Nonhinear Analysis, Theory, Methods & Applications, Vol. 14, No. 4, pp. 319-328, 1990, 0362-536X /90 $3.00+ .00
Printed in Great Britain. £ 1990 Pergamon Press plc

A TRACKING PROBLEM FOR UNCERTAIN VECTOR SYSTEMS*

J. W. Mack1
Department of Mathematics, University of Alberta, Edmonton, Canada TéG 2G1

and

P. NistrI AND P. ZEcca

- Dipartimento di Sistemi e Informatica, Facolta di Ingegneria, Universita di Firenze, Via S. Marta, 3, 50139 Firenze
(Florence), Italy

(Received 15 November 1988; received for publication 20 March 1989)

Key words and phrases: Asymptotic linearization, variable structure control, uncertain systems.

i. PROBLEM STATEMENT

WE CONSIDER a nonlinear control system with deterministic uncertain dynamics, modelled by a
differential inclusion in R" of the form

x e F(, x, u), t=0 uelUCR™, x e R, 1

where U is a specified subset, F is a t-measurable, (x, u)-continuous map and F(z, x, u) is a
closed, convex set for (¢, x, u) € [0, ©) x R" x U = $. The initial state x(0) is also uncertain,
but bounded, we assume |x(0)] = M for some constant M € R*. Concerning the dynamics, for
the moment we suppose the Caratheodory selection property, that is

(H1) Every system dynamics is given by some Caratheodory function

S D — R"such that f(r, x, u) € F(t, x, u).

We now suppose we are given a fixed time-invariant linear control model
y=Ay + Bv y{t) e R, v(tye W C R™
YO =y, lyl=N NeR’

where W is a specified subset.
The problem that we want to study is that of determining a state feedback control under
which the nonlinear system is asymptotically equivalent to a given state of the linear model.
More precisely, given an « > 0 and any fixed control pair (y, v) for the linear model, we want
- to construct a feedback control law & such that every choice of dynamics f(¢, x, @(z, x)) from
F(t, x, u(r, x)) leads to a state x(¢) satisfying

ity — x(Ol < ae™ (aeRY), fort=T

for some T independent from x and estimated by known data.
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Since in general the control law (7, x) — #(r, x) will not be continuous, the state x correspond-
ing to such a control will be a Filippov solution [5] on [0, + o) of the equation

{X = f(t, x, a(t, x)),

2
x(0) = x,, x,| = M.

In Section 2 we solve this problem using an approach which relies on the theory of variable
structure systems (V.S.S.) (see [2] and [I1] for a complete introduction to the topic).
Specifically, we define a sliding manifold S in K™ x K", and we consider a nondifferentiable
Liapunov function V defined on R* x [R". By using the generalized gradient we can give a con-
dition, (H2), which will permit us to solve the problem (theorem 1). This result will generalize
those given in (1, 6, §].

In Section 3 we describe a class of dynamical systems satisfying (F2). Finally, in Section 4
we give another condition, based on the dichotomy property of the dynamics for the error term

E@) = y(t) - x(1).

2. RESULTS USING VARIABLE STRUCTURE CONTROL

In this section we will give conditions for the solution of the problem stated above based on
a V.S.S. approach. To this end let us consider a n X # matrix C such that its logarithmic norm
u(C) = — o < 0 (see [4], for the definition of y and its properties; of course u(C) depends on
our choice of norm in F"). However it will always be the case that under our assumption the
spectrum of Cis containedin{z € C: Rez = —a < 0}. Let @, B be open sets containing all the
continuous states of the nonlinear system and of the model dynamics, respectively, and let W
be the set in which the control variable v takes values.

We consider the error vector £ = y — x, and the functions

st y,x,C) =y —x — ¢y,  plt,y,v,C) = Ay + Bv — Cec,

Visy = ¥ sl
i=1
where 1 € [0, ©); x and x, belong to @; y and y, belong to B; ve W, ¢, = cy{xy, ¥o) € K,
lcy| = L. We select an arbitrary control-state pair y = y(f), v = v(t) for the linear model and
we fix this selection. In this context the sliding manifold is given by the set S = {(¢,x) €
R x R":s(t, vy, x, C) = 0}. We posit the following condition:
(H?2) there exists a constant k 0 such that for every 7€ [0, o), x € @, we can find
i = a(r, x) € U such that
inf  {owz{opt,y, 0, C) + K 3
we F(t,x, a(,x))
forany { e 8V(S)ISZS(,LV’X,C)where a- b, a, b e R denotes the scalar product and 3V (s) is the
generalized gradient of the map V at the point s (see [3]). We need some preliminary results con-
cerning the map V.

LemMa 1. Let V: P" = R be defined as above. Then the following hold
(i) The function V(s(r)), where s(f) = y(r) — x(r) — e““c, and x(1) is any solution of (2), is
absolutely continuous on [0, + «);
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(i) When the derivative (d/d#)V (s(r)) exists, i.e. for a.a. r € [0, + =), it is given by:

d
E;V(S(l)) = $() v (e dVisr).
(iii) If
gV(s(t)) < —-y2 <0
dr =
fora.a.t € [0, + o) N {t:5s(r) # 0} then there exists T > Osuch thats(¢) = Oforanyr = T.

- Proof. (1) is obvious, while a proof of (ii)-(iii) can be found in {8]. W

LeMMma 2. For any constant & # 0 the multivalued map

()~ fuelU: inf (-w=plt,p,v,C)+ k') = Ut x)

we F(@,x,u)

where { € 3V (s)|,=y¢.,.+.c)» has the following properties:

(a) (t,x) = U.(s, x) is measurable, where { = ({1, x},

(b) (¢, x) = U(t, x) = N.U(t, x) is measurable. A
Therefore there exists a measurable selection (¢, x) — & (1, x) of U(t, x).

Proof. (a) Forany (¢, x) € [0, + o) x @Qand any { € aV (s)withs = s(z, y, x, ¢), we have that

Uct,x) =fuelU:{-well (Ay@)
+ Bu(r) — Ce%cy) + k%, + ), for any w e F(t, x, u)}.

The multivalued map (7, x, u) = {{ - w, w e F(t, x, u)} is (¢, x)-measurable and w-continuous,
while (¢, x) = [{ - (Ay(t) + Bu(t) — Cec,) + k*, + ) is measurable. Therefore, corollary 1Q
in [9] applies to conclude that (£, x) = U, (¢, x) is a measurable map with closed values.
(b) Since 3V (s) is a convex polyhedron with at most 2” vertices {;, any vector { € dV(s) can be
written in the following way
o e

=Y A, Az 0, Y 4 =1
i=1

= i=1

On the other hand, for any { € 0V (s) the following inclusion holds

Zﬂ
- Uct,x) 2 () U, ).

i=1

In fact let 1, € (-, U, (£, x). Then

Cowz - (A + Bu(t) — CeScy) + ki=1,2,...,2"
for any w e F(t, x, u,). For any scalar A, > 0/ =1, 2, ..., 2" we have
LG ew = AL (A + Bu(ty = Ce“cy) + AkR

Summing, we see that

{owz - (Ap) + Bolt) — CeScy) + k7
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for any w e F(1, x, uy), i.e. uy € Up(t, x), therefore for any { € 3V (s)
2[!

U, x)y 2 N U1, x).
i=1

But 27
Ui, x)y € N U, x).
-

1

This concludes the proof of (b). W

Remark 1. The proof of lemma 2 shows, incidentally, that it is sufficient to check condition (3)
only for the vertices {; of a4V (s).

THEOREM 3. Let (y, v) be a fixed response control pair for the linear model. Assume (H,) and (H,)
and let x be any Filippov solution of (2) on [0, + o) for any system dynamics f. Then there exists
T <2n (L+ M+ N)Kk? such that s(r) = s(t, y(t), x(t), C) = y(t) — x(t) — €“'cy = =0 for
anyf = T.

Proof. Consider the function V' (s(¢)) forz € [0, + o) N {f: s(¢) # 0}, we know from lemma 1
that

d
3 V60 = 000 - 20 - Cecy) V { € aV(s(1))

for every x(f) which is a Filippov solution of the equation

X = f(t, x, a(t, x)) = g(t, x), that is

X1 e G, x() = () () colglt, B(x(t), 5)\N)}

5> 0 u(N)Y=0

where B(x, ) = {ze R": |z — x| < §}.
By lemma 1 of [5] we can conclude that there exists a set N,, depending on ¢, such that

xe G, x(0) = () colf(t, z, a(t, 2)), 2 € B(x(1), 6)\N,}

§>0
< () coJ(t, x(t), 8)
6>0

where J{1, x(r), 8) = {UF (¢, 7, ii(t, 2)), 7 € B(x(£), H\N,}. For any vector x € " and for any
d > {0 we have that

x - x(t) = inf X r= inf xX-r. (4)

recoJ(r,x(r),s) re Ju,x(n),8)

For a given d > 0 and y € R” there exists r; € J(t, x(¢), §) and z; € B(x(t), )\, such that

")

A_
inf x-r=x-ro— —withry, € F(t, z5, 2{t, ;). (5)
reJi, (), 8) 2
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Since F(1, 25, (2, Z5)) is a convex closed set we obtain

X rs = inf X -r. (6)
re F(,zs, 041, 25))

Since s(¢) # 0 and the function s = s(z, y, x, C) is a continuous function of x, for & > 0 small
enough we can find z; ¢ N, with |z; — x(1)] < 6 and 5 = s(t, y, z;, C) # 0. Using (3) we get
from (4)-(5) and (6) that

k* k?
-x(r) = inf Cor—=—=2z={pt,y,v,C) + — )
re F(,zs, a4, 25)) 2 2
for any { € OV () usie.y. 25,0

Let d = 1/n. For n sufficiently large let us fix {, € 3V ($)|s—s¢.y. 2. )

Since the generalized gradient is an upper semicontinuous map, the sequenced {{,} is bounded
and so, by passing to a subsequence if necessary, we get

$n ™ Lo € AV (s(1)).

Therefore from (7) we have that

2
Lo x(t) = Ly plt,y,0,C) + %with Lo € AV (s(1)).

Finally, by virtue of lemma 1
2

d . k
7 Vist)) = {o - plt, y,0,C) = { - x(f) = ——
t 2
and so by (iii) of lemma 1, there exists T > 0 such that s(¢) = 0 vt = 7. On the other hand we
have
n k2

d
Vo = L 2lsl = -

i=1

L+M+ N
o) RZi

1

Y si0)] = ﬁ i(0) = x;(0) + ¢o,l = n(L + M+ N) and T < 2n
=) i=1

We are now in a position to prove the following.

CoroLLARY 4. Assume (H,) and (H,). Let (», v) be a fixed state-control pair for the linear model.
If x is any system state for @, that is any Filippov solution of (2) on [0, + o) for any system
dynamics corresponding to the feedback control iz, we have

V() ~ x(0)] = e* ey < e e,
forallt = T.
Proof. By theorem 3 for any ¢ = T we have

s(t)y =0 thatisy(t) — x(r) = e“'c,.

Now the fact that [e¢"| < e*“O" for r = 0 implies the assertion. M
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Remark 2. Theorem 3 generalizes the results obtained in [1] for scalar differential equations
of order n and those of [8] for vector systems that are linear in the control. In [8] a reference
trajectory was given, rather than a reference linear system. The changes to make in the defini-
tions of E, s and p in this case, are obvious. In [6] a robust controller is obtained to keep the
tracking error E = y — x within a desired tolerance. Here x is the output of a nonlinear control
system in which the control w appears affinely and y is the desired reference trajectory. The con-
troller is robust in the sense that the tracking error is ultimately bounded in the presence of
modelling errors. We refer to the papers quoted in [1, 6, 8] for a wide bibliography on tracking.

3. A CLASS OF SYSTEMS SATISFYING CONDITION (H,)

We give now conditions on the multivalued map F which ensure that condition (H,) is
satisfied.
Let O be the collection of all nonempty, compact, convex subsets of k"

@ = {# C R"|6 nonempty, compact, convex}.

Let Q be the collection of all ordered orthonormal bases in R”. For any x € K" let us consider
the following set

Vi@, x)y =faeb:a x = q(0d,x)}

where ¢(8, - ) denotes the support function of the convex set 8. We need the following.

Definition 1. For any w = (vy, 0;,...,0,) € Q, let w; = (vy, vy, ...,0;), I =1, 2, ..., n.
(Hence w,, = w.) (Note that v; is a vector not a component of vector.) Let V; be the set defined
as follows
Vi(6, w;y = Vi(Vi (6, w;_1), v;)
foranyi= 1,2, ..., n.
Finally, let #: O x Q — R" be the map given by

o, wy = V,(6, w,).
We have the following lemmata.

LemMa 5. ([10D). Im »(@, - ) = Ext 0, where Ext 6 denotes the set of the extreme points of the
set 6.

LeMMa 6. ([10]). The map A, : O X @ — R defined by
h,(0,,0,) = sup ,’7(91,(0) - ’7(92,0))‘

wefll

is a translation invariant distance in O and the space (O, h,,) is complete.
Observe that if Ay denotes the Hausdorff distance then #4(8,, 6,) < h,(6,, 6,).

TreoreMm 7. Let F: & — O be a Caratheodory multivalued function with respect to the A,
metric (i.e. F is a r-measurable, {x, v)-continuous multivalued map, with respect to the A,
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metric). Then the multivalued function
n,° F:®H -~ R” defined by
(t, x, ) = n(F{, x,u), w)

is Caratheodory.

Proof. The proof is trivial, once one observes that the map f,:0 x 0 — R” given by
(A, B) = (4, w) — (B, w) is linear and continuous. W

We can prove the following selection theorem.

Turorem 8. If F: © — @ is a Caratheodory multivalued function with respect to the #,-metric
then F has the Caratheodory selection property.

Proof. F(ty, xq, 4y) = cOExt F(1y, Xy, Ug) = colm n(F(ty, Xy, ), * ), thus for any y, €
F(to,xo,uo) there exists me N, ;€ R*, w;e€Q, j=1,...,m such that L 7L,4; =1,
Yo = L AnF(ty, Xy, 1), ;). Then the map f:D — R" defined by f({,x,u)=
YA n(F(t x, 1), w;), is a Caratheodory selection of F such that y, = f(fy, Xo, uy). M

As we are looking for approximation results, having in mind the results on the density of the
attainable set of the continuous selections of a continuous multivalued map, with respect to the
attainable set for all possible measurable selections (see [7, 10}), we replace (/) by the follow-
ing condition:

(H}) F is Caratheodory with respect to the h, metric.

Therefore as a consequence of (/) and the above noted density results we can confine
ourselves to consider only the dynamics given by the Caratheodory selections f: D — ®" of F
of the form

m n
S, x,uy =Y An(F(, x,u), v;) forsomed; e R, Y A, =1,
i=1

j=1
w; €8Q,) = 1,...,meN.

In this case hypothesis (J/4,) can be replaced by the following:
(H;) There exists a constant & # 0 such that for every =0 and x e @, we can find
i = i(t, x) € U such that

il’lf C. ”(F(t,xy H)a C{)) = C'p([’)” v, C) + kz V(’ € aV(S)[s‘zs(l,v,x‘(")‘
we ) :

Remark 3. Condition (H;) is particularly simple to verify when ¥(t, x, u), F(z, x, u) is a convex
polyhedron, since in this case the extreme points of F(z, x, u) are the vertices of the polyhedron.

Remark 4. The form of (H,) depended on our choice of Liapunov function, V(s) = L, s |
It is clear that we could choose another Liapunov map, for instance the map Vis) = 3 Ly ,5
In this case we can avoid the complication of dealing with the generalized gradient of ¥ but the
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condition (3) in (H,) must be replaced with the following:

sup x-z=<x-plt,y,v,C) — k* and

ze Fu,x. @)

inf (v -e“e)z= (- e plt, v, v, C) + k2.

ze F(,x,a)

(8

We observe that the two multivalued maps

(t,x) > luelU: sup x-z=x-plt,y v C)— k%)
ce Fi,x. u)
and
(t,x)=>fuelU: inf (y—-ecy)-z=2( —ec) plt,y,v,C)+ k*}
ze Fi,x, u)
are both measurable and so is the intersection (we would need to suppose that this intersection
is not empty) and thus admits a measurable selection @ (7, x).

Remark 5. If we suppose that, for any dynamics f(r, x, #(f, x)) with @(s, x) € U, the set
S, x, U) C R"is convex for a.a. r € [0, + ), and any x € R”, then the theory of the equiva-
lent control for nonlinear systems developed in [2] is available. We recall, in this context, the
definition of the equivalent control. Let S = {(7, x) € R* x B": s(¢, y, x, C) = 0}. Assume the
following condition.

(H,) There exists a neighbourhood 7 of S such that for every (¢, x) € [T, + o) x I the map
Ay(t) + Bu(t) — Ce“"cy + ds/dx - f(t, x, - ) is on to one on U and its range contains 0, where
ds/dx = —1,(I; stands for the identity n X n matrix). Then by (H,) the algebraic equation

. a
Ap(t) + Bu(t) — CeSlc, + gsc Flt, x, 1) = w
has a unique solution (if any) and it will be denoted by u*(r, x, w).

Definition 2. The equivalent control for (2) is the mapping

(t, x) = u*(t, x,0),
le|[T, +), xel.
Theorems 1 and 2 of [2] guarantee that a state trajectory on the sliding manifold § corre-
sponding to a discontinuous # = i(z, X) may be obtained as an absolutely continuous solution
of (2) corresponding to the equivalent control u*, which is continuous in x, and conversely.

Remark 6. Conditions on the dynamics f(¢, x, #(¢, x)) which imply that the corresponding Filip-
pov solutions are defined on all of [0, + o) can be found in [5].

4. FURTHER RESULTS

In this section we always deal with the tracking problem formulated in Section 1, but here we
look at it in a slightly different way. Specifically, we will consider directly the dynamics for the
error £(f) = y(¢) — x(r) and using some well known facts about solutions of differential equa-
tions on (0, + o) we will search for conditions ensuring that E(r) tends to zero as t — + o,
Such conditions will be expressed as before in terms of the existence of a feedback control law
fulfilling given inequalities which will also determine the rate at which the error tends to zero.
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For this, let y = y(¢) and v = v(¢) be the assigned state-control model for r € [0, + o) satisfying
the linear differential system

y(1) = Ay(t) + Bu(t)

with y(0) = y, for some |y,| < N. Let x = x(¢) be a Filippov solution on [0, + o) of the
nonlinear problem

{x(t) = ft, x(1), u(, x(1))
x(0) = xq Ixol = M

corresponding to some feedback control law « = u(z, x). Consider the following dynamnics for
the error term E = y — x:

E — AE = Ax(r) + Bo(t) — f(t, x(t), u(t, x(1)) 1€ [0, + o)
E©0) = ¢,

where the right hand side is a measurable function of ¢. Consider an n X n real matrix C such
that u(C) < —a < 0and A — C = Q is a matrix for which all the eigenvalues have nonpositive
real part and those with zero real part are semisimple. Consider the differential system

E — QFE = Ox(t) + Bo(r) + Cy(t) — f(t, x(0), u(t, x(£))) = r(t) (10)
with E(0) = ¢, and ¢ € [0, + ).

®

LemMa 9. Let the matrix Q be as above. If {;"|r(#)]df < + o, then there is a one to one affine
mapping between the bounded solutions on [0, + ) of the homogeneous system £ —~ QF = 0
and the bounded solutions on [0, + ) of (10) such that the difference between corresponding
solutions tends to zero as f = + .

Proof. Under our assumptions on Q the homogeneous system E — QF = 0 is uniformly
stable. Thus it has an ordinary dichotomy with P = [ on [0, + ), so that the result immedi-
ately follows from proposition 3 in [4]. W

As a consequence of the previous result we have the following.

LEmMa 10. If u(Q) = — B < 0 and r(¢) is measurable with
Moo

[r(Hldt < + oo,
J0

then any solution of (9) tends to zeroas ¢ — + .

Proof. By virtue of lemma 9, for any solution E, of (9) there is a solution Eof E — AE = 0Osuch
that

[E(ty — EA)} — 0 ast — +oo,

On the other hand we know that E(r) — 0 for any solution of the homogeneous system since
Q) <= —p < 0. Thus E(f) > 0ast = +oo. N

If Fis a multivalued map with values in a finite dimensional space by |F(a)| we mean the
SUD, ¢ ;o |1B]. We are now in a position to prove the following.
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TueEOREM 11. Let £ € L'([0, + ), R*). Assume that for any (¢, x) € [0, + o) X @ there exists
ir = (f, x) such that

[Qx + Bu(t) + Cy(t) — F(1, x, a(t, x))| < ).

Assume that 4(Q) < - f < 0. Then for any system dynamics f(s, x, #) € F(1, x, 1) and for any
¢y € [ the corresponding solution E, = E.(7) of (9) tends to zero as t — + oo,

The proof is immediate.
Note that the multivalued map defined for any (7, x) € [0, + o) x @ as follows

(6, x) = lue U:|0x + Bu(t) + Cy(t) — F(t, x, )| < e(t)}

is measurable and so if it is has non empty values then there exists a measurable selection
i = a(t, x).
Finally, it is easy to see that if ¢ € L,([0, + o), R*) can be chosen in such a way that

e(t) <e =0, d>0

then E,(¢) — 0 exponentially as r — + .
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