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Introduction

In this paper we give sufficient conditions for the solvability of set-valued systems

of the form
{06 F(z,y) (1)

0 € G(z,y)
where F and G are multivalued maps, defined in the following way

F(z,y) =y~ F(z,v), G(z,y) = - G(z,y)

where z € X, y € Y, with X, Y Banach spaces, and F and G are upper
semicontinuous, compact multivalued maps, defined on the closure of a suitable
open subset U of the X x Y, taking values in X and Y respectively. For simplicity
we will call F and G multivalued compact vector fields, even if in the literature
this definition may be used also with different meaning in a different context.
Roughly speaking, we solve the first equation in term of y as a function of “the
parameter” z considering the application z —o S(z) = {y €Y : 0 € F(z,y)}
and hence we introduce the solution set S(z) in the second one. The fixed points
of the composite function G(z,S(z)) are the solutions of system (1).

The paper is organized as follows. In Section 1 we give some definitions about
set-valued maps and we recall some known results we will need in the sequel. In
Section 2 we give a first result for solving system (1) by assuming F with convex,
compact values and G single valued. Successively we solve system (1) under the
hypotheses that G is a multivalued admissible map and the set of solutions S(z)
is acyclic. We want to note here that in general, in the convex case, the solution
set S(z) is not necessarily acyclic.

In Section 3 we give applications of our results. More precisely, we consider
the problem of finding conditions for the solvability of two point boundary value
problems for a multivalued differential system. We want to point out that while
such problems can be formulated within the framework of the general theory of
differential inclusions, they may also be viewed as models of problems in control

theory.
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1 Notations and definitions.

Definition 1.1. Let X and Y be topological spaces. A set-valued map M from
X into Y is said to be upper semicontinuous at z € X if for every neighborhood
V of M(z) there exists a neighborhood U of z such that M(z) C V for every
z € U.If, for every z € X, M isupper semicontinuous at z and M(z) is compact,
then M is said to be upper semicontinuous on X. If M sends bounded sets into
relatively compact sets, then it is said to be compact. M is said to be proper if,
for each compact set K of Y, M~!(K) is compact. We will denote a multivalued
map M from X to Y with the symbol M : X — Y. By an r-neighborhood of
a subset £2 of a metric space X we mean the set B,ry={yeX:3ze¢
§2 such that d(z,y) < r}.

Definition 1.2. Let X and Y be Banach spaces and M : X — Y be a
multivalued map. We say that a continuous map pu : X — Y is a e—gruph
approzimation of M (shortly e-approximation) if graph # C B (graph M,¢). We
will say thatamapu: X — Yis a¢—poinfwise approzimation forM : X — Y
if u(z) € B(M(z),¢) for all z € X.

The following result is due to Cellina [2).
Theorem 1.3. Let X and Y be metric locally conver spaces andlet M : X — Y

be an wpper semicontinuous map with compact and convez values. Then for any
€ > 0 there ezists an e-approzimation of M.

Using this result, in [3] Cellina and Lasota gave a definition of degree (we will V

denote it by Deg) for multivalued compact vector fields with convex values.

Definition 1.4. Let X and Y be topological Hausdorfl spaces. An upper semi-
continuous map, with a finite number of points as images, M : X — Y will be
called a weighted map (shortly w-map) if to each z and y € M (z) a multiplicity
or weight m(y, M(z)) € Z is assigned in such a way that the following property
holds

a) if U is an open set in Y with U N M(z) =0, then

Y myME@) = S m@y, M)

yeM(z)nU y'eM(z')nU

whenever z’ is close enough to z, (see [5] and [11)).

Definition 1.5. The number
i(M(z), )= Y m(y, M(z))

yeM(z)nU

will be called the indez or mulliplicity of M(z)in U.
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I U is a connected set, the number i(M(xz), U) does not depend on r € X. In
this case the number i(M) = i(M(z), U) will be called the indez of the weighted

map M, (sec e.g. [11}).

Definition 1.6. ([13]) Let X be a metric space. An upper semicontinuous set
valued map M : X — X is admissible if there are maps G; : Y; — Yiq1, i =
0, 1,..., n (Y; metric spaces, Yo = Ya41 = X) satisfying

i) F = Gpo...0Go;

i) Gi is upper semicontinuous with acyclic, compact values for each i =

0,1, ..,n
Each sequence G, ..., Gn I8 called an admissible sequence for M.

We recall that the composition of upper semicontinuous maps is upper semi-

continuous.

Definition 1.7. Let X be a Banach space and let B(0,r) be a closed ball in X
of radius r. We will say that the upper semicontinuous map M : E(O,r) — X
verifies the Borsuk-Ulam (B.U.) property on 0B if for all z € dB(0,r), M(x)
and M(—z) are strictly separated by a hyperplane, i.e. for allz € 8B(0,r) there-
exists a continuous functional z* € X*, the dual space of X, such that z*(y) > 0

for all y € M(z) and z*(y) <O forally € M(-z).

Definition 1.8. Let X, Y be metric spaces. Given SCXxYand A C X,
denote by:

S(z)={yve Y :(z,v) €S}
S(A)={yeY :(z,y) € S, z€ A},
S,:Sﬂ({z}xY)andSA=Sﬂ(AxY)forACX.

Definition 1.9. Let X and Y be metric spaces. Let U ¢ X xY be open
and locally bounded over X, i.e. for any (z,y) € U there exists a neighborhood
N C X of z such that Uy is a bounded set in X xY. Weshall saythat F: U — Y

is a paramelrized compact vector field if F(z,y) =y — F(z,y) with F upper
semicontinuous and F(D) relatively compact in Y for any bounded set D of U.

We shall denote by

SF={(z,v)€ U : y€ F(z,n}
DF={z eX : SFnou =12}

Definition 1.10. Let M : B(0,r) C X —o X be an upper semicontinuous set
valued map. The map M salisfies the boundary condition "P” if z € 8B(0,1)

and Az € M(z) implies A < 1.
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Definition 1.11. A multivalued map M : X xY —o Z is said to be uniformly
quastbounded with respect {o z if there exist a, f € Rt such that:

Mz 9 ll= sup |lz]I< o |ly|l +8 for any z € X.
2€M{r,y)

In the sequel by eM(cp) we will denote the set B(M(B(p,¢)), o).

2 Results
We want to investigate now the existence of solutions for the system

yEF“(::,y) or OGy-F(:,y):F(:,y)
{I:ﬁ(t,y) {Ozz—g'(z,y):g(z,y) (2)

Theorem 2.1. Let X,Y be Banach spaces, lelU C X xY be an open, locally
bounded set over X. Let ' : U —o Y be an upper semicontinuous compact map
with conver values and § : U — X be a continuous and compact map. Suppose
that there ezists r > 0 such that B(0,r) C DF and Deg (F(0,-),U(0),0) #£.0. Let
T : B(0,r) — X be defined by T(z) = z — T(z), where T(z) = g(z, S(z))
and S(z)={ye€Y:ye F(z,y)}. Let us suppose that for all z € 0B, such that
0 ¢ T(z), T(z) and T(—z) are strictly separated by an hyperplane. Then there
ezists z € B(0,r) such that 0 € T(z). Hence system (2) has a solution.

Before proving theorem 2.1 we need some preliminary results. First observe that
the map § : B(0,r) C X — Y defined by z —o 5(z) is upper semicontinuous
on B(0,r). In fact the local boundedness of U implies that S(zy), is compact
for every zo € X. Moreover, if V is an open neighborhood of S(zo), then there
exists an open neighborhood N of zo, N C DF, such that S(z)CcV,Vze N.To
see that let y € S(zo) and let us consider neighborhoods of the form N, x W,
with N, a neighborhood of zy in DF and Vy a neighborhood of y in Y, such
that )
Vy CU(zo) N Vand Ny, x V, C U.

Let S be the set {(z,y) € X xY : y ¢ F(z,y)}. By the compactness of
Sze = SN ({20} x Y) there exists a finite number, say s, of neighborhoods of

the previous form covering S;,. Let

] F
Nozﬂ N; and V':U Vi
=1 i=1
Clearly for each neighborhood N of 2y, with N ¢ No, we have that Nx V' C U.
Let us prove that there exists a neighborhood N of z4 such that S(zyc V'
for all z € N. Suppose not, then there exists a bounded sequence {(z,, yn)}
with z, — zo ,y, € F(z,, tn)and y, & V. As F is compact and upper
semicontinuous, we may assume (by passing to a subsequence, if necessary) that
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Yn — Yo. Then y5 € F(zo, vo), that is yo € S{zo), contradicting S(zo) C V.
' a

Note that S(z) # @ because of the hypothesis on the degree of F.

Lemuma 2.2. Let X = R*, Y = R™ and let F(O,r) C DF. Then for each
neighborhood W of S there erists € > 0 such that iff : Up — R™ is an
e-approzimalion of F‘IU:;' then S{; CW.

Proof. SB is a closed and compact set. In fact, let {(z,,,yn)} - Sg and
(Zn,yn) — (z0,%)- As {(zn,yn)} C SE, we have that y,, € F(z,,yn) for any
n € N.As Fisupper semicontinuous, then yo € F(zo, yo), that is (zo, yo) € SE.
Then S§ is closed and obviously compact.

Let W be a neighborhood of SB, V a ¢;-neighborhood of Sg, V Cc W, with
8V NOW = 9. Let ¢; = d(8V,0W) and A = Ug\V. Since A is a compact set,we
have that

- F =€ > 0.

St s=3ll s€ FE D) =
Let ¢ = min {¢;, €3, €3} and let f:T — Y be an e-approximation of FIUa'
Let (z,y_)_e Up\W and let y = f(z,y), that is (z,y) in S{;. Then there exists
(Z,9) € Up such that:
H(zv) = @D + 1 f(z,9) - 2|l < ¢ for some z € F(Z,7). )
As || (z,¥) — (Z,9) || < € it follows that (Z,5) ¢ SE. Since y = f(z,y) we
get that ||y — z||[<e. Hence (Z,7) ¢ A. Thus (Z,7) € V\SE.This is absurd,
since (z,y) € U\W and || (z,y) - (Z,9) |[< ¢ and so (F, §) ¢ V. o

Lemma 2.3. Let X = R*, Y = R™ and let B(O r) C DF. There ezists an
€0 > 0 such that for all € < €y there exists f : U — R™, such that f]U is an
e-approrimalion of FIUa and

a) S’ is a finite subset of U(z),Vz € B(0,r);

b) Deg(F(0,-), U(0), 0) = Deg ( f(0,-), U(0), 0).

Proof. The definition of degree given by Cellina and Lasota, [3], ensures the
existence of a positive number, say €y, with the property that for any ¢ < ¢
every ¢-approximation of FIUa has the same degree as Fg,- Fixe<e and let
f:Upg~ R™bean €/2 approximation of PIU Using the same arguments as in
Lemma 2.4 of [11] we can prove that there exists f; : Ug — R™, ¢/2-pointwise
apprommatxon of f, that satisfies property a) Then f1 is an e-approximation of
FIU that satisfies property a). The map f is then any continuous extension to

U of fy, therefore b) follows immediately from the choice of ¢. nl

Lemma 2.4. Let X andY be Banach spaces. Let U be a locally bounded, open
subset in X x Y. Let us suppose that for all z € DF the equation y € F(z,y)
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has only tsolated solutions. Then the application z —o S(z) is a w-map and

i(S) = Deg(F(z,-), U(z), 0).

Proof. We have already seen that the map z — S$(z) is an upper semicontinuous
map. We want to prove that to any y € S(z) it is possible to associate an integer
m(y, S(z)) with the property of Definition 1.4. If y is an isolated solution for F'
then there exists a neighborhood 2 of y such that 2N S(z) = {y).

Let us define m(y, S(z)) = Deg ( F(z,-), 2, 0). Using the excision property,
m(y, S(z)) does not depend on the choice of 2 provided that 2N S(z) = {v}.
Let W be an open set in Y such that S(z) N\OW = 8. As S is upper semicontinu-
ous there exists a ball B(z, r) such that Vz’ € B(z,r)  we get S()nNow = 8.

Let us consider now the following homotopy, H : [0,1] x W — Y, defined
by

H(t,y) = F(tz + (1 - )z, y).

Astz + (1-t)z’ € B(z,r) for all ¢t €[0,1], H is an admissible homotopy
between F(z, ) and F(Z/, )jw - From this fact, using the additivity property
of the degree, we get:

S m(y,5(z) = Deg( F(z,), W,0) =
yES(z)nW

Deg( F(z',-), W, 0)= Y m(y,S(z")).
yES(z)NW

The following lemmata, whose proofs can be found in [11], bold.

Lemma 2.5. Let B = B(0,r) be an open ball in R” andlet M : B — R" be a
w-map with i(M) # 0. If M verifies the B.U. condition on 8B, then there ezists
z € B(0,r) such that 0 € M(z).

Lemma 2.6. Let M : B —o X be a compact vector field satisfying the B.U.
property. Then there ezists € > 0 such that every ec-approzimation of M salisfies
the B.U. property.

. We can now give the proof of Theorem 2.1

Proof. The result is obviously true if there exists z € B, B = B(0,r), such that
0 € T(z). In any other case, assume that system (2) does not have solutions
(z,v) withy € S(B),ie.0 ¢ T(z) for all z € B. Since T is an upper
semicontinuous and “compact” vector field, its image is closed. The assumption
0 ¢ T'(z) implies the existence of ¢; > 0 such that B(0, ;) NT(B(0,r)) = 8. On
the other hand from Lemma 2.6 there exists ¢; such that every €z-approximation
T of T, T' : B —o X verifies the B.U. property. ;
Let § = min {€1,¢;} and let V' C U be defined by: V = {(z,y) € U

(z,9(z,y)) € & Gr T}, where Gr T stands for the graph of T and 6A is the
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§-neighborhood of the set A. Clearly V' is an open set being the inverse image
of the open set § Gr T, through the continuous map g.

We divide the proof into three parts.
First parl. X = R*, Y = ™.
Let ¢* be that one given in Lemma 2.2, i.e. every ¢ approximation f of F has the
property that S{, C V. Let €5 given by Lemma 2.3 and let ¢ = min {€*, €, 6}.
By Lemmata 2.3 and 2.4 there exists a continuous map f: VR which is an
¢-approximation for F on Vg and such that the set valued map S’ : B — R"
defined by z —o S'(z) = S/(z), f =1~ f,is a w-map such that Sp C V. The
index of the map is given by

i(§") = Deg( F(0,), V(0), 0) = Deg( F(0,"), U(0), 0) # 0.

The set valued map T¥(z) = g(z, S'(z)) is a w-map with index i(T¥) = i(5) # 0,
(see [5]). As S C V we have that Gr T" C ¢ Gr T Since T verifies the B.U.
property then, by Lemma 2.5, there exists z € B such that 0 € T(z). Then
0 € ¢T(¢'z). This contradiction establishes the result.

Second part. X = R*, Y Banach space.

Let f bea %-approximation of FonUpg, and let f be a %’-pointwise approxi-
mation of f whose range is contained in a finite dimensional subset Ky of Y. By
Lemma 2.2 and the properties of the degree, we get

0# Deg( F(0,-), V(0), 0) = deg( £(0,-), V (0), 0)
= deg(f(o,-)lvl, V(O)n Kl, 0)

with V; = VN (X x K;) and 5{3 C Vi. Then S{B £ 0. Let ¢y = gpv, and
fi= fM. These two maps satisfy the hypotheses of Theorem 2.1. Then, for the
first part of the proof, the set valued map T¥(z) = g1(z, 871 (z)) has a zero in
B. As ng‘ (z) C V we have that Gr 7" C ¢ Gr T, contradicting the fact that
0 ¢ (1T(€1£).

Third part. X,Y Banach spaces.

Let g : Up — X be an e-pointwise approximation of § on Up with finite
dimensional range. Let X; C X be the subspace containing the range of g, and
- r- n o n
let g2 = 1 = Goyx,xyyls and Fp = FI(Xle)nT/_B' Let TV:B =BNnX; — X
defined by T¥(z) = g2(z,S(z)). T' is an e-approximation of Tlﬁ and by Lemma
2.6, T satisfies the B.U. property on dB’. By the second part of the proof T7
has a zero on B C B, contradicting the fact that 0 ¢ € T'(ez). 0

With a similar proof to the one of Theorem 1.4 of [11] we can prove the
following

Theorem 2.7 Let X and Y be as in Theorem 2.1. Let U be a locally bounded open
selin X xY and let F : U — Y be an upper semicontinuous convez valued
mapping. Consider a compact, conver sel Q C X such that for every £ € Q we
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have y ¢ F(z,y) on OU(z). Assume thal for some (and hence for all) z € Q we
have Deg (F(z,-), U(z),0) # 0.If§ : Sqg — X is any continuous map such
that §(z,5(z)) C Q fer any z € Q, then there ezists a solution (z,y) € U of (2)
with z € Q and y € S(z).

In the next theorem we give an existence result for system (2) under the as-
sumption that F and G are both multivalued maps and G is admissible. However
we have to assume that the set S(z) is acyclic for every z € DF. Notice that
this assumption holds in many cases (see e.g. [7] and [8]).

Theorem 2.8 Let X, Y be Banach spaces, let U C X x Y be an open, lo-
cally bounded set. Let F : U —o Y be an upper semicontinuous, uniformly
quasibounded with respect {o z, compact map. Let us suppose
that there ezists r > 0 such that B(0,r) C DF and for any z € DF the set
S(z)={y€eY :ye€ F(z,v)} is non_emply and acyclic. Let G:U-— Xbea
compact, admissible map, and T - B(0,r) —o X be the map defined by:

z— T(z) = G(z,5(z)).

Suppose thal the map T(z) salisfies property "P” of Definition 1.10. Then the
syslem

NS I?(:n'/)
{z € G(z,y) ®

has a solution.

Proof. We have already proved that the map S is upper semicontinuous. There-
fore, T is an admissible map with compact values. Furthermore, being G compact
and F uniformly quasibounded, we get that T is a compact map. We want to
show that T has fixed point in B(0,r).

Using Lemma 2 in [10] we know that there exists a compact convex set
K ¢ B(0,r) such that o(x o T(K)) = K, where x is the radial projection of X
on B(0,r). Since xoT is admissible , there exists z € K such that z € x o T(z).
Condition "P” implies that z € T(z) ]

3 Applications

In this section we present two applications of our results to problems involving
convex-valued differential inclusions. While such problems can be formulated
within the framework of the general theory of differential inclusions, a topic of
independent interest, they may also be viewed as models of problems of a very
different nature, for example: control theory. To be definite, consider a nonlinear
control process described by a system of ordinary differential equations of the
form:

z=f(t,z,u) (C)



106 G. Conti, P. Nistri, P. Zecca

where f : [0,1] x R® x R™ — R" satisfies Caratheodory’s conditions and the
control u is in £2, with 2 a non-empty compact subset of R™. If for (t,z) €
[0,1] x R™ we set
ft,z,2) =®(t,z)

and assume that the multivalued map & is convex, then the trajectories of
system (C) corresponding to controls from the set of functions U= {uce€
L((0,1), R™) : u(t) € 2 for aa. t € [0, 1]} are precisely those corresponding
to the multivalued differential equation

£ € Pt z).

One of the advantages of dealing with this equation rather than the original
equation (C) is in the fact that in various situations it is easier to use differen-
tial inclusions in order to determine conditions sufficient to guarantee specified
behaviour of the trajectories. On differential inclusions and their relationships
with other fields see, for example, [1]. As mentionated above, the following two
examples may also be viewed as control problems. Specifically, example 1 may be
viewed as a problem of periodic controllability. Such problems have been treated
in [9] and in [12] using degree theory (see also references therein). Example 2
may be considered as a reachability problem between two given sets. On this
subject, see for example [4].

Ezample 1. Consider the initial value problem

y € o(t,y)
{ ¥(0) = %o (£1)

where @ : [0,1] x R* — R" is a Caratheodory function with compact, convex
values, i.e. @ satisfies the following conditions

(f1) ¢ is a t-measurable, y-upper semicontinuous function;

(f2) for each p > 0 there exists a,, f, € L((0,1), R) such that | &(t,p) |<
ap(t) + B,(t)|pl foraa.te [0,1] and every p € R™ with |p| < p, where

|o(t,p) = sup |z].
1€#(t,p)

Under our assumptions (E1) is equivalent to the integral form y € F(yo,9),
where ' : R* x (C)® — (C)" is defined by:

(vo,5) = %o+ / (s, 1(s)) ds

where the integral is intended in the Aumann sense and (C)" stands for the
Banach space C([0,1], R").

Formulation of the problem: We want to give conditions on the map &(t,y) in or-
der to prove, using Theorem 2.8, the existence of an initial state y, corresponding
to a 1-periodic solution of (E1).
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First of all observe that, since & satisfies (f1) - (12), for any yo € R" the solution
set S(yo) is a non empty, compact, acyclic subset of (C)™. Moreover the solution
map 5 : R"™ — (C)" is upper semicontinuous and sends bounded sets of R™ into
bounded sets of (C)", which in turn, by (f2) are bounded in AC([0,1}, R™) =
(AC)", and so they are compact in ().

Assume the following condition

(C1)-there exists r > 0 such that

1
/ s()dt <0,
where s(t) = sup o(t,y) for almost all t € {0,1)and o(t,y) = sup <y, z>.
lvl2r s€d(ty)
Here < -,- > denotes the standard Euclidean inner product in R™,
In what follows we will rewrite our problem in a suitable form to apply
Theorem 2.8. Since the set
U Sw)

VoEE(O,r)
is bounded in (C)", say by p > 0, we define a bounded, open set U ¢ R" x (9
by U = B(0,r) x B(0, p). R
Let G: U — R" be the map defined by G(y,,y) = ¥(1). It is easy to see that

G is a compact, oontin}lous_map.
Consider the map T : B(0, r) — R", defined by

Yo —o T(yo) = C‘7(1»/0,5(!10))-

Clearly T is an admissible map and a fixed point of 7" is the initial condition of
a l-periodic solution to (E1). We will prove the existence of a fixed point of 7°
by showing that, via the condition (C1), T satisfies property “P”. For this, let
us prove the following

Proposition 3.1. Assume condition (C1). For any y € S(yo) with lvo] = r we
have that | y(1) < r.

Proof :. Let 7, = sup{t € [0,1] : [v(t) IS 7}. If 79 = 1, we are done.
On the other hand, if 7y < 1, then [y(t) [> rforanyt € (7o, 1). By integrating
on (7o, 1) the inequality

EdZ M;ﬂf = < y(t), §(t) > < s(t) for an. t € [0,1]

and using (C1), we obtain that

3 1S F = 1560 ) < 0andso (1) < r.
O

Now it is immediate to see that Proposition 3.1 implies that the map T
satisfies property "P” | in fact from Ayo € T(yo) it follows A < 1.
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Notice that the problem treated in Example 1, under different assumptions,
can be solved by using Theorem 2.1.

Ezample 2. We consider the following system:

y € P(t,y)
¥(0) = yo (E2)
y(l) e KC R

where @ is the map defined as in Example 1.

Formulation of the problem: Given K C R™, K compact and acyclic, we want
to give conditions ensuring the existence of Yo in a suitable ball B(0,r) C R,
such that (E2) is solvable.

Assume the following condition.
(C2)- there exists r > 0 such that

1
r2:/ i(t,y0) d¢ > sup <yo,y > forany|yo|=r,
0 i1€EK

where (¢, = inf inf  <uypz>,
(bo) = Il cnf,) <o
for aat €[0,1], Jyo] = r, and p is determined as in Example 1.
Let U = B(0,r) x B(0,p) CR" x(C)* andlet G : U —o R" be the map
defined by i
G(vo,v) = {vo + m—-y(1), yi € K}.
Gisa compact, continuous map with compact, acyclic valges. X
Consider the map 7" : B(0,r) — R" defined by vo — T(yo0) = G(vo, S(%0)).
Clearly T is an admissible map and a fixed point of T" will be a solution to

problem (E2).
We prove now the following proposition.

Proposition 3.2. Assume condition (C2). Then < yo, £ > > 0 for any z €
T(yo) = (I = T)(yo)-

Proof. Let | yo |=r. For a given z € T(yo) we have,
<y, 2>=|yo I’ ~ <yo, 1 > +

1
< yo,/ y(t)dt > for some y € S{yo) and ¥, € K.
0

By using (C2) we obtain the assertion. R a
This result ensures that the property “P” is satisfied by the map T". In fact,
if for some | yo |= r we have that

1
Ayg = —/ y(t) dt+y1, for some y € S(yo) and n ek,
0
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or equivalently (1 ~ Ay, € (I - T)(yo), then using Proposition 3.2 we obtain

(1

— Mlyol? > 0 and so A <L
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