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ON A GENERAL NOTION OF CONTROLLABILITY FOR NONLINEAR SYSTEMS

. (*) (x%)
Paclo NISTRI, Firenze

SUNTO. 57 considera una nozione generale di controllabilitd (detta l-controllabi-
litd) per processi di comtrollo non lineari. Impiegando tecniche basate sul grado

topologico di una applicasione si stabiliscono condizioni sufficienti per ottene-

re eia la locale che la globale l-controllabilitd per mezzo di controlli che ap-

partengono ad un sottospasio u di (LT([0,1 ], di dimensione finita. Alcunt

esempl Tllustrano l'applicazione dei visultati ottenuti.

0. INTRODUCTION.

Consider the nonlinear control process described by the differential system
x(t) = £(t,x(t),ult)) for almost all (a.a.) t ¢ [0,1] (1)

n m n
where the function £ : [0,1] x R x R > R satisfies the following Carathéodory

conditions

n m
(fl) - for any (p,q} ¢ R x R, the mapping t - f(t,p,q) is (Lebesgue) measu-
rable on [0,17; for a.a. t ¢ [0,1], the mapping (p,q) - £(t,p,q) is

. n m
continuous on R X R |

1 .
(fz) - for each p > 0 there exists Yp ¢ L ({0,1],R) such that for a.a. te[0,1]

and every (p,q) with |[pl+lg] € p one has |f(t,p,q)! < v (t) .
p

The function t -+ u(t), describing the control law, will be assumed to belong
to the Banach space Lm([O,lj,Rm) of the Lebesgue measurable essentially bounded
functions u : [0,1] +«Rm. The function t =+ x(t), describing the state of (1),
will belong to the Banach space AC([O,I],RD) of absolutely continuous functions

% : [0,1] » R,

(*)
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In this paper we are concerned with a general type of controllability of (1).

Namely, we will consider a (not necessarily linear) continuous "boundary" operator
] o m k .
1 : ac(fo,1d,r)y x v (fo,1],R) >+ R with k > n ,

k
mapping bounded sets into bounded sets, and for a given y € R we will say that
the system (1) is l-controllable at vy if the nonlinear boundary value control

problem

{
| %(t) = £(t,x(t),u(t)) for a.a. t e [0,1]

! (2)
!

| li{x,u) =y

L

© m
is solvable for some u ¢ L ([0,1],R ).

k
The system (1) is said to be locally l-controllable at y ¢ R if
s}

there exists a neighborhood N(y ) of vy such that for any y ¢ N(y ), problem
o o o
& m

(2) is solvable for some u ¢ L ([0,1],R ). Finally, if (1) is l-controllable for

k
any y € R then it is said to be globally l-controllable.

n n
In particular, if 1{(x,u) = {x(0),x(1l)) ¢ R X R, where x{1) = x(0) +
1
+ [ f£(t,x(t),u(t))dt, then the above definitions reduce to the usual definitions
Jo n n n
of controllability in R , i.e. if (1) is l-controllable at y=:(xo,x1)g R xR

then the boundary value problem

[
2 x(t) = £{t,x(t),ult)) for a.a. t e [0,1]
[ x(0) = x , x(1) = x
o 1
is solvable for some u € Lm([O,IJ,Rm), ji.e. the system (1) is controllable from

X to  x, . ']

[s3 1
The aim of this paper is to provide sufficient conditions for leocal and glo-
bal l-controllability by means only of controls belonging to a subspace U of
o m
L ([0,1],R) of dimension d = k-n.
Our approach is based on Mawhin's coincidence topological degree (see [8]
and the extensive references therein).In the first Section,using this tool, and an

appropriate homotopy,we prove (Theorem 1) a continuation principle which shows the

solvability of (2). Theorem 2 gives sufficient conditions for the

n
global l-controllability of (1). For a linear control process in R with a ge-
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neral linear boundary operator, controllability results were obtained by Marchid
in [7], and these results have been generalized in [2] to the case of perturbed
linear processes.

Topological arguments were previously used by the author in [9] to treat
periodic control problems. Moreover in [4], by means of a suitable homotopy, system
(1) was transformed into a completely controllable linear system (i.e. x(t) =
= Alt)x(t) + B(tlu(t) for a.a. t e [0,1]), then, via the Leray-Schauder continua-
tion principle, we obtained sufficient conditions for the global controilability of
(1), using only controls belonging to an n-dimensional subspace of Lm([O,lj,Rm).

In the second part of this paper, we deal with the problem of obtaining crite-
ria for "a priori bounds” on the solution pairs (x,u) of the homotopy considered in
Theorem 1. In fact, in order to verify this type of condition we investigate
hypotheses which enable us to deduce the boundedness of the parameters on which
® depends. Some well known methods to calculating the topological degree are also
presented.

Finally in the third Section we give some examples which illustrate the abstract
results obtained in the other Sections. In what follows (AC)S, (C)S and (Lp)s,

s eN, 1s5ps+e, will denote the Banach spaces aC([0,11,8%), c([0,1],8) and
Lp([O,I],RS) eguipped with the usual norms. (We will omit the superscript if s=1),
and

Lastly

will denote respectively the Euclidean norm in any finite

dimensional space and the norm in an infinite dimensional Banach space X .

1. 1-CONTROLLABILITY RESULTS

© m
Let U be a finite dimensional subspace of (L ) with dim U = k - n = 4.
Choose, for simplicity, y = 0 in problem (2). The following Theorem states con-

ditions for the l-controllability at 0 of (1).

Theorem 1. Suppose that

(1) the set
s={xw ¢ A" X U : (x,u) fe a solution of %(£) = Af(t,x(t),u(t))
for a.a. te [0,1], lix,u) =0 for some X ¢ [0,1]}

18 bounded in (c)" x (Lm)m.

(11) deg(lo,QO,O) # 0, where 1 = and QO s any bounded open set
O

! Ry
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o0 &
containing S =1 (0)
o] o

Then the nonlinear boundary value control problem

{
| () = £(t,x(8),ult)) for a.a. t e [0,1]
(2)
I
1(x,u) = 0
has a solution in (AC)" x U .
n I n

Proof. Define the linear operator L : (AC) x U -+ (L) as ~

Lix,u) () = x(t) for a.a. t e [0,1]

.
n 1n
We have that Kerl, = R x U and Im L = (L) .
n in k

Let A : (AC) x U= (L) x R be the operator defined by

Ax,u) = (L{x,u},L{x,u))
We will prove that deg(A,Q,0) # 0, where Q is any bounded open set of

n
(AC) x U such that S c Q. Note that, by (fz), S is a bounded set in
n o m
(AC)  x (L)
n a 1 n k n
Let ¢ = (a,b) € R X R and let A : (L) % R - (AC) XU be the operator

Aly,c) = (x,3(b)) ,

n t
where x € (AC) is such that x(t) = a + ( y(s) ds for all t e [0,1] and

J

o
d
J : R + U is an isomorphism. It is easy to see that A is an isomorphism. Let
us consider
(Ao AY{y,c) = (y,1(x,T(b))})
or equivalently

(Ao B)(y,c) = {y,c} - (0,c-1(x,T(b)}) .

~ ~ -1
Since |deg(h,2,0)| = [deg(h=n,2,0)] where @ =A (R), from the reduction pro-

perty of topological degree it follows that
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deg (A °A,2,0) = deg(hoa,Q_,0)

A x
where = Q n {0} x R .
o

= a  k
But AoA =1 (a,5(b}) =1 (a,b) where 1 : R xR —+ R is given by
Q (o] O

{o}xgk

e n
1 =1 (I xJ), (I is the identity in R ). Therefore
o <]

deg (A °A,5 ,0) = deq(z ,5 ,0)
o o' o

and deq(zo,a ,0) # 0, since by hypothesis, deqg(l ,2 ,0) # 0 where
o' o

[¢)
g = (1 x N,
[ s}
I n
Let now & : (AC)n * 0+ (L) be the Nemitskii operator generated by f,
* that is
dx,u) (t) = £(t,x(L),u(t)) for a.a. t e [0,1]

By assumptions (fl)—(fz) and Lebesgue's dominated convergence Theorem it follows

that ¢ 1is continuous.

Let us prove that ¢ is also compact. To this end let {(x ,u )} be a bounded
n

n n 1. n
sequence of (AC) X U, By the compact imbedding of (AC) inte (L} the se-

quence {x } has a subsequence {x } such that
n neN n, keN
k
. 1 n
x > ® in (L)
n
k
X (r)y - xo(t) almost everywhere (a.e.) in {0,1]
k

Moreover, U being a finite dimensional space, we may also assume
©
. u o o in (L)

u {(£) > u (t) a.e. in [0,1]
D ©

Hence, by assumptions (fl)—(f2) and Lebesgue dominated convergence Theorem we

have that

1

f

| 1£(s,x (s),u (s)) -f(s,x (s),u (s))lds + O
% nk nk o o
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1 n
as k + +o, that is &(x ,u } * &(x ,u) in (L) . This proves the compac-~
noon o
n I n k
tness of ¢ . Finally, define ¥ : (AC) * U ~ {L) xR by
Yix,u) = (¢(x,w),0)

Obviocusly, ¥ has the same properties as P .

1 k
Consider now the homotopy H : [0,1] x (AC)n x g+ (L )n x R defined by
H(x,x,u) = Alx,u) - A¥(x,u) , x e [0,1]

By assumptions (i)-(ii) the homotopy is admissible in [0,11 x @ (i.e. H{(X,x,u) #0
for all (x,u) ¢ 30 and any A ¢ [0,1]),hence by the homotopy invariance property
of topological degree we have that deg (A -Y¥,0,0) is different from zero. The so-
lution property implies that (Ek)has a solution in Q < (AC)n x U. This completes

the proof.

Corollary 1. Suppose that the Asswmptions (i)-(ii) of Theorem 1 are satisfied.

, k .
Then there exists e > 0 such that for every y e R with |yl < €, problem (2)
has a solution in (AC)n X g,

Furthermore, assume that
Y . = k
(iii) gtven y € R, the set
{(x,u) ¢ (a0)" x U : (x,u) ©s a solution of
%(t) = £(t,x(t),u(t)),Li{x,u) = py for some u e [0,11}

15 bounded in (C)n * (Lm)m.

Then (2) 18 solvable in (ac)™ x U for y = v -

Proof. The first assertion of the Corollary is an immediate consequence of the fact
that deg(A-V¥,0,0) # 0, in fact this implies the local surjectivity of the map
A-Y¥Y at the point 0.

In order to prove the second part, let us consider the compact homotopy

1 k
H: (0,11 x (a0)” xu» (L7 xR defined by

H(u,x,a) = (O,u§)

By BAssumption (iii) the set
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{(x,u) < (AC)n * U (A-¥){x,u) = H(u,x,u) for some u ¢ (0,17}

n o m
is bounded in (C} x (L ) . Therefore, by (f2), this set is bounded in
n o m
(ac) = (L) , and by the homotopy invariance property of topoleogical degree the

equation
(A -¥)(x,u) = H({1,x,u)

n
is solvable in (AC} x U.

Finally we give a Theorem which gives conditions for the global l-controllability of (1).

Theorem 2. Asswme that Assumptions (i)-(ii) of Theorem 1 are satisfied. Moreover,

assume that
(iii) for every M 2 0 the set
{(x,u) € (Ac)n XU : (x,u) 1s a solution of (2) with |y| < M}
is bounded in ()" x ",

Then system (1) has a connected component Z of solutions (x,u) such that, for

k 5 5
any vy € R there exists (x,u) ¢ z which solves (2).
Y

We omit the proof of this Theorem, since it can be easily deduced from Theorem
2.1 of [513 which is based on the notions of O-regular and O-regularizable maps in-
troduced by Furi-Pera in [e]. In fact it suffices to observe that, since
deg(A-¥,02,0) # 0, it follows that (L-¢) 1is an O-reqularizable map by means of

the continuous boundary operator 1.

2. A PRIORI BOUNDS AND COMPUTATION OF DEGREE.

Since all of the previous abstract results are based on Assumptions ({(i)-(ii)
of Theorem 1, in this Section we will give some practical conditions which imply
that {i)~({ii) hold. More precisely, in Theorem 3 we will state a result which will
enable us to deduce the boundedness of the set S from that of parameters
c = {(a,b) € Rn x Rd, and finally will discuss some methods of computing the degree

of the map 1.

n d £
Let A, B be bounded open sets of R and R respectively and let A, B
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be their respective closures. Consider the following condition:

(1) for every c = (a,b) € AxB and every % ¢ [0,1) the set
n .
X(c,A) = {x e (AC)  : x{(¥) = Af{t,x(t),ult)) a.e. in [0,1],

x(t) = a for some € ¢ [0,1] and u =J}

n
is bounded in (C) , i.e. there exists a constant M = M{(c,}) > 0 independent

of x such that max |x(t)! £ M for any x € X{c,A).
te{0,1]
Now we can prove the following R

Theorem 3. If for every pair (x,u) € 8 we have x(t) € A for some t € fo,1}

-1 o g . 5
and I (u) £ B, then condition (B) implies Assumption (i) of Theorem 1.

Proof. Let {(x ,a )} be a sequence in S. Then there exist {A }
r—— n N0 né - n neN

{t } c [0,1] such that, for every n € N, we have
n neN

x () = A flt,x (£),u () a.e. in [0,1], x (£t ) =a €A,
n n n n n n n
-1
b =3 {u) €8B and I(x ,u ) =0 .
n n n n
k
The sequence {c¢ } = {(a ,b )} is bounded in R , hence, by passing to a
n neN n n neN

subsequence if necessary, we have that

c +c¢ = {(a ,b) € i‘Kg, A+ x e [0,1] and t =+t e [0,1].
n o o' o n o n [S)

n
For every n ¢ N, define g : [0,1] x " > R as follows
n
g (t,p) = A flt,p,u (£)) for a. a. t e [0,1] .
n n n

It is easy to see that the sequence {gn}neN satisfies all the Assumptions of .
Theorem 2.4 of [4] which states the continuous dependence of the solutions of (1)

on the parameters cn.

Therefore the sequence {Xn}n€N c A" satisfying

x () = g(t,x (£)}) a. e. in [0,17 ,
n h 0

x {(t) =a ,
n n n
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for every n € N, has a subsequence converging uniformly in [0,1] to a function

xo(.,u ;A ) which is a solution of the following Cauchy problem
o o

x(t) = A £(t,x(t),u (&) for a.a. t e [0,1].
¢} o
x(t ) = a
© I}
where u = J(b }. Hence x (.,u ,A } € X{c ,A ) and by the Assumptions on f
s} o o o o o o
and 1 we have also 1(x ,u ) = 0.
o o
n n
- This means that S is compact in (C) x U and so, by (f2) is bounded in (AC) xuU.

This completes the proof.
¢ Remark 1. Condition (H) is satisfied, if for every p > O there exists a function
w : [0,1] x R > R satisfying the following conditions
Y

(a) 1f(t,p, )| = wp(t,[p!) for all gl s p, all pe Rn and a.a. t € [0,1].

(b) w {(t,r) 1is measurable in t for every r and is continuous in r for a.a.
P

t e [0,11.

1
(c) for every K > 0 there exists YK e L such that “{w (t,r)]| < yK(t) for
4

frl £ X and for a.a. t e [0,1].
(d}) w (t,r) is nondecreasing with respect to the second variable.
o
{e) for every (t ,a) e [0,1] x A the maximal sclution of the Cauchy problem
o

| Nty = w (t,n(t)) a.e. in [0,11,

%
1 n(t ) =a
o
is defined in all of [0,1].

The proof of this fact can be obtained by appropriate modifications of the proof of

Corollary 2.3 of [4].
The existence of such a function w is assured, for instance, if for any
1
p > 0 there exist two functions o , B ¢ I, such that
¢}

2]

[£(t,p,q) ! <o (£) + 8 (t)ip]
% s}

for all Jfql <o, all p « R" and a.a. t ¢ [o,113.

Obviously, condition (H) is also satisfied if for any ¢ € A xB and
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x ¢ [0,1] the set X(c,}) 1is a singleton.

We now collect some well known basic results, used in part in the next examples,

to imply condition ii), i.e. that deg(l ,% ,0) 1is different from zero. Recall
o o

~ n d k ~
that the map 1 : R X R R has been defined in Section 1 and & is a boun-
o o

n a
ded open set of R X R containing the set 1 (0) (which is bounded by Assump-
o

tion (1)) .

. k 20
proposition 1. Denote by (.,.) the Zmner product in R corresponding to the
Fualidean norm. Aseume that there exists a comstant r > 0 such that (1 (c),c) >0

o
k 3
for any ¢ e R with el > r.

~ X
Then deg(1 ,B_,0) #0 for any r1 > v, where B ={xe R : |x{ <xr } .
r r
o . 1
proof. The homotopy 1 2 [0,1] x R + R defined by
Oy

T (e} = (1-Me + AL (a) A e [0,1]
o,A o

’

is admissible in [0,1]1 x B whenever rl > r. 1In fact, if we suppose the con-
r
1 -
trary then there exists ¢ ¢ dB such that 1 A(C) = 0 for some r1 z r and
x o

. 1 !
» € [0,11. Hence

2 ~
0= (1-Mlel™ + X1 (&),e) ,
o
contradicting the fact that
2 ~
0 < (1=Xiel™ + AL (e),0)
(o]

k
for every ¢ ¢ R with lec| > r and every X e [0,11.

It is clear that we can choose § = B for r1 sufficiently large.
o x
1

~ ~ k .
proposition 2. Assume that 1 {c} = ~1 (~c) for any c e R with lcl| z x, for
e o o
some v > 0. Then deg{l ,B_,0) # 0 for any x, > r .
(o] rl
Proof. The assertion follows immediately from Borsuk's Theorem (see e.g. (31,

Theorem 4.1).

R ~i ~ ;
proposition 3. Denote by 1 the i~th component of the vector 1 . Assume that
T [=} o
for any i = 1,2,...,k there exist positive constants o _, B such that

1 1
~1
lim inf T (¢.,...,C ,u..yc ) =a, >0
o 1 i k i
C,»*'m

e

and
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~1i
lim sup 1 (¢, ,...,C vy ) = =B <0
1 i 13 51
C&-m
i

wntformly with respect to < e R with 1 # i. Then there erists a constant r » 0
3

such that deg(l ,B ,0) # 6 for any r, zr.
o' ¢
1

Proof. From our assumptions it follows that there exists a constant r > 0 such

that, for any i1 = 1,2,...,k, we have
= .
17(e) >0 if c, =r and el sr, §#1i,
o i 3
~i
17(c) <0 if c =-r and el <, 3# 1.
© i 3

Then using the Poincaré-Miranda Theorem (see e.g. [1], Proposition 3)) it is imme-
diate that the homotopy considered in the proof of Proposition 1 is admissible in

[0,1] x B , whenever r. 2 r.
ry 1

Other methods to compute the degree are presented, for example, in [8].

3. EXAMPLES

The following examples illustrate how the abstract results given above can be
applied under suitable conditions on the boundary operator 1 and on the dyna-
mics f. Moreover, these examples point out the role of an appropriate choice for
the finite dimensional space U of controls in order to guarantee the validity
of the Assumptions in cur abstract results. Obviously, such a choice will depend,

in general, on the conditions imposed on 1 and f.

Example 1. TLet f:[0,1] % R %X R+ R be a function satisfying the Assumptions
(fl)‘(fz) specified in the Introduction. We shall consider the problem of the
1-global controllability of the scalar equation

x{t) = f{t,x(t),ult)) for a.a. t e [0,1]

2
in the case where 1 :AC x U -+ R has the following form 1 = (1,1 ) £ R x R
with

1

ll(x,u) = q](x(O)) + hl(x(l)) + [ kl(t,x(t),u(t))dt
J

o3
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1
lz(x,u) = gz(x(O)) + hz(x(l)) + J kz(t,x(t),u(t))dt
o

Assume that

(cl) gl'g2'h1'h2: R + R are continuous functions such that

lim gl(p) + hl(p) =t
prte

and

]gz(p)! +Ih2(p)| <M for all p e R ,
for some constant M 2 0.

(cz) the functions kl'k2 : [0,1] x R x R+ R satisfy (fl)—(f2)‘ Furthermore

assume that for every r > 0 there exist p > 0, nyen, ¢ R such that

for p lql ¢ r, a.e. in [0,11 ,

[\
=]

[\
©

kl(t,P:q)

A

for p <-p, lq} ¢ x, a.e. in [0,17 .

A
3

kl(t,P:q)

1
Finally, suppose that there exist ¢,6 > 0; o,B ¢ L with a(t) 2 0 for
a.a. t e [0,1] and Rg(t) > g >0 for a.a. t ¢ [0,1], such that

q kz(t,p,q>

) €
lim inf Y 2 a(t) |p] + B(L)
lgl ++ = lal

for all p ¢ R and for a.a. t e [0,1].
Define the l1-dimensional space U < L as follows M

U ={bv(t), b ¢ R}

IS
where v ¢ L and ess inf wvi(t) > O .

te[0,1]
We can now show that for any pair (x,u) € S we have x{t} ¢ A for some

-1
t ¢ [0,1] and J (u) € B, where A,B ¢ R are open bounded sets. Hence, if
condition (H) holds,then via Theorem 3, Assumption (i) of Theorem 1 is satisfied.

To prove this by contradiction, assume that there exists a sequence

{T(x ,u)} <8 with corresponding {2\ } < [0,1] such that
n n nenN n neN
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-1
min Ix (&} +13 ()] » += as  n * +®
n
te[0,1]
29 )
tet |b | =13 (u)l »+* as n > +> . Because of the choice of control
n n
space U we have u ft) >+ DE -~ @ for a.a. t e [0,1] as n > +=,
n
depending on whether b - +o or b > -®» as n ¥+ +®
- n n

On the other hand we have

1
: . ( % (6),u ()4
0 lz(xn,un) q2(xn(0))4-h2(xn(1)) + J kz(t xn( } un( y)dt

(e}
for all n £ N, hence
0 b [g_ (x (0))+h_(x (1))] 1 b k_(t,x (t),u (£))
o = n 2 n 2 n . n 2 n n at
B 1+8 146
b | o Ib_|
n n
where

rl bk _(t,x (t),u (t)) 3 v6(t)J(b Ylork (t,x (£),J(b ) (t))
n 2 n n n 2 n n
| 146 at = | 146 e
J ‘o 3 ()]
n

o ip |

It is not hard to see that, under our hypotheses and the choice of U, the infe-
rior limit, as n - +o, of the right hand side of the above equation is greater
than zero, which is a contradiction.

Therefore there exists € > 0 such that |u | < C for all n € N, thus we must
no e
have min |x (t)|> +®o as n > +eo,
te[0,1]

In particular |[x (0)]| - +o and Ixn(l)l ++® as n ++» and for n suffi-
n

ciently large we have x (0)-x (1) > 0. It is easy to see that the Assumptions
n n
made on the functions q,, h , k imply that lim [1 (x ,u )] = +=, a contradic-
A | nose L on'n

tion. Therefore, if condition (H) holds then S is bounded in C XLw. Moreo-
ver the preceding arguments show that also Assumption (iii) of Theorem 2 is sati-
sfied.

Finally, in order to prove that Assumption (ii) of Theorem 1 is verified, we

2
define the homotopy G :[0,1]xRxR+R  as follows

Gi{x,a,b) = (lo'l(a,kb), i, Z(Ra,b))

.

(Recall that 1 =1 ¢ (IxJ) where 1 = 1}
o o o

5
Ker L
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By means of the preceding procedure we can prove that the set

7= {(a,b) € R*x R : G(h,a,b) = 0 for some Xrel0,11}
is bounded. Therefore G 1is an admissible homotopy and so we have

deg (I_,8_,0) = deg (G(1,a,b),8 ,0) = deg (G(0,a,b) ,50,0>

where is an open bounded set containing T. On the other hand
o

deg (G(O,a,b),a ,0) is different from zero, since we have
[

lim 1 (a,0) = e and lim 1 _(0,b) = #e
o,1 0,2
art® b+t
and so Proposition 3 applies.
Remark 2. If we take in the previous example 9, =g hl = k1 = Gl = h2 = 0 and
k2 Z £ then we obtain the global controllability of (1) with m =n =1, 1In fact,

it can immediately be seen that such a choice is consistlent with the Assumptions (c1 ) -
(CZ) and that the surjectivity of 1(x,u) = (x(0)}, Jo f{t,x(t) ,u(t))dt) implies
the global controllability.

In this case, we can in fact weaken the condition imposed on k2 (Zf) .
Indeed, we can prove the global controllability of the scalar equation under the

following less restrictive Assumption

(cé) Suppose that for any ¢ ¢ R we have

lim inf f£(t,p,q) = + «
q—-}-{-m

uniformly for p > o and for a.a. t e [0,1], and

lim sup f(t,p,q) = - =
q+-m

uniformly for p < ¢ and for a.a. t e [0,1].

Observe that such a condition is satisfied when £ is linear in p and qg.
The proof of the global controllability is based on the fact that from the
boundedness of the initial conditions x{(0) of the solutions x(t) of (1) it

follows that if {u } © U is a sequence such that u (t) » +o (or ~») for a.a.
n ne n

N
t e [0,1] then the corresponding solutions x are bounded from below (from above)
n

for n large enough. Therefore any sequence {{(x ,u )} . in § or in the set
n’n’ ne

defined in Assumption (iii} of Theorem 2 has the preceding property. Finally,
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to verify Assumption (ii) of Theorem 1 we proceed as in example 1.

Remark 3. If we consider the general case when the state x = x({(t) is an n~vector

and the control parameter u = u(t) is representedby an m-vector and the boundary
n n n
operator 1 = (11,12) : (AC) * U-> R X R has the form described in example 1,

then the l-controllability results obtained in the mentioned example hold for the

system (1), simply by reformulating in a suitable way the Assumptions made there.
@ m

In order to do this, first of all we define the n-dimensional space Uc (L }

in the following way.

@ n
Let vl,vz,...,vn <L be n functions such that, for any n-vector § = (&_)i 1
1=
with (&} = 1, the set
» n
ft e 0,11 : ¥ g v () =0}
i ii
i=1
has zerc measure.
m

Moreover, let el,ez,...,en < R be vectors of norm one. Put

n

o m
U={ue (L) :u= Jbve])
R i4i i
i=1
n n K n
where b = (b‘)i 1 € R . Clearly in this case the isomorphism J:R -+ U 1is
1 1= n
given by J(b)(t) = X b_v‘(t)ei for a.a. te{0,1]. It is not hard to show that
ii

i=1
the following property {(P) holds

(P) let {u} cU be a sequence such that |u | ++w as n + +o, Then
n neN co M
(L)
there exists a subsequence {u } of {u} such that lu (t)| > += as
nk KeN n neN nk
€

k + +» for a.a. t e [0,1].

With this choice of the control space U, assume that

- n n
(cl) gl'gZ'hl'h2: R + R are continuous functions satisfying the following

properties:

there exists vy > 0 such that

(P, (g, (P +n, (B)))

lim inf
ipl >+ ipl

W
=

1+y

for some u > 0, and
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n
qu(p)[ + Ihz(p)l <M for all p ¢ R ,
for some constant M 2 0.

- n n n
(¢_.) the functions kl'kZ :[0,1] xR xR +R satisfy (fl)—(fz). Furthermore

assume that for every r > 0 there exists C 2 0 such that
n
{kl(t,p,q)l <C for pe R, |gl €r, a.e. in [0,1]

1
Finally, suppose that there exist ¢,8 > 0, a,B € L with a{(t) 2 0 for a.a.
ri
t ¢ [0,1} and \ Bi{tydt » 0 such that

‘o

(b,kz(t,p,J(b)(t)))

lim inf = > ato)lpl® + ()
Ipl+ + = [l

n
for all p e R and for a.a. tel[0,1].

Now, if the condition (H) holds, we can show the boundedness of both the
set S and the set defined in Assumption (iii) of Theorem 2 with the same proce-
dure as in example 1. Lastly, to show that (ii) is verified, consider as before

the admissible homotopy

G(h,a,b) = (1 (a,Ab), 1 _{ra,b))
0,1 0,2

'
and note that, by our Assumptions, we have

~ n
(a,1 1(a,O)) > 0 for all ae¢R with J|al sufficiently large,
and

~ n
(b,lo 2(O,b)) > 0 for all beR with |b| sufficiently large.
I

Hence, Proposition ! applies to the map G(0,a,b).

Observe that the following are true

Fl' Conditions (51)—(52) are also consistent in the case where we consider the

global controllability of (1).
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F2' wWe can replace the Assumptions on gl, h, and k2 by the following

1

- there exists vy > 0 such that

(P,QI(P)+'h1(pH

1A
b
=

lim sup
14y
fpl++o Ipl

for some u > 0.

1
- there exist e, 6 >0; a,Rel with a(t) < 0 for a.a. t e [0,1] and
ri
[ B{tYdt < O such that
lo
(b,kz(t,p,J(b)(t)) .
lim sup < alt)lpl +B(D)

Ib| + 4w by 10

n
for all peR and for a.a. tel0,1].

we can do this because in this case, the a prioxi bounds still hold and the con-

clusion of Proposition 1 is still true; in fact in the proof it suffices to con-

sider the homotopy joining 1 with -I (instead with I}.
o

® m
F}. If m 2 n, we could choose an n-dimensional space U< (L ) with the pro-
n
perty (P), taking as vectors el,ez,...,en the canonical basis of R and assuming
o
that ess inf v ()] >0 for any 1i=1,2,...,n where vl,vz,...,v < L are
n
te[0,1]

linearly independent. It is clear that in this case we could choose J=1.

Example 2. We shall now consider a periodic control problem for system (1).

We consider the nonlinear boundary value problem

% = £{t,x(t),ult)) for a.a. t e [0,1]

f{t,x{t),ult))dt =0

k(t,uf{t))dt = 0

o
S LS

n m n . m d
where f:[0,11 xR xR >R, k:[0,1JxrR R, with 421, are functions
satisfying the Carathfodory condition (fl). Agssume we have defined a control space

© m
U< (L) , with dim U = d, satisfying property (P} and suppose that the following

conditions hold
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<d1) [£(t,p, 1 < a(t)Ipl +8(e) gl

1 .
where o,B ¢ L and a{t) = 0, R(t) 20 for a.a. t ¢ [0,1].
(dz) there exists p > 0 such that
o

1
( (b,k(t,T(b) (t))dt > O

‘o

4
for alt b € R with |bf > p
o

(d.) Let r <0 besuchthat |[J(b)(t)!| < r for |b] <o and for a.a. tel0,1].
o o o

Define

¥ (t,p) = inf tp.flesp.9) .
r

lal= Ipl?

o =Y

q . b

for any peR and a.a. t e {0,1]. Assume that

1

"
| lim inf I_ (t,p)dt > 0 .
)o ‘pl—r+w O

Under these Assumptions it can be shown that the set S of Theorem 1 is
bounded in (C)n X U, 1In fact, Assumption (d2) implies the boundedness of the con-
trols belonging to the set S and using this fact together with (dl) and (d3) we
obtain, by the same arguments used in the proof of Theorem 1 of [33, the boundedness
of the corresponding periodic solutions. For sake of completeness we sketch the
procedure below.

Let x Dbe a l-periodic solution of the following system
x(t) = Af(t,x(t),ult))

for a.a. t e [0,1], for some u = J(b)eU with |[b| < o and re[0,1]. By

(dl) we have

2
s t
e lzjj%l": aix (o), fle,x(t),ult)) < a(t)(IX(t)|2+1) - (t) +ple)jx(t)]
1
where uf{t) = g{t)lul(t)] s0 pel .

2
pDividing by ix(t)| +1 and integrating on the interval [r,t], with 1 ¢ R and

t e [t,1+1], produces
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2 2 ! ey ixe) |
1/2 [log (Ix(t) ["+1)-log(lx(t) | +1)] < ( [a(t) + ————"1dt = M<+=
‘o Ix(ey] +1
By the l-periodicity of x one has
2 . 2
log max (Ix(t)] +1) < log min (Ix{(t){ +1)+2 M
te[0,1] tel0,1]
~1
Let  {(x ,u}} © s ={(x,u) e §: re (0,13}, so {b l=[3 (u)ilso ;
n n nhelN + n n [s]
. if we suppose that max |x (t)] - += as n > + then min {x (£})}++= as
n
tel0,1] tef{0,1]
n > += . Since the corresponding {x 1 N is contained in (0,1] we have for n
n ne
. sufficiently large
Lo(x (t),flt,x (£),u (t))
n n n
( A LR
Io fx ()
n
Hence
fl
0 2 lim inf | I (t,x (t)) dt (3)
j r n
I oo o o
But |x (t)| =+ += as n >+« for all t ¢ [0,1], hence
n
lim inf I (t,x (£)) 2 lim inf T (t,p)
r
n>+eo o fpl >+ o
and using Fatou's Lemma in (3) we see that (d3) is violated.
-1
If A =0, let {(c ,u)} s, so |b{ =13 (u)] £p , and suppose that
n n neN [s} n n o
e | » +o . From the fact that
n

1

.

J f(t,c ,u (t)Ydt = 0
- n j41

for all n € N, we obtain

U {e ,E(t,c_,u (t)))
( n n n

5 dr = 0
‘o le |
n

for all n € N. This fact, as proved above, contradicts (d}).

d +
Finally, it is easy to see that the homotopy ¢ :[0,1] x R x &+ &’” d defi-
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ned as follows

1 1
!
Q{x,a,b) = (J flt,a,J(Ab) (£))dt, A} k(t,J(b)(t))dt + (1-A)b)
J
o] o

is admissible. Therefore
deqg (Q(t,a,b),v,0) = deg (¢(0,a,b),v,0)
where V is an open bounded set containing the set

T = {(a,b) e RxR : O(X,a,b) = 0 for some Ace[0,1]}

1
:
But deg (0(0,a,b),V,0) # 0, since Q(0,a,b) = (] f(t,a,0)dt,b) and
rl To
(a,| £(t,a,0)dt) + (b,b) > 0 if |a] + |b| is sufficiently large.
JO

Remark 4. If f(t,p,q) = A(t)p+B(t)lg, then condition (dB) reduces to

1
[ inf (p,A(t)p)dt > O

‘o Ipl=1

which implies that the only periodic solution of the system x{t) = A(t)x(t) is

the zero one. Therefore the problem

x(t) = B(E)x(t) + B(t)u(t)

t

»
(=]
i

x{1)

e =

is solvable for any control u belonging to a bounded subset of U.
Lastly, we mention that we could modify the assumptions on f and k as

illustrated in FZ of Remark 3.
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