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Abstract- The paper considers a large class of additive neural operations as products or divisions on the network inputs, or
networks where the neuron activations are modeled by dis- the implementation of other more complex recursive functions.
continuous functions or by non-Lipschitz functions. A result A fundamental observation made in [11], is that the same
is established guaranteeing that the state solutions and output
solutions of the neural network are globally convergent in finite computation power can be achieved by simulatng the dlscon-
time toward a unique equilibrium point. The obtained result, tinuity with a "clear enough discontinuity," i.e., by replacing
which generalizes previous results on convergence in finite time a discontinuous function with a continuous function with a
in the literature, is of interest for designing neural networks non-Lipschitz part, as for example a square root function.
aimed at solving global optimization problems in real time. In this paper, we consider the class of additive neural net-

I. INTRODUCTION works introduced in [1], with the goal to obtain conditions of
more general applicability for ensuring global convergence in

In recent years, neural networks with discontinuous neuron finite time of the state and output solutions. More specifically,
activations or with non-Lipschitz neuron activations, have been while the conditions for convergence in finite time in [1]
found useful for addressing several interesting engineering require that all neuron activations be discontinuous at the
tasks. equilibrium point, the conditions in this paper are applicable

In [1], additive neural networks with jump discontinuities both to discontinuous neuron activations, and to continuous
have been applied to the solution of global optimization prob- neuron activations that are non-Lipschitz at the equilibrium
lems. By exploiting the sliding modes in the neural network point.
dynamics, conditions for global convergence in finite time Notation. Let x (xi Xn)'T Y (Yi,... )T E Rn,
toward a unique equilibrium point have been established in [1, where the symbol T means the transpose, be two given columnTh. 4]. Global convergence is important, in that it prevents a n
network from the risk of getting stuck at some local minimum v s. By (x, ) wn=11nl
of the energy function, see e.g. [2]-[7], and references therein product in Rn between x and y. By x (x, x)l/2
The property of global convergence in finite time is even more (1i=1 i)1we mean the Euclidean norm of . Let A CR,nxn be a square matrix. We denote by AT the transpose ofdesirable when the minimum must be computed in real time qi y
[8], [9]. We stress that such a property cannot be displayed A, and0byAl the inverse of A. Finally, by co (Q) we denote
by smooth dynamical systems, since in that case there can be the closure of the convex hull of set Q c Rn.
only asymptotic convergence toward an equilibrium point. II. PRELIMINARIES

Another related field of application for discontinuous neural . .
networks concerns the implementation of analog devices for Here, we report a number of definitons and propertes
solving linear and nonlinear programming problems [10]. The whichaeneededRn the developmenth[13],e[14].
neural network in [10] makes use of constraint neurons mod- A function f >0m is said to be Lipschitz near

f
C

eled by ideal diodes with a vertical segment in the conducting 'i
region. On this basis the network is able to implement an exact X2 -xl, for all x1, x2 E Rn satisfying x1-1x < c and
penalty method where the circuit equilibrium points coincide 12 - X <c. If f is Lipschitz near any point x e Rn, then
with the constrained critical points of the objective function. f is said to be locally Lipschitz in Rn.
This permits the network to compute the exact constrained Suppose that f R- Rn is locally Lipschitz in Rn. Then,
optimal solution for interesting classes of programming prob- f is differentiable for almost all (a.a.) x C Rn (in the sense of

lems. Lebesgue measure). Moreover, for any x C 1Rn we can define
In[11],aclassicalrecurrentneuralnetwork]the Clarke's generalized gradient of f at point , as follows

has been augmented with a few simple discontinuous neuron &f(x) =co UimX VfQvn): .~ -*1 Xx XnN,x XnfQ
activations, such as binary threshold functions. It is shown noo
that the use of these discontinuous activations permits to where Q c 1Wn is the set ofpoints where f is not differentiable,
significantly increase the computation power, by enabling and N c 1JRn is an arbitrary set with measure zero. It can be
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proved that Of : 1R ---o 1R is a set-valued map that associates is the output solution of (1) corresponding to x(t). It turns
to any x C R' a non-empty compact convex subset Of(x) c out that -i is a bounded measurable function that is uniquely
Rn. defined, up to a set with measure zero of the interval [ta, tbl,
The following class of matrices will play a key role in the by the state solution x.

paper. By an equilibrium point (EP) ( C Rn of (1) we mean a
Definition 1: Matrix A C Rn,n is said to be Lyapunov stationary solution x(t) =, t > 0, of (1). Of course, ( E Rn

Diagonally Stable (LDS), if there exists a positive definite is an EP of (1) if and only if ( satisfies the following algebraic
diagonal matrix a = diag(oi,... , an), such that (I/2)(aA+ inclusion
ATa) is positive definite. 0 CBe + Tco [g(,)] + 1.

III. NEURAL NETWORK MODEL Let ( be an EP of (N). Then, from (4) it turns out that

Let us consider a class of additive neural networks whose = T-1(-B - I) E co [g(()] (5)
dynamics is governed by the system of differential equations is the unique output equilibrium point (OEP) of (N) corre-
with discontinuous right-hand side sponding to (.

In [1] it has been shown that if g C G, then for any 10 C Rn
= Bx + Tg(x) + I (1)there is at least a solution x(t) of (1) with initial condition

where x C Rn is the vector of state-variables, B x(0) = 1o, which is bounded and hence defined for all t > 0.
diag(-bl,..., -bn) C Rn,n is a diagonal matrix where Furthermore, there exists at least an EP ( C Rn of (1) with
-bi < 0, i = 1, ... , n, model the neuron self-inhibitions, corresponding OEP r1.
I C Rn is the constant biasing input, T C Rknn is the neuron To address global convergence of the solutions of (1), we
interconnection matrix, and the diagonal mapping g(x) will find it useful in the next section to consider the standard
(91(X1), .. . gn(Xn))T : Rn -> Rn has components modeling change of variables z = x- , where ( is an EP of (1). This
the neuron activations. transforms (1) into the differential equation

Henceforth, we suppose that g belongs to the next class of z = Bz + TG(z) (6)
mappings.

Definition 2: We say that g E G if and only if for i = where G(z) = g(z + q)-r1. If g E G, then G C G. Note
1,.. , , g 2I: e R is ab ounded ,non-decreasing, and that (6) has an EP, and a corresponding OEP, which are both
piecew

, n,gise R >

continuou sfnton nded,non -dereansing,satd located at 0. If z(t), t > 0, is a solution of (6), then we shallpiecewise continuous function on R (this means that gi has ati-ii
most points ofjump discontinuity, where there exist finite right denote by
and left limits, and that gi has a finite number of discontinuities y70(t) = T-1(z(t) - Bz(t)) C co [G(z(t))] (7)
in any compact interval of IR). T

the output solution of (6) corresponding to z(t), which is
We remark that the class of functions in Definition 2 defined for a.a. t > 0.

includes activations gi with jump discontinuities, and also IV. GLOBAL CONVERGENCE IN FINITE TIME
continuous activations gi that are not locally Lipschitz.

A~~~~~~~~~fucto .Et,t.-sasouini h es Suppose that -T C LDS and g C (S. Under these assump-A function x : [to.,tb] -> Rn iS a solution in the sense
ofFilippov of.(1),.with initial condition 1(ta) 10 e k~J tions, it has been proved in [1, Th. 4] that all solutions of

if tFlppowing hold [1]t 1tisitial absditiolxte contiuou (1) are globally convergent toward a unique EP, while the

Eta,tbh,f(ta) 10, and for a.a. t E Eta, tbl, 1(t) satisfies te corresponding output solutions of (1) are globally convergent
diferetlX icuon inn measure toward the corresponding unique OEP. In the next

theorem, which is the main result in this paper, we make a

±(t) C B1(t) + Tco [g(x(t))] + I (2) suitable assumption on the location of the EP of (1) with
__T__ respect to the points where the activations are discontinuous or

where co [g()] (co [91()1,... co [gn (Xn )])T c 1R and non-Lipschitz. On this basis, the theorem establishes a result
co [gi(xi)] = (gi1(xi), gi(xi+)] c R for i = 1,... , n. Note that on global convergence in finite time toward the EP and the
co [gi (xi)] is an interval with non-empty interior when gi is OEP, respectively, of the state and output solutions of (1).
discontinuous at xi, while Co [gi (xi)] = {g(1(i)} is a singleton Theorem 1: Suppose that -T e LDS and that g e (G. Let
when gi is continuous at xi. Clearly, the inclusion (2) is simply OD ={i {1, ... , n} : Gi is discontinuous at zi 0} and
obtained by filling in the jump discontinuities of gi. c = 1,... , n}\OD. Suppose that for any i G OD we have

Let x(t), t G [ta, tb], be a solution of (1), and suppose that Gi(0+) > 0 and Gi(0-) < 0. Furthermore, for any i e Oc
det T :t 0. Then, for a.a. t e [ta, tb] we have there exist 6i, ki, Ki > 0, o>i C (0, 1) and Zi C [0, 1), such

x(t)V=Bx(t)+T^(t)+I (3) tht ki Pg < IGi(p) l<Ki lp>i IPI < S (8)
where and
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Let z(t), t > 0, be any solution, and let 'T0(t) be the z(t) and v(t) are differentiable for a.a. t C [0, +oo) and we
corresponding output solution of (1), which is defined in (7) have, on the basis of the 'chain rule' given in [1, Prop. 6],
for a.a. t > 0. Then, there exists +oo > to, > 0, such that
we have V(z(t)) = 0 and z(t) = 0 for all t > to, while V(t) K&%(t)) V( C aV(Z(t)).
0°t for a.a. t > t¢,. This means that V(z(t)), Z(t), and...=

y0 for(t)a.to>zro. This.meansthat V(z(t)), z(t) and

Moreover, by evaluating the scalar product, it is proved in [1,
converge to zero in finite time to. App. IV] that

The left inequality in (8) means that, for any i E Oc, Gi (t) < -
is continuous but non-Lipschitz at 0, since it grows at least
as ki p i, where o,i C (0,1), in a neighborhood of 0. It is +2CZ (t)aB-7o(t)
not difficult to verify that the following classes of continuous
non-Lipschitz functions Gi satisfy assumptions (8) and (9) of for some A > O.
Theorem 1: Since the trajectory Z(t) converges toO as t - +00 [1,

1) for any i C 0c, (8) is satisfied by Gi with o>i < 1/2; Th. 2], we can find an instant t6 such that z(t) E [_-6 6]n
2) for any i C Oc, Gi is defined by for all t > t6. Let t > t6 and suppose that v(t) and z(t)

are differentiable at t. From the inequality d < 1, we have
Gi(p) = kisgn(p) ,o¢pzZ(t) P2 < Iz,(t) Pl < 1, for any P1,P2 > 0 such that

whereoui e(0, 1) and ki > 0. P1 < P2. Let P(t) ={il,I n : zi(t) = O}6c(t)
Theorem 1 is an extension of the previous result on global Oc\P(t) and OD(t) OD\P(t). For any i e P(t), we

have 'T2(t) > 0 zi (t), while for any i' e Oc(t) weconvergence in finite time given by [1, Th. 4]. In fact, Theorem have °((t) -G (z (tj) ) ki z (t) (. Moreover, or any
1 can be applied to the case where the neuron activations i . -( G

OD (t) w banm ~ t i(i() iGi are either discontinuous at 0, or they are non-Lipschitz Since e Ga i mntei non-d-
functions in a neighborhood of 0. Instead, [1, Th. 4] requires [G eachGtf 1I th t
that all neuron activations be discontinuous at 0. co [Gi(0)], it follows that

Finally, we observe that the proof of Theorem 1 yields a n zi (t)
quantitative estimate of the finite convergence time to, see 2czT(t)aB°yO(t) < -2cr aibi] Gi(p)dp < 0
(17). i-i 0

Proof of Theorem 1. We need the following notations. Let and from (11) we obtain

km = min{ki} > O, Em = min{Z } > 0. ,(t) <- 'T0(t) 2= AlT Q(t) 2
iCc iCc _

For any i E OD, we let

mi=lxin{-Gi(0 ),Gi(0+)} >.O <-Akm| E z (t) 2ui + . (12)
mi = min(t) GiOE D(t) 2Since Gi has a finite number of discontinuities in any compact

interval of R, for any i e OD there exists 6i C (0,1] such Let ,u C (0,1). Since zi(t) < 6i, we obtain
that Gi is a continuous function in [-6i, 0) U (0, i]. For
any i e OD, we define Ki SUpC[,5a]{ Gi(p) } = zi(t) 2 zi(t) 2

v ~~~+2c aK Zio+-
max- Gi(- i), Gi(6i)} > 0, and ( <)- l bi + 1 + E'

Km = maxfK1,...,KnJ > 0. ~~~if P(t) i (E 6c (t)KM=max{Kl,..,K12}>0 M

Finally, we let +2c E aiKizi(t))

{i,mmn{(i,...q h},mmin {$M}}n i.D(I)m=lxin 1lX min{bl:-- :0 }1imn... ) 6n>° Since (a+b).<a'+b' fora,b>0andiie(0,1),wehave
Now, consider for (6) the (candidate) Lyapunov function

v

/< (t) 2p(
(2c)tt a)Ki

n I n zi 1:~~v"j). b/A_ +(2ci
2 12 (PtzV(z) = zi + 2c ai Gi(p) dp (10) i P()Oc(t)

where c> 0 is a constant and a is as in Definition 1. Let- z.i(t) t(1±Zi) + 5 (aiKi)"t z:(t) "

alM max{ai} > 0. iCOD (t) )
Consider the function v(t)=V(z(t)), t>O.Since z(t) and Recall that Zi < 1, hence 2,u > ,u (1 + i) and being

v(t) are absolutely continuous for t > 0, then both functions Izi(t)l K d K 1, it follows that Izi(t) 48 < Iz(t) i(1±zi)
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and zi(t)2z < zi(t) I'. Therefore, for a.a. t > t, and hence, integrating both sides of the

V/>(t) < 1 + 2CaMKM E inequality between t6 and t, we obtain

v"(-) VH + 1 + ~ ) ~ic,(t) v1 <(t). vl"(ta) Q(1 - )- ta)

+ X for each t > t6. Then, we have v(t) < 0 for

+ KbA+ (2CakMKM) ) S |zi(t)| '. vmi(taOD(t)t)>t=t 6(17)

If ,u e [IM, 1), then from (9) we obtain P(l + Yi) > 2 thus contradicting the previous hypothesis. The same argument
and hence also shows that t' < to. It remains to prove that v(t) = 0 for

v(t) . + (2ccmKm)"> every t > t'. In fact, if v(T) > 0 for some T > tl, then there
bm exists t C (t', T) such that i(t) > 0, which contradicts (16).

In conclusion, we have v(t) = 0 for every t > to, and this
E t+E zi(t) / (13) implies that z(t) = 0 for t > to. Moreover, we have -y0(t) = 0

C (t) i ED (t)2 for a.a. t > to, see (7). X
where we have taken into account that (2CaMKM)/(1+Zrm) < V. CONCLUSION
2CaMKM. In the design of analog neural networks for solving opti-
Now, let us show that for any i C SD we have zi(t)" < mization problems in real time, it is often desirable that the

mi/k . There are the following two possibilities, state and output solutions of the neural network be globally
a) m 7k2 > 1. In this case, since |zi(t) . 6 K 1 we have convergent in finite time toward a unique equilibrium point.

t
.
< 1 < i The paper has shown that global convergence in finite time can

(Z)i(t - k2 be achieved not only for networks with discontinuous neuron
activations, but also for certain classes of networks possessing

b) Mi2Ik2 < 1. Then, by the definition of d we haveb)mm/ <1 Tenbteefniio o wehaecontinuous non-Lipschitz neuron activations.
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