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1 Introduction

This paper deals with the classic Lincar-Quadratic Out-
pnt Regulation (LQOR) problem. A linear, continuous-
time, state-space representation for the time-invariant
plaut to be output regulated is piven

i) =
y(t) =
with 2(0) € R*, u(t) € R™ and y() € R, The problem

is 1o find an input signal u(t) € &, if it exists, minimizing
the integral quadratic-cost

oty + Gu(i)

He(t) (1

J= /U‘*'(Ily(t)}il‘;y + (D)3, )t @)

[or auy initial state 2(0) and stabilizing the plant (1),
2y, =W > 0,0, =9 >0, Ho(OR = "(Owe(r)
and the prime denotes transpose. The above index cost
can be equivalently transformed, by nicans the Parse
val’s Lemuma, in a form involving the Laplace transforms
of g(t) and w(l)

1

J=—

i . .

5o [, s e )
Aswell known . under stabilizability and detectability as-
smptions on the triplet (&G /1), problem (1)-{3) can
be solved i state-feedback form by using the nnique
nonnegative definite solution of the relevant algebraic
Riccati equation.  Moreover, the resulting closed-loop
sistem turns out to be asymptotically-stable.

The aim of this paper is to provide a direct matrix-
fraction approach to the problem. Tn this way, the solu-
tion is obtained by first solving a speetral factorization
problem and next finding the mininum-degree solution
with respeci te a "dunnmy” polynomial matrix of a pair
ol bilateral Diophantine equations.
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This problemn was previously addressed by Kucera (1983)
for the special case of scalar input and a completely
reachable pair (¢,G). Thanks to these limitative as-
sumptions, i {Kucera,1933) the solution is given in terms
of a single Diophantine equation. A discrete-time ver-
sion of the general case was approached by Mosca and
Nistri (1989). They showed that two bilateral Dioplian-
tine equations must be simultancously solved as referred
above. In this paper the continuous-time version of
the problem treated in (Mosca and Nistri, 1989) is pre-
sented.

One of the reasous for considering a polynomial solution
lor the standard deterministic LQOR problem is to show
that Riccati-based and polynomial methods are [ully
conceptually equivalent, as far as steady-state (semi-
infinite horizon) results are concerned. In particular.
stabilizabilivy and/or detectability requirements in the
Riccati context are expressed iun terms of stability of
greatest common deft and right divisors of polvnomial

matrices.

The reader is referred to (Kucera, 1979}, whose nota-
lions are adopted as much as possible considering the

- difference between the discrete and continuous time do-

mains. The following definitions are assumed hereafter:
for any pelynomial matrix P(s) in the indeterminate
3. P(s) is said to be row reduced if the matrix of the
coeflicients of the highest power of s in cach row of
P{s) has full row rauk. Stmilarly. P{s) is said 1o be
colamn reduccd if the matrix of the coelficionts of the
highest power of s in cach column of Pls) has full col-
winn rank. Further, for any real rational matrix Risywe
define R7(s) 1= R'(—s).

2  Main Result

As well known, problem (1}-(3) only depends on a coni-
plelely observable subsystem of (1 ) obtainable via Kahnan's




canonical decomposition. Thus, we assume {rom the

outset that

(A.1) (9. H) is a completely observable pair.

Hereafter all quantities are assumed to be Laplace trans-
forms. Let y(s) be the output of (1) due to x(0) and the
input signal u(s). It is given by

y(s) = HAT(s){z(0) + Bu(s)] (4)

where A(s) and B are the following polynomial matrices
Als) = sI-0 (5)

B = G (6)

Hereafter, by the sake of simplicity, the argument s will
be omitted unless required to avoid possible confusion.
The quadratic cost (3) can be conveniently rewritten as

= —IT/JOQ(y‘\I’yyﬁL u" ¥ uds. (7)
2 J-joo

Let us also rewrite (4)
y(s) = HATUS)z(0) + H Ba(s) A7 ()u(s) (8)

where By(s)A7'(s) is a right coprime (rc) column re-
duced matrix-fraction description for A=' 5. Substitut-
ing () in (7), one finds

W ATT(ASY A + BBy AT u +

w AT BV AT (0) + 2(0) AT WL By AT e +
(0 AT, A7 (0)ds (9)
where A7" = (A5Y)" and W, = H'W 1.

] =L (>

2ry J=rx

Let £(s) be the strictly Hurwitz column reduced (Kucera,
1950 - Lemma 4) polynomial matrix solving the follow-
mg spectral factorization problem

EE = A0, A, + B}V, B (10)
Using (10) into (9), one finds
J=J+.J, (11)
with
1 7

.]] = o L™ Lds

27-'_] -y
L= [T 0 AT (] = BB B B, A 2(0)ds

27y Sy
L o= E7BjY AT2(0) + EAT u {12)

Note that J, does not depend on u.

In order to simplify the above expression, let us con-
sider the following bilateral Diophantine equation

EY + ZA = By¥,. (13)
It s temporarily assumed that a solution (¥, Z) of (12)
exists with 0Z < OF". Under this assumption, (12)

becomes

L=Ya(s)+ (E~YB)AT 'u + E77Z2(0).  (14)
Next, to guarantee the closed loop stability the lollowing
equation has to he imposed

X = (£ -YB)4;! (15)
with X' polynomial matrix satisfying
NA+YB, =F. (16)
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Substituting (15) in (14) we have
L=(Yz+ Xu)+ E~"Zz(0).

Consequently the cost index J, can be split in the fol-
lowing three components

J=J3+J4+J5 (17)

] oL

Bo= oo [ 02 ETETZe(0)ds  (18)
W] Sy
1

Jy o= = {(Yz+ Xu)"E~Z2(0)
iR} J-joo
+(0)Z"E7 (Y r 4+ Xu))ds (19)
1 pe

Jy = Ve 4 Xu)t(Yz+ Xu)ds (20)

21) =00

where J; does not depend on u. Further, if X and ¥
are constant matrices, i.e. X = 9Y = 0 { Lemma !
below verifies that this properties holds true), it is casy
to prove by using the Residue Theorem that the cost
term Jy is identically zero. This follows from the fact
that Z*E~' is a strictly proper stable transfer-matrix
and the signal «(f) and z({) are in L.

Last, premultiplying both sides of (16) by £ and taking
in to account

E'X -~ ZB = A}¥,. M)

The following lemma sums up the above results.
Lemma 1 - Provided that

1) Eq.(13) and (21) for (13) aud (16)} have a solution
(X,Y,Z) with 9Z < OE=;

i) Jy + J3 is bounded;
the LQOR problem 1s solved by

u(s) = - X"V a(s) (22)
with X and Y, constant matrices, specified in i), and

correspondingly,

'-]min = J2 -+ JI}' ]

=dY =0
and that X is nonsingular. From A~!'R = By ATY, or
GAz = (s] — D) By, it follows that 94, > 3B, and cou-
sequently from (10)

Proof - 1t remains to be shown that 4X

()E = (()Az = aBg + 1.

Thus, (13) and (21} imply respectively that dX = 0 and
JY" = 0. Next, nonsingularity of X is implied by (21). O

A condition under which i) of Lemma I is fulfilled is
given by the next lemma whose proof closely follows a
similar proof in (Kucera, 1979).

Lemma 2 - Let the greatest left divisors (GCLD) of
A and B be strictly Hurwitz. Thus, there is a unique
solution (X, Y, Z) of (13) and (21) [ or (13) and (16) i
such that 97 < 9F~. ©

Proof - Let D be a GCLD of A and B. Then, there

is a unimodular matrix {/ such that




[-B AU ={D 0]
Next rearrange (13) and (21) as follows
EY(X Y]+ Z[-B 4] = 439, B3v,]

Postmultiplying the latter equation by U and setting
Xi= XU and Y = YU, one gets

ErX+2ZD =
£y
0= —BUD + /“”22 =-BA; + ABs.

A Up + B3O, U,  (23)
A;'IIUU;? + B;‘p:Uz-g (21)

Last equation shows that there is a D, such that U}, =
Ay Oy and Uy = B3 Dq. Thus (24) reduces to

Y = ED,. (25)

Further, (24) is solvable since E and ) are strictly ITur-
witz and hence [° and D do not share any nonunit
invariant polyvnomial matrix of compatible dimensions.
Correspondingly.

[X YWU' =[TD 0]=[-TB TAJ.
Therefore all solutions of (13} and (21) are:

N=X,-TB;, Y=Y,+T4A Z=Z,-LT

Since E is column reduced, it follows that there is a
unique solution (X, VY, Z) such that 7 < dE* (Kucera
1979.1930). In (Mosca, Giarre’ and Casavola, 1989) it is
shown that this solution coincides with the one of (13)

and (21). O

Bounduess of J; + J3 is clearly guarantced by the stabil-
iy of the closed-loop system, thatl, in turn, if the plant
has no unstable hidden modes, is fulfilled if and only if
2 is strictly Hurwitz. In fact, il the latter is true, the
control law (18] can be rewritten as £~'Xu = —L"'YVr
with both E7'X and E™'Y stable left coprime transfer-
tatrices such that £~V A, + £V 3, = .

Lemma 3 - If (A.1) holds then the spectral factor £
is strictly Hurwitz. O

Proof - We first observe that if #B, and A, are rc
then detE(jw) # 0,Vw € R and we conclude that F is
strictly Hurwitz. 1t thus suffices to show that complete
observability of (9, H) implies that H B, and A, are rc.
In order to prove this, we begin by nothing that by PBH
test (Kailath, 1980), complete observability of (@, H) is
equivalent to I and A being re. This, in turn, implics
that H and A, are rc, if A7'B = A,"B, with A; and
By left coprime (lc). In fact, A = AA, and B = AB,
with A a GCLD of A and B. Hence

J=XA+YIH =(XA)A + VII.

We finally show that if / and A, are rc, then H B, and
Az are re. In fact consider the transfer-matrices

HAT = H By A7

for which ddet A, = ddetAy. The expression on LIIS can
be minimally realized in state-space form with a state of
dimension equal to ddet A, since H and A, are re. Thus
1B A7 must be also minimally realized with the same
state dimension. So we conclude that I/ B3, and A, are
re. O
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The previous three lemmas show that the LQ output
regulation problem can be solved provided that (¢, #)
is a completely observable pair and the GCLD’s of 4 and
B are stable. This is the same as assuming that the given
plant (®,G, H), which in general need not he completely
observable, has all its observable-unreachable cigenval-
ues stable. All the results are summed up in the follow-

ing

Theorem - Consider the LQ output regulation problem
(1)-(3) for the arbitrary plant ¥ = (&, G, H). Then,

1. The problem is solvable if and only if the GCLD's
of A, and B, are stable, where A, := s/ — &, and
B, := G, and T, = (9,.G,, H,) is completely
observable subsysten of T, obtained via Kahuan's
canonical observability decomposition of 3.

2. Provided that the solvability condition is fulfilled,
the optimal input sequence is given as in {22) where
X and Y are obtained by first solving the spectral
factorization problem (10} and next finding the
minimum degree solution w.r.t. Z of the pair of
bilateral Diophantine equations (13) and (21) [or
(13) and (16)}.

3. The LQ optimal feedback-gain matrix
Fi=-Xy! (26)

is a root of the bilinear matrix polynomial equa-
tion

Z(A =By~ A5V, F = B3¥, {(27)
with 0Z < 9L~

4. The overall closed-loop system is asymptotically
stable if and ouly if the plant 3 has no unstable
hidden modes. O

Proof - IXq. (27) is readily obtained by rewriting (21)
as 7= (ZB + A3W,) X~ and using it into (13). O

3 Conclusion and Further Re-
marks

Remark 1 - There are in general, two bilateral Dio-
phantine equations, viz. (13) and (21} {or, as shown in
(Mosca, Giarre’ and Casavola 1989), equivalently (13)
and (21)], to must be solved with Z < 9E* in order
to finding the LQ optimal feedback-gain matrix F =
X', In particular, the reader is referred to (Mosca.
Giarre’ and Casavola, 1989) and (Hunt, Sebek and Grim-
ble, 1987) where the above issue is thoroughly studicd.
Nevertheless, for the sake of better understanding. an
example is discussed hereaflter. O

Examplel»LeLd’:[1 O,J;Gz[l};ﬂz
0 -1 0

[11 Ji . =1, ¥, = 1. Notice that (2,G) is not
completely reachable, whercas (&, //} is completely ob-

servable. We find 4 = [

s—1 0 1
oLyl
10
0 s+ %
Thus, according to Theorem - part 1} the problem is
solvable, and, according to part 4), the resulting LQ op-

which is stable.

A GCLD of 4 and B is [




timal feedback stabilizes the plant, being the only plant
hidden cigenvalue A = -1

We also find: A, = [s—1]; By = [ : J; and, via spectral

factorization, £ = [s + V2. Further: A = [—s ~ 1};

Bi=[1 0], £ =[-s+ V3], which implies 47 = 0.
and (2

Eq. (13) (21) [ or (13) and (16)], give X = I;
Vo= fy = \/Zg)+1 Y2 = 1(2—\/7'2-—11], Z =[5 =
V241 5= 3(_2_:’—_11] Hence, F = —[v2 + 1 m‘—u]
/5 N1
(\)/E 7 J Eq. (16) alone
2
vields ¥ =1,y = V2 + 1z = V2 4+ 1. However, it

does ot yield any information on y, and 2,. O

Iy

and & + (F =

[—

Remark 2 - Eq. (27) is an interesting and somewhat
unexpected equation in that it could be directly used to
compute the LQ optimal feedback-gain matrix without
solving the spectral factorization problem (10) except
for the easy task of determining E", provided that to-
gether with the condition 8Z < 9E” it yiclds only a
single stabilizing F among all its solutions whenever the
GCLD’s of A and B are stable. This can be admittedly
advanced at this time only as conjecture. O

Example 2 - Consider again the LQ output regula-
tion problem of Example 1. For this case, {27) yields for
A7 = 0 two solutious (Z, I'). The first coincides with
the one_found in Ex. 1. The second one is given by

Z= {\/5‘1 Zﬁ%} and [ = [\/5—1 b%ﬂj Note that

9_ 5 _nli-s
the latter yields & + GF = 2 0\/5 ? and,
T2

hence, an unstable closed-loop system. O
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