy) for any (x,u) e R” X R™, the map f (-, x,u) is (Lebesgue) measurable on [0, 1]; for
a.a. tel0, 1], the map f{t, -, -) is continuous on R" X R™;

(f2) there exist «,8€ L*([0,1], R,) and ye L7 ([0,1], R.), where 1<y <+ <, such
that

Lf o, w)] < alt) + 5@ ] + vl

for all re R™, w e R™ and a.a. t ¢ {0,1].

The function f— u(t), describing the control law, is assumed to belong to
L7([0,1],R™), where 1/r+ 1/r' = 1, and the function ¢{— x(f), describing the state of (1),
is in AC(0,1],R"), the Banach space of absolutely continuous functions
z:{0,1] - R".

(*) Entrata in Redazione I'l giugno 1989.

Indirizzo dell’A.: Associate professor, Dipartimento di Sistemi e Informatica, Facolta di In-
gegneria, Universita degli Studi di Firenze, Via S. Marta 3, 50139 Firenze, [taly.

(**) Partially supported by the research project M.P.1. (40%) «Teoria del controllo dei siste-
mi dinamici».
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In[3] we considered a general notion of controllability, the so-called [-controllabili-
ty, for the non linear control process (1). For the sake of completness we recall below
the basic definitions. Let I: AC([0,1], R") x L"([0,1], R™)— R*, with k> n, be a (not
necessarily linear) continuous «boundary» operator sending bounded sets into bounded
sets. For a given w € R* we will say that the system (1) is l-controllable at w if the nonli-
near boundary value control problem

{i(t) = f(t, x(t),w(t))  for a.a. te[0,1]

@ lx,u) =w

is solvable for some u € L"([0, 1], R™). The system (1) is said to be locally [-controllable
at w, € R* if there exists a neighborhood N(w,) of w, such that, for any w € N(uw,), pro-
blem (2) is solvable for some w e L7([0,1], R™).

Finally, (1) is globally I-controllable if it is l-controllable for any w e R*.

In[3] it is shown that one can obtain local and global [-controllability by means of
controls belonging only to a subspace of L™ ({0,1], R™) of dimension d=k—n.

Let D cR* be a nonempty compact set and let I/ be the closed ball of
L7([0,1], R™), with 1 <r=<+ , centered at the origin and of radius M > 0. Let

= {(x,u) e AC([0, 1], R") X Uy (x,w) is a solution of (2) for some w e D}

and let UP = {u e Uy:(x,u) € S”} be the set of admissible controls. Define the cost
functional C: AC([0,1], R") X L"([0,1], R™)— R by

Ol ) = ot 200,10 dt + g 1) + b ),
0

where the function f,:[0,1]xR"xR™— R satisfies assumptions (f,)-(f2) and
Go, hy: R"— R are continuous functions.
In this paper we consider the following

Optimization Problem (OP). Establish the existence of a couple (x*,u*) e S D such
that

Clx*,u*) = inf {Clx,u): (x,u) € SP}.

The paper is organized as follows. In Section 2 we shall give sufficient conditions
(Theorem 1 and Theorem 2) for the nonlinear boundary value control problem (2) to be
solvable using as control spaces p-dimensional subspaces of C([0,1], R™), where
p=d=k—n. More precisely, we will fix a Schauder basis {v;,vs,...,v,,...} of
C({0,1], R™) and we will give conditions which ensure that system (2) is solvable, with
D= {0}, in the control space U, = span{v,,vs,...,v;} and, for any positive integer
p>d, we will study the structure of the solution set S, of (2) when the controls are in a

(suitable) ball of any space U, > U,. As a consequence we will have that S > U S,# @,
where the closure is in C({0, 1] R*)XL7(0,1], R™), 1<sr< +x,
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In Section 3 we shall establish in Theorem 3 the existence in S of solutions of
a regularized minimization problem which are quasisolutions to our problem. Con-
ditions to ensure that the sequence {(xF,u¥)},->q such that Clr), uy)=
= 3)15 < C(x, ), is a minimizing sequence for C in S, are also given.

In Section 4, under the usual convexity assumptions, we shall give a result (Theo-
rem 4) concerning the existence of solutions to (OP) when the controls are in
L*(0,1], R™). Moreover, some particular cases, when the controls are in
L7([0,1], R™) with r+# + =, are also considered. The case when D is any nonempty
compact set in R* is also treated.

Finally, in Section 5 we give some examples, illustrating our results.

In what follows (AC)*, (C)* and (L"), se N, 1 <r< +o, will denote the Banach
spaces AC([0,11, R*), C([0,1],R*) and L7([0,1], R®) equipped with the usual norms
(we will omit the superseript if s =1). Finally, |-| and |- |y will denote respectively the
Euclidean norm in any finite dimensional space and the norm in any infinite dimensional
Banach space X, while (-,-) will denote the inner product in R*® corresponding to the
FEuclidean norm.

2. — Existence of solutions to the nonlinear boundary value control problem (2).

Let {v1,s,...,v,, ...} be a Schauder basis for (C)". For any integer p =d, with
d=k—n, let U,=span{v,,vz,...,%, ..., v, } and define the algebraic isomorphism
J,: RP— U, as follows

b
Jy(b) = Z b;v; for any b= (b;Y-, e R .
sk P 172
It is well known that on the space U, the norm defined by |uf| = (2 bZ| is equiva-
ey

lent to the (C)™ norm, thus R? and U, are topologically isomorphie, so that any boun-
ded set in U, is relatively compact. (i.e. J is a homeomorphism).
Finally, let x,: (AC)" x U,— U, be the projection defined, for any (x,u)=
= (x,J, (b)) € (ACY" X U, by
14

Tip(x,u): i:§+1biv’ if p>d’
ifp:d.

Therefore, for (x,u) e (AC)" X U,, one has

(r, ) = — =, e, u) + =, (o, 1) = (@, 143) + (0, u,),

where (x,u;) e (ACY'x U, and (0,u,)e {0} xU,, with U,=span{0,0,..,0,
Ugai,--., Uy} and 2=p—d. (In the sequel we will identify (0, u,) with #,).
Observe that, since any Schauder basis of (C)” is also a Schauder basis of
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(L7)" whenever 1 <r <+ {v;,vs,...,0,,...} i a common basis for all the space
(L™)Y", with 1sr<+x,

We will assume from now on that the basis {v;,vs,...,v,, ...} of (I.")" is generated
as follows

where n = (i — )m +j, {¢;}]L is the standard basis of R™ and {z, },. 5 is the Schau-
der basis of C(10,1], R) defined by

»
[ 2k —2 2k '
0f0rt¢< gl+1 21+1)’
zl(t)Ely Zg(t):t,..,,%'(t):" 1 for o Zgl:ll ’
. . 1 2k-2 2k-1 2k -1 2k
linear in [—27—;1«, —27:—} and { oit1 F}’

with i=2'+k+1, k=1,2,..,2, 1=0,1,2, ... (see[6).

Assume now, for simplicity, that D = {0} and omit D in the notation. Furthermo-
re, we shall consider the vectors in R" as the constant functions of (AC)".

We can prove the following result.

THEOREM 1. — Assume that
(i) the set
R,= {(x,u) e (AC)" X Uy: (x,u) is a solution of &(t) = Af (¢, x(f), u(t))
for a.a. te[0, 1] and l(x,u) =0 for some 2 {0, 1]}

is bounded in (C)*x (L™)" (i.e., there exist constants L, M >0 such that for any
(x,u) € Ry one has Jnax le®)] < L and |ulg-m» < M);
(i) deg(l],£y,0) # 0, where IJ = g« 7, and £Y is any open bounded subset of
R" x U, containing the set (13)71(0);
(iti) let U;}" =(Uyx U,)n Uy, for any p>d and for any u, € T ((ACHY* x U,ﬁw)
the x-components and the w;-components of the set
S, = {(x,u) € (ACY' X U,: (x,u) is a solution of &(t) = f (¢, 2(t), u(t))
for a.a. te[0,1], l(&,u)=0 and =,(x,u)=u,}
are bounded in (C)" and (L")" by L and M respectively.
Then for any p=d and any u, € =,((AC)" x U¥) the nonlinear boundary value
control problem
. () = f(t, x(t), ult)) for a.a.fe(0,1],
(3
e, u) =0,

has a solution (x,u) € (AC)" x UY with o, (2, 1) = .
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PROOF. — We consider at first the case p =d. Let L;: (AC)" X Uz~ (LY)" be the li-
near operator defined by

Ly(x, w)(t) = &) for a.a. tel0,1].

Clearly ker Ly =R"x U, and Im L, = (L")
Let Ay: (AC)" x Uy— (L))" x R* be the operator defined by

Agla,w) = (Ly(x, u), Lg(x, w)

with Iy = Huacyx v,

We show now that deg (A4, 24, 0) # 0, where Q, is the open bounded set defined by
Qg = {(x,u) € (ACY" x Uy |#ley < L, |ulq-ye < M)}. Clearly Ry c Qg Furthermore, let
¢=(a,b)e R"xR® and let 6: (L')" X RF— (AC)" be the operator defined by

0y, c) = (x, J4(D),
¢

where « € (AC)" is given by () = a + [ y(s) ds for any ¢ € [0, 1]. It is immediate that 6
is an isomorphism. Consider now 0

(Ag o)y, ) = (y, ) — (0,¢ — Ly (=, J(b))).
Since |deg (Aq, 24, 0)] = |deg (4,06, @,,0)|, with 2, = 671(2,), the reduction property
of the topological degree implies that
deg (Ay06,0,,0) = deg(dq06,0%,0),

where 04 = Q3 ~ ({0} X R¥). On the other hand Ay < [0, g* = L (¢, J(b) =19 (a, b) wi-
th 19: R* x R*— R* given by [ = I (I XJ), (I is the identity in R").
Therefore

deg (A, 06,09, 0) = deg (17, 24, 0)

and the last topological degree is nonzero by assumption (ii). Let @,: (AC)"X
x U7;— (L')" be the Nemitskii operator generated by f, that is

@, (x, w)(t) = £ (¢, x@), ut)) for a.a. te[0,17.

Using (f;)-(f2), the Lebesgue dominated convergence theorem, the compact imbed-
ding of (AC)”" into (L*)" and the fact that U, is a finite dimensional subspace of (C)",
one can easily see that @, is a continuous and compact operator (i.e. it sends bounded
sets of (AC)" x U, into relatively compact sets of (L')").

Finally, let J;: (AC)" X Uy— (L')" x R¥ be the operator defined by

’t"jd (xy u) = (gpd (2(7, ’LL), 0) .

Obviously 4, has the same properties as @,. If we consider the homotopy H,: [0, 1] x
X (ACY" x Uy— (LY x R* defined by

H,0, x,u) = A; (@, w) — 2y (x, u), ) e[0,1],
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assumption (i) implies that it is admissible in [0,1] X Q, (.e. H (3, x, ) % 0 for all
(&, u) € 302, and any 2 € [0, 1]) and so by the homotopy invariance property of the topo-
logical degree one has deg (A, — {4, 2,4, 0) # 0. The solution property implies that (3)
has a solution in Q4 This proves Theorem 1 in the case p = d.

Suppose now that p>d. By assumption (iii) for any u, e 7, (ACY" X UY) the
homotopy

() = f (&, x(t), u@)) for a.a. tel0,1],
x,u) =0,
7, (1, u) = pu, we[0,1],
is admissible in [0,1]xQ,, where Q,= {(x,us,%,) € (AC)" X Uy x U, |alcy <L,

[ual@rm <M and |u,]grm< M).
Therefore for any u, € =, ((AC)"x UM) it follows that

dEg((Ap’—‘Pp:ﬂp)vgpy(orua)) =deg(Ad_¢d’ero)$0)

where Ay, 41 (ACY" X U, — (L')" x R* are defined in the same way as Ay, Jy.
The solution property of the topological degree guarantees the existence of a solu-
tion (x,u) € Q, of the problem

@) =f(¢t, x(t), u®)) for a.a tel0,1],
He,u) =0,
n‘p (xy u) = ua: b

for any u, € =, ((AC)" x U,"). This concludes the proof. m

REMARK 1. — Observe that, by assumption (f;), the boundedness of the set Sy, wi-
th p=d, in the space (C)"X(L")™ implies that the x=ux() are bounded in
(AC)Y.

Since the subsequent results are based on Theorem 1 we shall give some useful
conditions which guarantee that Theorem 1 applies.

To this aim, let A, B be bounded open subset of R™ and R, respectively. Then we
can state the following result.

THEOREM 2. — Assume that (f;) — (f;) hold for the nonlinearity f in system (1).
Suppose further that for every pair (x, u) € R, one has «(t) € A for some t e [0, 1] and
J'(u) € B. Then assumption (i) in Theorem 1 holds.

The proof can be found in [3, Theorem 3]. It is essentially based on the continuous
dependence property of the solutions on the parameters as they vary in A x B and
A €[0, 1] when one considers the homotopy (f) — Af (¢, 2(t), u(t)) = 0, for a.a. te [0, 13,
(see[l, Theorem 2.4]). Note that assumption (i) in Theorem 1 holds if for any
(x,u) € R, one has tren[anl : l2(®)] + |J ' (w)| < K, for some constant K, > 0. In particular,
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Theorem 2 applies if for any a € A, be B and A € [0, 1] the above homotopy has a uni-
que solution x defined on [0, 1].
Let us mention that, in general, assumption (iii) in Theorem 1 is satisfied under the
same conditions which ensure that assumption (i) is satisfied. Furthermore, notice
that assumptions (i) and (iii) imply that S, is a compact set in (C)* X UY for any p=d
(see (x) of Lemma 1 below).

Finally, concerning assumption (i) in Theorem 1 we refer to[3], where we pre-
sented some methods to compute the topological degree of the boundary operator and
some examples where a priori bounds have been obtained.

3. — Quasisolutions to the optimization problem (OP).

In the previous Section we gave conditions to ensure that the nonlinear boundary
value eontrol problem (2) admits solutions. Theorem 1 describes the structure of the
(nonempty) solution set S,, p = d, when the controls are taken in the finite dimensio-
nal space U,. As a consequence the solution set S ¢ (AC)* X (L™Y™ is nonempty since
pL)JdSp ¢ S. On the other hand the assumptions of Theorem 1 and (f;) — (f), are in ge-

neral not sufficient to guarantee the existence of a solution of our optimization pro-
blem. Indeed, the u-component of any minimizing sequence {(x,,u,)}qen C S is not
compact in (L"), 1<r< +; compactness together with the closure of S in the
(Cy* x (L™)™ topology (see Lemma 2 below) would imply the existence of a minimum
for C. In fact, it is not hard to show that under our assumptions concerning the fun-
ctions fy, gy and ko which define the cost functional C, we have the following

LEMMA 1. — Let 1 <r< +, the following facts hold.

() C is continuous in the space (C)" x U,, p = d, equipped with the (C)" x (L")™
topology. Indeed, it is continuous in the (C)" x (C)™ topology by virtue of our choice of
the Schauder basis of (L7)", 1 <7< + o, as a Schauder basis of (C)", and the fact that
U, and R? are homeomorphic for any norm in U,.

(8) For any sequence {(x,,%,)} such that , — %, in the (C)" norm, u, (t) — u ()
for a.a. te[0, 1] and |u, |z <M for any ne N, one has

nli}}LC(xn,un) = C(xo,uo)-

()
I:= inf SC(QJ’, u) > —®

(x,u) e
since S is a bounded, nonempty set in (C)" X (L")™.

Furthermore, if we restrict ourselves to a reflexive control space, i.e. (L™)™ with
1<r<+ %, and to weak convergence for the controls » then, in general, S is not clo-
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sed in the (C)" X w — (L")™ topology, where w — (L")™ denotes the weak topology in
L.
Under our assumptions we will prove the existence of approximate solutions, or

quasisolutions, to our optimization problem. Specifically, we consider the following
regularized optimization problem (RP).

Given ¢> 0, establish the existence of a pair (x;,u;) € S such that
(RP) Clx;, us) = inf {C(x, w) + od((x, w), (x5, us)): (x,u) € S},

Where d((x, u), (wg, u&)): = ‘iL‘ . xg I(C)" -+ 'u - 7,(,3 E(Lr)m.
Clearly any solution of the original problem (OP) is a solution of the regularized
one. We give the following

DEFINITION. — A solution (x;, u,) of the regularized optimization problem (RP) is
called a ¢-quasisolution of (OP).

In the sequel we need the following

LEMMA 2. - The solution set S is closed in the (C)" x (L")" topology, where
1<r< 4o,

The proof is a direct consequence of Theorem 2.4 in[1].
The following result guarantees the existence of quasisolutions of (OP) with cer-
tain useful properties.

THEOREM 3. — Assume hypotheses (i)-(ii) and (iii) of Theorem 1. For given g, 2>0
let (xy,uy) be such that

Clag,ug) <l +c¢.
Then there exists a pair (2, #) with the following properties
M C@&, i) < Clag, up),
2) d((x, w), (xo, 1)) < 1,

d((x, w), (x, 0))

p for all (x,u) €S, (r,u)# (2, 4).

3 Clr,u) > Clx, 1) — ¢

PROOF. — Under assumptions (i), (ii), (iii) and Lemma 2 the solution set S is no-
nempty and closed in the Banach space (C)" x (L™)™. This implies in particular the
existence of a pair (x5, %) € S with the required property. Furthermore, the functio-
nal C: S— R is continuous and bounded (see Lemma 1). Therefore we can apply Pro-
position 38.22 of [T] to conclude the proof. =
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As a particular case let 1sr<+ . Let = (AC)* X (L")"— (L.")™ be the projec-
tion defined by

K
7!'(27, u) = 2 bivi ’
i=d+1

and set U = =((AC)"x (L"Y"). Recall that {v;}{; is a Schauder basis of (L"),
1<r<+w,
Consider the following condition

(A) for any % € U there is at most one solution (x, %) € (AC)" X (L")™ of the follo-
wing problem

() = f(t, x(D), u(t)) for a.a. tel0,1],

Ka,u) =w,nlx,u) =u,
whenever w e R*.

In the results below condition (A) is considered only for w=0, since
D = {0}.

LEMMA 2. — Under the assumptions of Theorem 1 and (A)

o0

S= pgdsp

where the closure is considered in the space (C)" x (L")™.

4o
PrOOF. - By Lemma 2, pL—JdSp ¢ S. Conversely, let (&, uy) € S and 4, = =@y, Ug ).
+

Then wuy = uJ + %y, for some uje U, Since fye U = U1 U,, with a=p~d, there
+ Lt

exists a sequence {i, },.n C Ud =((ACY" x UM) ¢ U1 [/, such that i, — %, in the (L")
p= a =

norm. Theorem 1 and assumption (A) ensure that, for any s € N, there exists exactly
one solution (x,,u,)eS, for some p=p(s)=d with =,(x,,u,)=1u,. Hence
4+

{(xs,u)}sen C UdS”’ but u, = uj + %4, where {uj} is a bounded sequence in the d-di-
p )

mensional space Uy and %, — %, in the (L")™ norm. Thus, passing to a subsequence if
necessary, %, — % in the (L"y" norm and so, passing to a subsequence again, we have
also that u, — w,; a.e. in [0, 1]. On the other hand |, | < L for any s € N, therefore by
the continuous dependence property of the solutions x, on the parameters u, and on
the initial conditions «,(0) (see [1, Theorem 2.4]) we conclude that, considering possi-
bly a subsequence, x,— ; in the (C)* norm. Hence (x,, u,) — (&;,u;) in (CY" x (L™
and by the continuity of [ we have that (x;,u,) € S with =(x,, u;) = %,. Now assum-
ption (4) guarantees that (z;,u,) = (xg, uy).
This completes the proof. =
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REMARK 2. - 1t is easy to see that assumption (A) is satisfied if the following con-
ditions hold

(¢;) — For any uwe Uy and for any a € R" there exists an unique solution
x € (ACY" of the Cauchy problem

{o‘c(t) =f(t, o®), u®)) a.a. tel01],

x(to) =a y
for some f, € [0, 1].

(as) — If (@;, uy), (02, %) € (AC)* X Uy are such that w, = ui+ 4 € Uy + U, with
i=1, 2, and either x, (f) # x,(t) for any t € [0, 1], or u} (t) # u3 (@) for a.a. te E [0, 1]
with meas (¥)>0, then

Wy, wy) # Uy, ug) .

REMARK 3. — In Lemma 2 we showed that any pair (x, u) € S is the limit in the
(C)Y* x (L")™ norm of a sequence {(x,,u,)} c UdS”' In fact we proved more. Condition
p=

(A) and the local surjectivity of the map (4, —¢,), =,) at the point (0, u,) (which is a
consequence of the fact that deg (4, — ¢,), 7, ), 2,, (0,u,)) # 0 for any p=d) imply
that for any se N there exist an integer p=p(s)=d and ¢=e(s)>0 such that (for
p>d) the problem

P) (Ap = g N, u) = (p, W),

has exactly one solution (y,v)e(AC)"xX (L") with r,(y,v)=v, for any
(g, w) € (LYY x R* and any v, € U, for which

'@!(Ll)" + lwl + }va T Ty (xs ’ us)'(lz')"‘ <e.

If p=d then Uy= {0}, =,(x,,u,)=0 and problem (P) has exactly one solution
(y,v) € (ACY* x (L") for any (p,w) € (L')" x R* with || iy + lw| <.

Moreover, (y, v)— (x,,u,) in the (C)" X (L" )™ norm as ¢— 0. Therefore S consists
of stable solutions (in the sense defined above) and their limits.

Assumption (A) is restrictive but, on the other hand, if we remove it we cannot
represent the whole solution set S as the «limit» of the solution sets S,, p =d.

The above observation suggests that if (4) is not satisfied, one should consider the
subset of S consisting of all the stable solutions of (3) belonging to S,, whenever p = d,
and their limits in the (C)* X (I.”Y" norm. This is, in our opinion, the most interesting
set on which to minimize C.
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To this end, for any ¢>0 and any p>d, let us define

Sy = {(x,u) € S,: the problem (P) has a solution (y, v) € (AC)" X U, with 7, (y,v) = v,
for any (p,w)e(L'Y'XR* and any wv,eU, such that |g|pip+ ||+ v, —
— 7 (2, Wy < e}

and, if p=d, let

Ss={(x,u) e Sy: the problem (P) has a solution (y,v)e(AC)"x U, for any
(g, w) € (L')" X R* such that |o| 1y + |w] < e}.

Let
gl;Jo S
and
e pLBJdSp

Now, consider the optimization problem (OP) on the set S and state the next Lemma 3
also in this context, since S, is a compact set of (C)" X (L")™ for any p=d.

We can prove now the following result, under the assumptions of Theorem 1 and
condition (A).

LEMMA 3. — The sequence {(xF,uf)},Z4cS such that (xF,uf)eS, and
Clry,uf)= mf C(z, u), for any p>d is a minimizing sequence.
PROOF. — Since S, is a compact set in (C)" X (L")" for any p = d and S, c S, whene-
ver p; <p;, Lemma 1-(a) implies
Clay, up —( 1nfS Clx,u) = 1§1f Clx,u)=Clxt,uy),
(w,u) € Sp,

for some (x),u%) €S, and (xf,u)) €S,
Forp=zdsetl,= inf C(x u)( C(xp, ) for some (%, u¥) € S,). We want to

(x,u)eS,

prove that inf I,= lim I,=1I. Obviously lim I,=1.

P> +® P>+

Assume that hn;l I,=1,>1 and let 8=1,—1>0.
p— +®

By Lemma 2, for any ge N, there exists (x,,u,) € UdSp such that
p=d

1< Clag,u) <1+ 1.

For % <j we get

(0) 0=<Clay,u)—1<p, (g, uy) €5, .
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But
Clay,uy) =Clayf,uf)=1l>1,
with p = p(g), and so
Clag,ug)—1=23,

for sufficiently large ¢, contradicting (o). =

In conclusion, we can apply now Theorem 3 with x = Ve, ¢ = 1/p, and (wr,uf)eS
in order to derive for any p =d the existence of an V/e-quasisolution of (OP) (z,,,)
such that d((@F,u}), (&,,4,)) < 1V/p.

4. — Existence of solutions to the optimization problem (OP).

Under the usual convexity assumption on the multivalued vector field associated
to the dynamices f, boundary condition ! and the cost function C we shall give a resuit
on the existence of solutions when the controls are in Uy, ¢ (I.™ )™, This kind of assum-
ption together with the boundedness of the controls and (f;)-(f;) guarantees that the
x-component of the set S is closed in the (C)™ norm.

In order to formulate the result (Theorem 4) in a more convenient way we specia-
lize the nonlinear boundary operator I: (ACY* X (L"Y"—> R k as follows

1
e, u) = j k(t, x(t), w(®) dt + m(x1)) + n(x(0)),
0
where k: [0,1] X R" X R™ — R* satisfies conditions (f,)-(f;) and m,n: R"— R* are
continuous functions.

Let F(t, x,u) = (f(t, x,w), k(t, x, u), f (¢, x, w)) for any (x, u) € R" X R™ and for a.a.
te[0,1] and let B(0, M) = By be the ball in R™ centered at the origin with radius
M=>0.

We have the following result.

THEOREM 4. — Assume that
(@) the solution set S of (3) is bounded and nonempty in (C)" x (L*)™;
(b) the set F(t, x, By ) is a nonempty convex subset of R****! for any x ¢ R™ and
for a.a. tef0,1].

Then there exists a couple (¥, u*) €S such that

Clx*, u*)y=1I.
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ProoF. — The proof follows closely similar proofs in[2] and [4]. Let
{(x,,%,)}gen € S be a minimizing sequence and let

t
g ® = [ Fa(s, 20,1y 5 s
0

and

t
Yy () = Jk(s,xq (8), uy (s)) ds .
0

Then X, () = (2, (@), y,(D), xp ,(1) solves the following Cauchy problem for any
geN

X, =F@,z,®),u,®) for a.a tel0,1],

2,(0) =1, ,
Y, (0) =0,
0,4 (0)=0.

Moreover , (1) = —m(z, (1)) — n(x,(0)) and by the boundedness of {(x,,ug)}qen in the
space (C)* X (L°)™, (assumption (a)), and the assumptions on £, k,f, it follows that the
sequence {X,} is compact in (C)". Thus, by passing to a subsequence if necessary, we
get that

X,»X as qo+® i (©OF,

for some X = (x*,y*, xf).
Now set

F, () = F(t, x, (D), u, ),
for a.a. te[0,1]. We have

g +®

t t
lim J&“q(s)ds=féfo(s)ds,
0 0

for any te[0,1], with Foe LTI e, {F,teen converges weakly to F in
(LY +*+1 Moreover

t
Xt = X(00)+ f.‘fo(s) ds,
0
with X(0) = (:*,0,0) and i* = lim ¢,
g +

The proof of the theorem will be completed once we prove the existence of a con-
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trol u* € Uy ¢ (L") such that
Fo(t) = F(t, x*(t), u*(t) a.e. in [0,1],

since then

t
c* () = 1% + ff(s,x*(s),u*(s))ds,
0
t
y*(t) = fk(s,x*(s),u*(s)) ds,
0

xF () = ffo (s, w*(s), u* () ds
o

and ¥*(1) = — m(x*(1)) — n(x*(0)). Thus we will have (x*, u*) e S and, by the conti-
nuity of C on (C)*x(L*)", we will have C(c* u*)=1 and the proof will be
complete.

Therefore we turn to question of the existence of such a control u*. To this end,
we have that for any ge N

F, (D e F(t,x,(H),By) for a.a. tel0,1].
By the weak convergence of {Fytgen to F it follows that
ﬁ;gilip(?«’, Fo (1)) = (2, F (1) = IZ,IE irlf(Z, F M),
for a.a. t€[0,1] and for any z € R"***1. Thus, by the continuity of ¥ with respect to
x, passing to the limit as ¢— + « we get
sup (z, F(t, 2™ (), u)) = (2, F, () = uiér%‘ﬂ(z,F(t,w*(t),u)).

u € By
Assumption (b) implies that
Fo() e F(t, x*(t), By ),

for a.a. t € [0, 1]. At this point we invoke a result of Roxin ([5], p. 111) concerning the
existence of a control u* € Uy, such that

Fot) =F(t, x* ), u*())  for a.a. tel0,1].
This completes the proof. =
REMARK 4. — Assumption (a) in Theorem 4 is satisfied, for example, if assum-

ptions (i)-(ii) of Theorem 1 hold and the considerations, already made for 1< r< + o,
on the continuous dependence of x on the parameters are adapted to this case,
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We end this section with some other remarks.

REMARK 5. — Adding to the cost functional C: (ACY* X (L")"— R the functional
no: (LT - R U {=}, 1 <7<+, defined by

¥

1
u(t + h) — w(t) it

no(u) = sup h

he(~1,1)
i

where u e (L7)" is extended by l-periodicity from(0,1] to R, we can show the
following

(F1) Assume (i), (ii) and (iii) of Theorem 1. Then there exists a pair (x,u) €S such
that Cy(x*, u*) = ( H)lf SCO(x, u), where Cy(x,u) = C(x,u) + no(u).

The proof is based on the Riesz-Fréchet-Kolmogorov criterion of compactness in
(L™)" where 1<r<+o, ®

REMARK 6. — The following statement holds.

(F2) If 1<7<+ o, the function f, [ are linear in the control % and the function f in
the cost functional C is convex in «. Then there exists a pair (¥, u*) € S such
that C{a*, u*)=1.

This fact can be proved by using weak topologies and the lower semicontinuity
property of C. ®

As mentioned in the Introduction we shall describe in the last part of this note
how all the previous results can be formulated in the case where D is not the single-
ton {0}.

Let D c R* be a nonempty compact set and let B c R* be a ball containing D. Fir-
st we have to ensure that (2) is solvable for any we D. For this we have the
following

PROPOSITION 1. — Let 1 <7< + 0 and U, c (L”)™. Assume that assumptions ()-(ii)
of Theorem 1 are satisfied. Moreover, suppose that

(ii)’ the set {(x,u) € (AC)" X Uy: (x,u) is a solution of (2) with w € B } is boun-
ded in (CY* < (L7)".
Then (2) is solvable in (ACY'x U, for any we D.
PRrROOF. ~ For any we D, consider the homotopy
(Ag— o), u) = (0,pw)  where p€[0,1].
By (i)’ this is an admissible homotopy in (AC)" x (L7)™, thus
deg (A —¢q, QF , (0, w)) = deg (A4~ ¢4, 24, 0),
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where QF c (AC)" x (L™)™ is any open bounded set containing the set defined in (ii)’.
But the topological degree of the right hand side of the previous equality is nonzero
by the portion of the proof of Theorem 1 concerning the case p = d (which, as already
observed is valid for »= + = too).

Therefore the assertion follows from the homotopy invariance and the solution
properties of the topological degree. m

Proposition 1 implies that S is a non empty (compact) subset of (C)" x "y,
whenever 1 <7<+ o, and deg (44— ¢q, 2%, (0, w)) # 0 for any w e D. Therefore it is
immediate that, if 1 <7< + » and under the further assumption (iii) the conclusion of
Theorem 1 holds for the nonlinear boundary value control problem (2) whenever
weD.

Therefore, all the previous results can be easily reformulated in the case when the
nonempty compact set D is not the singleton {0}.

5. — Examples.

The following examples illustrate how the results given above can be applied. We
prefer to give simple examples in order that the meaning of our assumptions, in parti-
cular (i)-(iii) of Theorem 1, not be hidden by computations. For more general exam-
ples of nonlinear boundary value control problems we refer to[3] (see also[1]).

EXAMPLE 1. - Let f: [0,1] X R x R— R be a function satisfying the assumptions
(f1) and (f), with y e L™, specified in the Introduction. Assume that the Cauchy
problem

a {ri'(t)= S, @), u®))  for a.a. tel0,1],

z0)=a,

has a unique solution, defined on[0, 11, for every u e L% and aeR.
Furthermore assume the following condition

(H,) for any ceR, f(t,p,@)— +x as ¢— +o uniformly for p =, and for a.a.
tel0,1); ft,p,@)— —> as ¢— —c uniformly for p<, and for a.a.
tel0,1].

Let I, J be given compact sets in R and consider the nonlinear boundary value control
problem

®)

() = f (&, x(t), ult)) for a.a. tel0,1],
w0 el, x(D e,

1
Thus U(x, u) = (x(O), x(0) + [f(t, (), u))dt|e RxR and d=1.
0

“
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Recall that we have chosen as Schauder basis of L' the following one:

1 2n—2 2n
0. forte( om+1 ’2m+1)’
n®=1, w®=t vO=,1 fort=22"1
1 =1, V2 = b v; “4 or _ 2m+1 y
linear in [2%—2’ 2n~1} and [271»1’ 2n }
2m+1 2m+1 2m+1 2m+1
where 1 =2"+n+1, n=1,2..,2"and m=0,1, 2,.... Observe that, in particular,

v;(f) = 0 for any te[0,1] and for any ie N.

Assume for the moment that I =J = {0}.

By the uniqueness property of the initial value problem (4), in order to verify as-
sumption (i) of Theorem 1 it is sufficient to prove the boundedness of the controls in
U; = span {v; }. In fact, in this case, the continuous dependence property of the solu-
tions of (5) on the controls implies that the x = x(f) are bounded.

To prove the boundedness of the controls by contradiction, assume that there
exists a sequence {(x,,u,)},en C R, with corresponding {2, },.~ ¢ [0, 1] such that
[, | — +% as n— + . Thus

Z, )y = A, 0, x, ), n,) for a.a.tel0,1],
x,(0)=0,

1
[1t,2,0,0)d=0,
0

where {3, },cnc(0,1] and |u,|— + as n— +oo.
It is easy to see that, for sufficiently large n, the condition (H,) implies that
x,(t) =0 for any t€[0,1] when lim u, = +, and that x,(f) <0 for any £€[0, 1] if

n—> +o

lim u, = —oo. Thus, by (H;) for n sufficiently large, the condition

n-—» +w

1
ff(t,x,,(t),un)dt=0 for any ne N,
0

= 40,

1
cannot be satisfied, indeed 1in+1 l [t 2, (1), u,) di
n s [

Therefore assumption (i) of Theorem 1 is verified.

Moreover, assumption (iii) of Theorem 1 can be verified by the same argument as
before taking into account the boundedness in C of the controls %, , x = 1, by the same
constant and the properties of the considered Schauder basis.

In order to verify assumption (ii), observe that the map I{: RXR—->R xR
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given by

a,b)=

1
a, [f(t,a,0) dt),
0
is such that the homotopy G:[0,11 X R x R— R X R defined as follows

G, a,b)=

1
a, [fit, 1a,b) dt) ,

0
is admissible, i.e. the set
T={(a,beRXR:GHa,b)=0 for some xe€l[0,1]},
is bounded in R® Therefore
deg (G(0, a, b),V,0) = deg (G, a, b),V,0),

where V c R? is a bounded set containing 7.
On the other hand

deg (G(0,a,b),V,0)#+0,

since

1 1
<(a, b, (a, j £(t,0,b) dt)> =%+ f bF(E, 0, by dt >0,
[ 0

when a®+ b%> R for some positive constant R (see [3], Proposition 1).
Finally, by using the same argument employed above to verify agsumption (i) and
the compactness of the sets I, Jc R, it is not hard to show that the homotopy

() =f{t, x(), u) for a.a.te[0,1],
x(0) = uxy, (1) =ux, « €[0,1],

where (x,u) e (AC)" x U,, is an admissible homotopy for any x,€l and any
xed.

Furthermore assumption (iii) when (xg, ;) € I xJ is also verified.

In conclusion all the results of Section 3 apply. =

EXAMPLE 2. - Let f: [0, 11X R" X R™— R" be a function satisfying (f) and (f3)
with y € L'. Let us consider the space (L™)" as the control space.
Given M >0, define

 Ap S
Ly(t.p) = inf ip“}ib;lg_ql
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Assume the following condition

1

(H,) flim inf Iy (¢, p)dt >0, whenever M >0,
P+
0

Consider the nonlinear boundary value control problem

(2(t) = f(t, 2@®),u®))  for a.a.tel0,1],

1
f F@&, x), @) dt =0,
S 0
1

Ju(t)dteK,

L0

where K is a compact set in R™. Thus

1

1
W, w) = (I, (x, w), Iy (x, W) = jf(t, x(t), u(®)) dt, fu(t) dt|e R"XR™ and d=m.
0

0

Let U, =span{e;,te,,...,t" 1e,}, where ¢;,e,,...,¢, is the standard basis of
1
R™ It is immediate that the set of controls belonging to U,, such that J’ u(t)dt € K is

0
bounded in (L ™))", say, by the constant M. Therefore, by using arguments already
employed in[3] and condition (H,) we can prove that the solutions of the homoto-
py

&) =2 (t, (), w(®)) for a.a.tel0,1], xel0,1],

1
f Flt, e, u®)dt =0,
0

are bounded in (AC)", where u e U¥ = {ue U,: u(t) € By for a.a. t [0, 1]}. Thus
R, c(ACY"x U, is bounded. Furthermore, the homotopy G:[0,1]xXR" %
XR™— R"*™ defined as follows

1 1
GO, a,b) = (ff(t,a,t]()\b)(t)) dt, fJ(b)(t) dt],
0

o
is admissible. In fact, by virtue of (H,), it can be easily proved that the set
T={(a,h)eR"<R": GO, a,b)=0 for some 5 ¢[0,1]},
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is bounded in R*xR™. Thus
deg(G(1,a,b),V,0) = deg (G, a, b),V,0),

where V is an open bounded set containing 7.
But

deg (G(0,a,b),V,0)#0,

since the scalar product
1 H
(@[ [£a,0a [100a)),
0 0

is positive for |a|?+ |b|® > R for some positive constant E.

Thus assumptions (i)-(ii) of Theorem 1 are satisfied, so that taking the controls
in all of Uy, assumption (a) of Theorem 4 is satisfied (see Remark 4).

In conclusion, adding to (a) the convexity condition (b), Theorem 4 of Section 4
applies. ®
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