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THE APPLICATION OF TOPOLOGICAL METHODE
TO THE PREDICTION OF PERIODIC OSCIDLATIONS
IN SYSTEMS WITH DISCONTINUITIES AND NYSTRRESIS

J.M. Macki, P. Ristri and P. Zecca

Abstract: we present a rigorous justification On the method of harmonic balance for

systeams with discontinuities and 36&2&.-. to use the Schavder fixed point E:.on
rem for multifunctions, followed by a deqrae-preserving homotopy on a multivalued
vector field. The hypotheses needed for this abstract approach are very similar-to

the assumptions made in enginesring practice,. g

1. INTRODUCTION

The method of harwonic balance is a useful method for predicting the existence
of peariodic oun»wﬂrﬁas- in nonlinsar systems which are low-pase filters. The de-
termination of precise conditions under which the sethod is valid has been an area
of considerahble Nmmmuuunﬁ. research in recent vears {((14],[161,[17]1,[18]).

For systems with discontinuities and systems with hystarssis, there are special
problems in ucuﬁ.uw.»:o the method, however thers has been some success ([93,[10],
{15],018],(19],(20],{21],{22]). ;

We present a technique which reduces the justification of the method to the
question of justifying a homotopy beatween a finite-dimensional nvvnox»gnwos {the
harmonic balance equation) and the original problem. By using multifunctions we are

able to give a unified treatwant which automatically includes discontinuous pro-
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blems. For systems with hysteresis (continuous or disgontinuous) we use our techni-~
ques to justify the Bonmom of harmonic balance under certain conditions. Our condi-
tions, necessitated in large part by a need for semi-continuity of a certain multi-
m_.._annpoa. turn out to be quite gimilar, in cases when comparisons are v.,uun»gw. to
those required by less abstract approaches.

2. THE ABSTRACT FORMULATION

We assume that the system is modelled by a differential inclusion

z(t) - Az(t) € Flzin)], t e [0,%) )

g

where z(t) ¢ R°, A is a constant m x o matrix and F: R + 2 . For example,
. .
for a system modelled by a scalar Bn order autonomous equation rs [yl = £ly(t)),

where f may have jump a»m,ooznwsﬁ.ﬁ»nf we convert this to a system of ordinary
1
differential equations in the usual way, setting z(t) = Ainv...lws.. {t)), and

then replace the vector {0,0,...,0,f{y(t))) by the multifunction Flz{t)], defi-

ned as  {(0,...,0,£(y(t)))} where F is continuocus, and as {{0,...,0,v){

t (y(t)) s vs m+¢;3: at the discontinuities.

Let :»L;ckau\nsv be the usual Sobolev space of functions from [0,2x] into
wB. and let Z be the subspace of functions x{.) which satisfy the boundary con
ditions =x(0) = x(2%),

z».w

extended to R by 2n-periodicity. We note that

([0,2%3,R) 1is the set of absolutely continuous functions with derivative in

2
HNA 3-:L~J < MWe will denote by X .the Hilbert space of functions in L :oharwav

extended to R by 2v~periodicity.
For each x(-) € X the associated Fourier expansion x{t) - u + M A- a;n +
-1kt

auxm ), converges in norm to x(*)

n ikt ~ikt -
Plax(t) +a + M» Anxo +a e ) P [xlity, LR m».:ﬂn the pericd T= 2%/uw
of the sought-after solution of (1) is unknown, we scale (1) soas to fix the periocd

at 2w,

» and we can define the projection operator

If we define x(t) = 2(2xt/T), then z(‘) is a T-periodic solution of (1]

if and only if x(-) is a 2x-periodic solution of !

wk{t) - Ax(t) € P[X)(t) , O ¢t <=, ' 12)

where F denotes the Nemytskii operator, defined as all weasurable selections

¥y(*) from {P{x(t)J10< t < ®»} which satisfy y(t) = y(t+2¥) for almost all




1%

t ¢ [0,2x]. rnsn.lggonanvun-g x € 3 which satisfies (2)
»
a.e. for some @ > 0. We will assme that the operator nl%ﬂ:vunu&k is in-
© wertible, ».o..taﬁaubg.gs&%gg G :x+%
-

2
thwu:u - wo n...nlu;:uun N

.

-

- 0ss<t ,.

G tt-m R T A

e : h Aft—g) /u
- — a!nuonluu\c

. 3
, tEs<2y

Now the problem of finding a solution of (2) can be rewritten as a fixsd point
problem in the gpace X. 1In fact, met u.tlw.ncoﬂﬂk.vnn~ where i is the
patural imbedding of % into X, and ofnsider the equation

o € munn:unnu. “*

It is clear that x ¢ X sgolves (4) if and only if x ¢ 2 and solves (1).
Our original inclusion (1) has now been replaced by an equivalent famwily of in-
clusions (4), defined on X nnnvnhiﬁuas . If we define X = p X =
n n
tex] xex), x*=(x-pix, x ) =P [xlt), x*(t) = (I-P){x](t) for xeX,
n n n n -
then we can write a finite-disensional approximation to (4)

0 NI‘ l
t m. » uu.!;uuu. x ex, °, wbhn.u. Gv

To compare this approximation with the exact problem, we separate (4) into ‘Finite
and infinite-dimensional parts by applying mu and I Avu nssnﬁ»vowv."

@ o ep (x vu...:un,,u.u 5 b) o0%¢ x-e) .u-u....muu+nJ 5 {6}

We can then constroct the following homotopy

(a) o: € (1~ v.......v Tau + :vu: - a...v -(x- wa_ncvws:nu 5

(6;)

®  o'ec(1-p)x-dr)lxl, for xex, OsAst

When A =0, this reduces to the squation of harmonic balance {5), when A = 1
IwwldoﬂuEhguggégtsnaanggn»anboﬂ.u.ﬂgnﬁdz.l
{1) bas a solution. Unfortunately, the system (5) does not have isolated solutions
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since our system (1) is automomous, if ?o.u—......vnv satisfies (5) , for some
i@

w > 0, then also nlo.w—n%a...nuo jJ for arbitrary real € satisfies (5). The-

refore we have to fix the time origin; cﬂmtr%ﬂon—oghmnbwgg {5) the con-

dition that a nonzero component w»ou of some wwc. 15 »om n, be real,
0
nudt»ou = 0 . This condition implies the choice of a particular solution of (5).
0 X *
X
we do this as follows. For any A € [0,1], let <»~_~+xx=x-&xx~=xm
a b a *
vn%onnnwﬂbngmi& <»n A<y.<»v. where <y.b+xnnxu lvwxxn and
v.:R xx xXx*+x* iven
1 w+ - are gi by

a = .
<ymc.nuﬁ J = (arg a ?.xnv ?*H|v=u.tv mnuu +

igdg
+ AP {I-T) - (x~-P T )P Hx +x*D ,
n 1] ne n o

b
v.[e,x x*] = (x-2)(X-21){x +x*].
Y n n e n
In the sequel we will denote by Eyv the following equations:

Amucmcmmt.u.ﬂ»u. :&oa <Vm&.x .NJ. Amv
A n - A n A

3. THE ABSTRACT THEOREM

2
we make the following assumptions. Here, _x_u denotes the L Aao.ui‘wsv norm.

| o

(AL} P: B+ 2 in (1) is upper semi-continuous and satisfies

sup lyl = IF(x)} < alx] + 8 for some a>0, and BzO.
yeP{x)
In addition, O ¢ P{0) and P(x} is a nonempty couvex compact set for all
-
x€R.
(A2) Let ru < n+ X nn be the open set satisfying the following assumptions

{h.) For all {w,x }eA , there exists r = r {w,x )} >0 such that
1 n n B 1 1 n

tl e A;v_uu»\n sup sup rmvvlviu <r .
{x{>n - {x*f. <x yeP{x +x*]
21 n
'

where mtﬁkv is the Pourier transform of the matrix n._.;v evaluated at




ik, k = #{n+i),t(n2),...

t .vtﬂcna
C.Nv 1ont= Ae,xuv €A e :-«.o_ﬁ va.—.evaxnu_u An:.. na

3 _me:z}:u sp o Fix +x*1-7 Flx 3,

O<ofw,x ) =L h
T ixiw0 I yexy

lﬁoﬁ‘w»nw.gvn-onni%nvn >u‘ .
The term “m :xv_n is the sum of the squares of the entries, and the las
L .
"norm® on tha right is defined by the usual convention:

sup 2-..u=~m Y v:m~x=+x»u. L € vam.mxauv 5

- . -valued. Its nom is defined by the usual conven-
Nots that 1-2 7)[x ] is set
( ﬂ

3 solution (&,x )
tion. Let I ba the connectsd component of A oosﬁ-ganﬁ_.i n
. . Au‘x } = 0. Assume that
POuo n .
Q for some
(a3) (%) H«&Nﬂr\c is invertible whensver w 1s such that E.x:v €n ]

of the harmonic balance equation (S) for which 4rg a

X 7
n

f (w,x } =+
{11) (w,0) ¢ n: for any @ ¢ R . Moreover, the function :

a
193
nrwno arg a (w,x ) is a continuous function in n:v.

implies
Ae.xnv has real part a»nnannsn from uwno in n:. (This imp.

Theorem ”
Under Assumptions (al), (A2), (Ad), the inelusion (4) will have a solution

*
{. s H»As~xsv 5

(w,x), where x = x=¢Ax*. Ae\x:v € ns and Ix 2

Remark 1: The conditions on F in (Al) ensure that the Nemytskii operator F maps
en g

X
X into 2

and is closed-convex-valued and bounded {i.e., the image of a bounded

Zz 1into
set is a bounded set) {Lasry-Robert [11]). Moreover the imbedding 1 of n
X is compact (i.e., it sends bounded sets into relatively compact sets). Therefore
- = d upper semi-continuous,
= i 9G oF[x] is a closed-convex-value
the operator aemxu i »

ditions for using
in the space X will meet the con
compact operator. Hence ae pa

- degree
the Schauder fixed point theorem (see Dugundji-Granas {4]) and Leray-Schauder deg

x e [0,1] (see Cellina-
theory for the set-valued compact vector field <y for any

; i i of
Lasota [2]). 1In the sequel we will omit the imbedding map i in the notation

t of absolutely conti-
T , keeping in mind that for any x € X, eeﬁxu c X is a se

w
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nuous, 2v-periodic functions with derivative in X .

Remark 2: The umption (A3) (i} is not essential, since any given system can be

“pole-shifted” to an equivalent system satisfying (A3) (1).

Remark 3: Assumption (A3) (i) guarantees that the trivial solutions is excluded

when we apply a fixed point n&w0nws or moanom theory and that arxg a
tinuous function in .b:. Let Q = Aﬁs.xs.x»v € R % k:x X :fw,x ) e, lx*]_ <
uAAe.xavv. Iz 0 ¢ <»Awnv for any X ¢ [0,1) (i.e. the homotopy Am»v is admissi-
ble in ) then assumption (A3) (1ii) and the homotopy invariance property of the
topological degree guarantee that Qoaﬂgylm.ou = nmoﬂ<w~95.ov # 0 for any Ael0,1).
Hence the conclusion of the Theofem will follow from the solution property of topo-

logical degree.

We remark, however, that the equations Amyv~fwnm (4) are not entirely eguivalent,
since they involve algebraic operations on sets (e.g. A-A # {0} in general). on
the other hand, it is easy to show that any one of them has the relevant degree
nonzero if and only if the others have n:m same property:; we refer the reader to

{14] for details.

Remark 4: Assumption A>MVA:_V is the "low-pass filter” assumption (Mees and Bergen

[171), i.e., it implies that the linear part of the system as represented by &
8

.
attenuates high frequencies.

mwaawx.m“ ﬂsonmowo: b:‘ in the scalar case, can often be determined by graphical

and numerical technigues, using the Fact that equality holds in AwNVAJNV for

(w,x ) ¢ 30 .
11 n

N a

Remark 6: The determination of the solution {w,x )} to <o = 0 and the verifica-
T —— n
tion of (A3)(iii) is a finite-dimensional "algebraic® problem. If x (t) >‘mo +
n :
n T
- i
M mwm , the mx.m unknown, then in many cases we can explicitly compute
Ixl=1 )
o 3 ikt X . .
the Fourier expansion of ¢ Flx ]~ ey * w e , i.e., we can explicitly
won lkiz1
determine oxﬁs.mo~m~.nnp~...~m:-m|:v. xmovwba,w: mind that nx is set-valued.
Then <M = 0 reduces to
Oca, -c¢ vooa ,a ) 3 =0, £1,...,n ,
J n -n
with the condition that arg a, ,Am\m y £ 0.

*odp 1
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-

Proof of Theorem 1: rirst, for each
Schander fixed point theorem for se
Thus u»?v becomes an equation

w,x) €8 and each 0s A S 1 we show
n n

%ns§§v<% ﬂlcuuikuinvug%gp
*
Eo.n_v to get n,Bﬂnﬁwoa n»?.uuw of m»c..;.
when we replace x* by uw?.uuv. we then show that the original
ing that i» represents
&*
_N < n-f.uﬂ:.

in w and nn.
system (4) has a solution by show an admissible homotopy in
Q= {(w,x_,x] e R x X x x* : (w,x) g ,ix
n + n n n
Wwe turn to the first stage. It 1% clear that for a given :...xuv in o=-
my:uw represents a fixed-point probles x* e !»,Hu'u for the map M, = x*
aMi-p )T [x*+x ] on (1-? )x. If |x*}, < r, ,then (recalling that for a wul-
n W n n 2 1

tifunction glzl,i8lz]}l = svp iyl
yeH{zZ)

M (x*3), s I =P T (x*+x 1}l s |G (I-P yP(x* +x 34
A 2 nw n » n n” 2

c0 ] e woryt? s sp  HE-POIYIl, <5y
" ("] * - n
1xi>n Ix*1 s yeFIx*+x 1
z 1 n
810,1y) in (I |m.:vx~ Now the Schauder fixed-point

by ;w:zaf 50 xv,“wﬁo.nwv -+ 2

lued maps {pugundji-Granas (43, p- g6} is valid by Assumption

theorem for multiva
(a1) for M, for any A ¢ {0,1] (Lasry-Robert {11}, p. €00 therefore, it has &
fixed point x*(w,x ) for each fw,x ) € Q, 0% As 1.
A n n n
the §nunn|aon<mxx<mwcma vector

(0,11 (123,012,013 . Wwe

Ynder our assumptions the topological degree of

field WV, : {w,x) * <y:¢;§,w on § is defined for ho«

can now show ﬁrmn o< A% 1, thus

0/ <,>.r€.x: for {w,x) € 2%,

O ¥ a.uo,zw.b ,0 ) = deg 2“_:\3 for A € (0,13, which implies the existence of
n n
a nontrivial infw valnx:n solution of {1}. Suppose there existed »E,xax»w e 90

*  grands for x*(w,x ).
A n

such that U ¢ <ym€.x LM tor same A ox {0,1) where X
n
Then, we would have selecrtions ¥ € Flx 1 and Q.mvm Fx  such that at least One
n n
of the following inegualities holds as equality:
\
- . * (7
(a) ?: m:ﬁ%a,wm n?:u:v i (b) ix Jum Jhe.xz_
and for which
(a) onAx|vm<v+y:xawmﬁraxnwm‘x:, (8a)
’ n n nDwn n nw n nwn
(8b)

) 0 = (1-P)(x-)G )
n w
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Bquations -
(8a)-(8b) imply that O2|x -P Gy | -1AlepG
n nen2 Lol lqlwuv_u .

ON~I_ -Aftx - X e the inequalities we tain
— P )G K” espectively. Prom £-3 obtai

nen2

) ozlx -p Gy |
n ¥ 1y - dotex i, ® 02[x*
n Tl - aey ) (e

where the estimates
on the right hand side of (%a) and (9b) are ob
usual Pourier expansion techniques, i e
, l.e.

o
PG (y- = 2
lp 6 tr-yl, s U 1 e x| u_b?éa_n )

Ix1=0
[tx 71 n
-Gyl s ([ M Tm 2.1/2,-
[ 2 (ix)| ]
“ Ixizner _ v, -

and by using (A2) (h A2) (h re: ve A Sa) -
{ Nv and (A2) { uv spectively. But € [0,1) hence f
Y 1), rom {9a)

(9b) we abtain 0 > |
x -P G &
n n chw olwx ), 0> _nn_uun~ (M,x ). Therefor
a " e,

neither (7a) por (7b) v
can yreach ty tr. cti the fact that W, X ,X € 38
equa. contradi g
’
7. b 11 £ {w, )

for some A €, to,n.

4. SYSTEMS WITH HYSTERESIS

rential equation. In a i
typical relay ~ hysteresis model, the nonlinear. t
- texrm in the

original scalar i
equation {1) has discontinuous jumps when y{-)
. crosses certain

threshhold values. The hysteresis nonlinearity has a memory, which makes th
Ty 5 2

3] a on 3 A o . £ N I}
x icnal g x say =
multifunction, mapp an ) rom sa x =clo,2x)
Flx(-) funct inpua i

{with sup norm x to a selection of functiocns from L {(0,2v) For thorough
discussions of the modelling v . v
of hysteresis, we refer the reader to [3],{5],[63,{7]

[83,{93,{10]1,{153,(19],[21],{22] .
can y br y 8CT We assume thal A2) and {A3) hold. The
e onl: iefly de ibe our theorem. t (A2)
use of C({0,2%], 1 tor ¥ 2x into the
0,2%},R) in place of L {0,2¥) introduces the fac
left side of (A2){(h,) and into the definition of o in (A2){(h )
1

Nell 720 2 Ixl)
. 1a place 2
2 e of (Al} we assume tha e
t if the m -compone:
nt of

{note  that

x{t) {t) =
. = ' it} x{t)}] = ( ool Ely(e))) or some given re:
x y{v) the F{ t) {¢] fiy(t) + where f threshholds
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woﬁwﬂnvv if y(t) 2 B;

h {yit)) 1f yi(t) < oy . . )
(=4

Fy(w) = h_{y(t}) if y(t) ¢ (¢,8) and T{t) = B;
0 ) s
h {y(t)) if y(t) € (a,8) and T(t)
<

’ r 0 u I u) both continuous
where Tt{t) = sup Amﬂmm t, y{t) =a o g} with h {(u) al d h {

and satisfyin hiu < alulj+ B for some A>0 BzO. that there is a
A ylng We assume

‘ v_ _ ~ ’
atis .
A

solution (w,x )} of the harmonic balance equation such that if yig)
. n

the m component of x (t), then

=z Axbﬁnvvs '

y B
v that y(t ) =& or b,
v < B < sup yig) , (b) <nv such th N
ta) dnfpy o qie) <@ fo,2n)
v’ 0.
we have Yy Anwv #
ball
Finally, we must assume that there is a closed
n , :

then
>x,}

y in X such that

OPwAMﬂImO

* Yy € @
if we define 1 = ﬁA5~x:,x v_ﬁe.xn 0’

+ no 0 = s sfies (a) an
1 c 23 d) x ¢ (x_,e.) y(t) x_{
(c) R % clB(x ) d clB € = t t) atisf { a

and (B) above. averman et al. [1] call a

These assumptions postulate the existence of what Br

' de in [20].
i £ the third type“; a similar assumption is ma . Lt functio-
"motion o te set-valued mu s
define an appropria
assumptions we can ce
pnaer ehe abeve ’ rsﬁo 2n1) and use Theorem 1 to assert the existen
0,2n},R) to '
nal F(x] from c([O,

ow a nontrivial periodic selution of ). m.o: -
~behave: .
1l-behaved on alde oty C([0,2x],R), but it is well
well~

al
The multifunctiodal is not in gener
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