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Abstract

We consider a class of singularly perturbed systems of semilinear
parabolic differential inclusions in infinite dimensional spaces. For such
a class we prove a Tikhonov-type theorem for a suitably defined subset
of the set of all solutions for € > 0, where ¢ is the perturbation pa-
rameter. Specifically, assuming the existence of a Lipschitz selector of
the involved multivalued maps we can define a nonempty subset Zy, ()
of the solution set of the singularly perturbed system. This subset
is the set of the Holder continuous solutions defined in [0,d],d > 0
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with prescribed exponent and constant L. We show that Zp(e) is
uppersemicontinuous at € = 0 in the C[0,d] x C[d, d] topology for any
0 € (0,d].

Keywords: singular perturbations, differential inclusions, analytic
semigroups, multivalued compact operators, Lipschitz selections.
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1. Introduction

In this paper, we consider the problem of extending a Tikhonov-type result
for a system of singularly perturbed semilinear parabolic inclusions of the
form

0 { a'(t) € Ax(t) + ¢u(t, 2 (1)) + brz(2(2))y(t)
ey'(t) € By(t) + va(t, 2(t)) + bar (2(1))y(t) + bazy(t), t € [0,d],

(2) 2(0) = zo,  y(0) = o,

where: A and B are generators of the analytic semigroups of linear operators
e and eP!, acting in separable Banach spaces F; and F with E3 satisfying
the Radon-Nikodym condition (see [3]); € is a small positive parameter;
xo € D(A); yo € D(B); i, i = 1,2, are nonlinear multivalued operators,
b12, ba1, by are singlevalued operators. All the assumptions will be made
precise in the next Section.

In [4], [9], [10], the uppersemicontinuity in the uniform topology at € = 0
of a suitable defined subset of the set of solution pairs (x,y) of a singularly
perturbed system of differential inclusions, was established in the case of
finite dimensional spaces.

This paper represents an attempt to obtain in infinite dimensional spaces
a result similar to that obtained in [4] and [10]. Specifically, we provide
conditions under which for system (1) — (2) we can obtain an analog of the
classical Tikhonov theorem.

The behaviour of solutions (z.,y:) as € — 0 for systems of differential
inclusions in infinite dimensional Banach spaces was considered in [1] and
[6]. To describe this behaviour the crucial point is the choice of the topology
for the convergence of (z.,y.) as € — 0. The aim is to obtain the uppersemi-
continuity of the solution map ¢ — Z(¢) at € = 0. In [1] convergence with
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respect to z-variable in the space C([0,d], F1) and the weak convergence in
L1([0,d], E5) with respect to y-variable were considered. With this choice it
was possible to show the uppersemicontinuity of the solution map at € = 0
by means of the introduction of a suitable measure of noncompactness and
an application of topological degree theory for condensing operators in lo-
cally convex spaces. When the uniform convergence is considered for the
y-variable on [d,d], § € (0,d], then the map ¢ — Z(g) is not in general
uppersemicontinuous at ¢ = 0, even in the linear finite-dimensional case
(see [5]). Therefore the full analog of the Tikhonov theorem for differential
inclusions cannot be obtained. In the sequel, the spaces C([0,d], E;) and
L'([0,d], E;) will also be simply denoted by C[0,d] and L'[0,d] when no
confusion will arise.

In this paper, we consider a particular class of nonlinear singular pertur-
bation systems where the fast variable y appears affinely and the involved
multivalued maps depend only on the slow variable z. The crucial assump-
tion is that the multivalued maps have a Lipschitz selection, since this allows
us to define a nonempty subset Z1,(g),e > 0, of the solution map Z(e) con-
sisting of solution pairs (x,y) defined in [0,d],d > 0, which are Holder con-
tinuous of prescribed exponent and constant. For this subset we can prove
in Theorem 3.1 the uppersemicontinuity at ¢ = 0 in the C[0,d] x CId,d]
topology for any ¢ € (0,d].

The system (1) under consideration can also be viewed as a control
process where the control y, following the approach proposed for nonlinear
control problems in finite dimensional spaces in [2], is designed by means
of a singularly perturbed equation depending on the dynamics of the state
through a suitably defined function s which represents the objective of the
control action. The uniform convergence of the pair state-control as ¢ — 0
is proved by means of the classical theory of singularly perturbed systems.
Furthermore, we observe that, from the control theory point of view, the
presence in (1) of multivalued maps can model a deterministic uncertainty.

The paper is organized as follows. In Section 2, we formulate the as-
sumptions on (1) — (2) under which we can prove two preliminary lemmas.
Finally, in Section 3, we state and prove the main result: Theorem 3.1.

2. Assumptions and preliminary results

We consider the Cauchy problem for a system of singularly perturbed dif-
ferential inclusions of the following form
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" { a'(t) € Ax(t) + 1 (t, x(t)) + biz(x(2))y(?)
ey'(t) € By(t) + ¥a(t, x(t)) + ba1 (z())y(t) + ba2y(t), t € [0,d],

(2) :L’(O) = X0, y(O) = Yo,

where A and B are generators of analytic semigroups of linear operators e
and eP?, acting in separable Banach spaces E; and E, with E3 satisfying
the Radon-Nikodym property (see [3]), and ¢ is a small positive parameter.
The operators A~! and B~! are assumed to be completely continuous, x¢ €
D(A), yo € D(B), ¥;, i = 1,2, are nonlinear multivalued operators, ba,
ba1, boo are singlevalued operators satisfying suitable conditions which will
be specified in the sequel. For ¢ = 0 we have the reduced system

At

(1) { 2'(t) € Ax(t) + Y1 (t, 2(t)) + bra(z(t))y(t)
0 € By(t) +va(t, x(t)) + b (2(t))y(t) + ba2y(t),
(27) 2(0) = zo.

Following [1] we say that (z.,y.) is a solution to (1) — (2) on [0,d] if ., y.
are continuous functions defined on the interval [0, d| with values in E; and
FE) respectively satisfying the inclusions

%@ewwwmw=¢%ﬁﬁeMﬂWwwwm%@mwwa

(3) fi(s) € ¥1(s,xe(s)) for a.a. s€[0,d]}, te][0,d];

e (t) € {g2(t) = ga(t)

1 t
:;mm+g/e?w@m@w¢m%@mu®+@%@wa
0

(4) f2(s) € Ya(s,xe(s)) for a.a. se€0,d]}, te]lo0,d.

The reduced system at € = 0 corresponding to the system (3) — (4) is given
by

20(t) € {o1(t) : g1 (1) = ™o +/O A1 (s) + bia(a(5))y"(s)]ds,

(3*%) f1(s) € ¥1(s,2°(s)) for a.a s€[0,d]}, tel0,d];
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y°(t) € {g0(t) : go(t) = =B [fo(t) + bar (2°(£))y" (1) + bay” ()],

(4*) fo(t) € ¥o(t,2°(t)) fora.a. te[0,d]}, tel0,d].

Let Z(g), € > 0, be the set of solutions to the system (3) — (4) and let Z(0)
be the set of solutions to the system (3*) — (4%).

We recall some preliminary results from the theory of analytic semi-
groups which we use in the sequel, (see e.g. [8]).

Proposition 2.1. The closed operator A having dense domain, is the in-
finitesimal generator of the analytic semigroup e if and only if the resolvent
set of this operator contains a half-plane ReX < oy and the resolvent satisfies
the inequality

A=A~ <o+ A

for some C > 0.

If A is the infinitesimal generator of the analytic semigroup e“?, then

eAt = —i, MO — A) 7N, t>0,
27TZ H(ﬂ,a)

where II(3, o) consists of two rays

: : 1
A=o0+4pe P and A\ =0+ pe?®, 0 <oy, arcsin—= << T

C 2
If g < 0, then the negative fractional powers of A are defined by the formula
1
A= —— AT - A) 7NN, 0<a< 1.
2mi Jni(s.0)
The operator
1
A%t = _,/ AN — A)7tdN, t >0,
2mi Jni(s,0)

satisfies the estimate
|A%et|| < Cte.

From this inequality one obtains

A= (e — D) < ot
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We assume the following conditions.

Ap) There exists a positive constant da such that
e < et
for any t > 0.

Ay) Let o;(t,z) = Yi(t, A7), a € (0,1), i = 1,2. For every x € Ey and
for every t € [0,d] the set 1;(¢,x) is nonempty, compact and convex. For
a.a. t € [0,d] the operators 1;(t,-), i = 1,2, are upper semicontinuous.

Ag) There exists a positive constant p such that
it )| < p(L+ ), i =1,2,

for every x € Ey and for every t € [0,d]. Here ||D|| = sup,cp ||z E,, for any
bounded set D C E;.

Aj3) There exists a selector f; : [0,d] x By — E; of the map 1);(t, z) satisfying
the Lipschitz condition

| fi(t1, z1) — filta, x2)|| < K[|zt — 22|+ | 1 —t2 ], i = 1,2,

for any x; € Ey and any t; € [0,d], j =1,2.

We now formulate the assumptions on the nonlinear operators bio and boq
defined on E; with values in L(FEs, E;), i = 1,2, respectively. Here L(Fs, E;)
denotes the space of bounded linear operators acting from FEs to F;.

Ay) There exist positive constants o, 7, p such that

(i) [b12(A™%2)|| < o,
(i) 1b21 (A™%2) || <,
(iii) 1b12(A™% 1) — bia(A™%22)|| < pllay — a2

for every x1, 9 € E1. We assume that byy also satisfies (iii).
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As) There exists a positive constant [ such that the linear operator bgs:
FEy — FE satisfies
[b22]| < 8.

Ag) Finally, we assume the following
B+ <da.

Let 6(¢) be a function satisfying the following conditions

_ (/)
T dy—vy -0

Definition 2.1. Fix 6 € (0,1). We consider the subset Z,(¢) of the set Z(¢)
defined in the following way:

0(e) — Ofore — 0 and d(¢)

Zr(e) ={(z,y) € Z(¢) : x,y satisfy a Holder condition on [0,d] and [0(¢), d]

respectively with exponent (1 — «) and constant L}.

We also consider the subset Z1,(0) of the set Z(0) defined in the following
way':

Z1,(0) = {(z,y) € Z(0) : z,y satisfy a Holder condition on [0, d]

with exponent 6(1 — «) and constant L}.

By the change of variable z.(t) = A7%%.(t), (3) — (4) and (3*) — (4*) take
the form

() € {gi(t) : g1(t) = e A%+ /O A@AUI[fy(5)+bro( A= % (5))y- (s)]ds,

(3" fi(s) € ¥1(s, A= “2.(s)) for a.a. s € [0,d]},

Ye(t) € {g2(t) : ga(t)

t
(4) =e%Btyo+§ /0 =B [fy(5) + bor (A7 72 (5))ye(5) + ooy (s)]ds,

fa(s) € a(s, A= 2.(s)) for a.a. s € [0,d]},
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and
t
E(t) € {g1(t) : g1 (t) = M A% + /0 A% f(5) + bra(A™E(s))y(s)]ds,

(3") fi(s) € ¥1(s, A=*Z(s)) for a.a. s € [0,d]},

y(t) € {go(t) : go(t) = =B [fo(t) + bar (A~*Z(t))y(t) + baay(t)],
(4 folt) € Po(t, A& (1)) for aa. t € [0,d]}, t € [0,d].

Therefore, if (2., y.) is a solution to the system (3') — (4') and (Z,y) is a
solution to the system (3”) — (4”), then (z.,y.), with z.(t) = A=%2Z.(t), is a
solution to the system (3)—(4) and (z,y), with x(t) = A~“Z(t), is a solution
to the system (3*) — (4%).

We denote by Z(e) the set of solutions to the system (3') — (4') and by
Z(0) the set of solutions to the system (3”) — (4”). Let us consider the subset
Z)(€) of the set Z(e) defined as follows

Zi(e) = {(x,y) € Z(e) : z,y satisty a Holder condition on [0, d] and [5(e), d]

respectively with exponent (1 — «) and constant [}.

We consider also a subset Z;(0) of the set Z(0) :

Z,(0) = {(x,y) € Z(0) : z,y satisfy a Hélder condition on [0, d]

with exponent §(1 — «) and constant {}.

Observe that if we prove the existence of a constant [ > 0 such that the
map € — Zj(e) is uppersemicontinuous, then if we take L = ||A~%||l the
map ¢ — Zr(e) is also uppersemicontinuous. Therefore, we can deal with
the solution set Z;(e).

We have the following result.

Lemma 2.1. Assume that the conditions Ag — Ag are satisfied for some
a € (0,1). Then the solutions to the system (3')—(4") (if any) are uniformly
bounded with respect to .
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Proof. Let us estimate the norm of y.(t). We have

1 t 1
o < el + 2 [ eI (Ao + oo (A~ 5))uel)]
0

_1 LY 1,0 -
+ 1baye(s) ] ds < ™2 lol] + - /0 e =20 [ p(1 4 e (s)])

+ (v + O)llye(s)l 1ds

By the Gronwall Lemma we have
— 1y LY g3 s -
(5) lye(®)]] < e =Pyl 4 2 /0 e BT p(1 + |e(s) ) ds

Using the estimates

Cla)

acert) < =8

(0 <t < o0),
le?]] < C(dr)e,

where C(«), d; and C(dy) are some constants, from (3') we obtain

720601 < Cla)e 4ol + [ O+ olas

o (t—3)
t C(Oé)
+/0 = s)a O lv=(s)llds

From (5) we have

t t
/%U|’y5(8)|’dsg/ C(a) O.e*%(dQ*’Y*ﬁ)sHyOHdS
0

t—s) o (t—s)

L (" C@) [* i(gyrmp)s—n) - C(a) -
— e S—T < o
+€/0 <t_s>a0/oe p(L+ [|e(7))dr ds < =0 yolld

C(a) 1 I-a 2(d2——P)(s—) ~
+1—aapd2—'y—ﬁd ap// |2 (7)||dT ds.
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Therefore,

H@uwscunJWA%ﬂf/J?gwu+u4>mw+c<Nﬂyw1a

C(a) 1 — Z(d2—y=B)(s=7)
+ . aapd2 —'y—ﬂd = ap// || (7)||dT ds.

We introduce the following equivalent norm in the space of continuous
functions

—Ht| =
T, max e x:(t
‘ € ‘H te[o}é] H AGIE

where H is a positive constant that will be chosen in the sequel. Therefore,

— ~ — @ Cla el Cla @
(0] < O | A%+ pat=e - KO 1=
C(Oé) 1 11— —Ht /t C(Oé) Hs —Hs| .~
+ 1—a0pd2—7—ﬁd ] +e ; (t_s)ape e 8|2 (s)||ds
—Ht d2 —1 A=) H —H ~
(6) + —C(a)ope / / i Te Tz (7)||dT ds.

Let h € (0,d) be arbitrary fixed. We consider the first integral

t t
et [ O pettoe i () ds < e i [ et
o (t—s) o (t—s)

For t > h we have

t t—h
6—Ht x~€ |H/ C(a)apeHst < 6—Ht | fs |H/ C(a)peHst
o (t—3) 0 h

1
Phor

3 Lt O(a .
+ et | Tc |H /t n (¢ _( siapthdS <| 7 g C(a)

. plme 11 ht®
+ | Z: |lg Cla)p — =| 7. |m C(a)p [h"‘H+ 1 —a] :
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For t < h we obtain

_ _ L O _ b Cla
e Ht‘x‘s ’H/ (()apeHstS\% ‘H/ ( ) pds
0

t—s) 0 (=3
Cla Cla o
=17 D gt < | D e
Therefore,
b Cla) 11 Al
7Ht g Hs < g -
| |H/0 (t_s)ape ds <| = |HC(a)p[haH+1_a],

for every t € [0,d].
We consider now the second integral in (6)

—Ht e5(d27ﬁ87)H_H~
a)ope / / i—s)e Te Tz (T)||dT ds

s o (d2—y=PB)(s—7)
~C(a)ope | 2. \H// eHTdr ds.

t—s

After the change of variable s — 7 = £ we obtain

L(de—y—B)(s—T) *%@’Yﬁ
/ / e dr ds_// "= ge ds
(t—s) C(t—s)
e
< —_— e~z (d2=1=H)¢g ds < / ds
_/o (t—S)O‘/o : d2—’7 B t—s)>

o & m[Ll1 AT
Sdo—~—p° |neH 1-al

Therefore,

e s _—= d2 —v—B8)(s—T1)
a)ope / / o 5:() dr ds

S

By 11 hle
< C(a )Upd2_7| e |u [hO‘H —a]'
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Hence,
3 By 11  hl=e
| 2 |[p< Ci+ | 22 g Cla)p el + 1~ a
1 11 At
; C - - =4+
14l C@op—— e + 1)
11 Al
=C C, Co | ——
1+ | e |1 2[}10‘}[ l—oj’
and so

11

el (1= Co |y +

Now, we choose h in such way that

hl—a
11—«

Furthermore, we choose H such that
11 <
h® H
Then

hlfoc
11—«

Dgcl.

1

< .
20,

1

20,

C

Te |lH<
el

11 hl—a]'

ot 1o

Since the introduced norm is equivalent to the standard norm in the space
of continuous functions on [0, d], there exists a constant Cs > 0 such that

| Zc |op,q< Cs.

Further, from (5)

1t v, s
IO < ol + [ e HO1B0) (1. s < ol + 21

Therefore, for every solution (2., ye) to

1+ Cs)
- p
(4") the estimates

= Cy.

the system (3') —

| Zc |op,qg< Cs,

| Ye lopo,g< Ca
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According to assumption As) there exists a selection f; : [0,d] x Ey — E;
of ;(t,z),i = 1,2, satisfying the Lipschitz condition. Let us consider the
following system

t
(9) ae(t) = e A% + /0 A% AT fi (s, 22 (s)) + bia(Aze(s))ye ()] ds,

1
Ye (t) = €-c BtyO

(10) t
+;/0 e=B(t=s) [f2(s,@<(5)) + ba1 (A m(5))y=(5) + bazy=(s)] ds.

For every ¢ > 0 fixed, the system (9) — (10) has a solution that is also a
solution to the system (3") — (4'), (see for example [7]). We denote this
solution by (2, ¥:).

We have the following.

Lemma 2.2. Assume that the conditions Ay — Ag are satisfied for some
€ (0,1). Then for every g9 > 0 and for every 0 € (0,1) there exists a

constant C(0) such that for every € € (0,e0] the solution (z., y-) to the

system (3') — (4') satisfies the following property

(11) 2= (t + 1) — 2= (1) < C(9)r ),

(12) (b +7) — g (0)]] < C(0)7°0 ><1+ - mt)

for every T € [0,d] and for every t € [0,d — 7].
Proof. We begin by the estimate

It 4 7) = ge(t)]| < fle= P+ Dyo — 25y
+| / B9 fy (5, 72 (5)) + bar (A=27 (5))32 (5) + baatia(5)]ds

= [ H [l 2(6) + b (A )09) + ()] |

0
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Let us estimate the second norm in the last expression
ST [ )+ (A D) + ()]s
- /0 B [, 2(5) + b (A= ()0 (5) + baaie(s)] |
= iH/OT e BU+T—5) [fa(s,2(s)) + bar (A7 %% (5))ge () + baoge(s)] ds
+ /HT eeBlt+T=9) [f2(s, =(5)) 4 bar (A™%=(5))F=(s) + baaye(s)] ds

-/ B [y (s, 22(6) + b (A7) (5) + baag(s)] s = P

In the second integral we make a change of variable £ = s — 7.

PS;MQ/OG = (tHT=s)gs 4 = H/ 7Bt£) [ f2(6+ T 2(E+ 7))
+ bo1 (AT (E+ 7)) (§ 4 7) + bagge(E+7) | dE / B9 fy (s, 22(s))

ot (A= ()31 (5) + baagie (3))ds|| < 20y [ e~ 204794
+ b21 ( T(5)) Ve (8) + baaye(s)]ds|| < My [ e s
0

1 t
" / =2 k([ + 1) = Ees)| + 1) + Capllae(s +7) — ze(s)]
0

- - - — 1 i —d—Q(t-I—T—s)
+NGe(s+7) = Ge()ll + Bllge(s+7) — ge(s)llds < — Mz e ds

1 t
" / e =BG (s47) = w(s) | +hT + (74 8) |19 (s+7) — g (5) 1 ds
0
where G = k + Cyp. Let
o(s) = ||e(s +7) — 2e(s)]

and let
u(s) = ||ge(s +7) — g=(s)|-
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Then
1 _1 1 T Ay
u(t) < Hethyo —yolle sdat 4 Z5]\/[2/ e~ (tHT=s) g
0

1/t
= / e~ 2209 [Gu(s) + kr + (7 + B)u(s))ds.
€ Jo

Let Yy = He%BTyo — 2o||- By the Gronwall Lemma we have

u(t) < e~ HEr-Oy, 4~ o 22 / T o~ Lslir—a) g
9
(13) 0

+

m | =

t
/ e~ H@=1-B)1=9) Gy (5) + kr]ds.
0
Further,
t+7 B
o(t) < [|etF) A% — e A% || + H/ A“AUT=) [ f (5, A% (s))
0

+ b2 (A7 (s))ye (s)lds — /O A% AT fi (s, A (s))

+ bia (A () (s)]ds]| < [T Ao — A%o||C(dr)e?

+ /0 A AT [F (5, A= () + bia( A& ()5 ()] ds]|
t+T1 B

+] / A AT F (5, A= (5)) + bra( A~ “F(5)) g (5)]ds

t
_ /0 AC A=, (s, AT, (3)) + bra( AT (5)) 7 ()] ds]

C()
(1 —s)

t
+ /0 AT (€4 7, AT (€ + 7)) + bra(A™ T (€ + 7)) (€ + 7)]dE

< [|eAT A% — A%|C (dy)e™t + M / C(dy)eMtds
0

- /0 AT F (s, A% () + bra( A% (s))ye(s)]ds||
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< [[eAT A%z — A%ao||C(dr)eht + My L2 C(dy ettt

' Cla)
—i—/o =50 [Gu(s) + kT + ou(s)]ds.

Let us consider

We have that

' Ol ou(s)ds = " O ge = ([2=1=B)sy, 4
st = [ g

T t
2 / e~ =BT gy / O o=t taas g
0 o (t—s)*

t s
+1/ C(a) a/ o~z (d2—y=0)(s—m) [Gv(m) + kT]dm ds
eJo (=5 Jo

t T
< / o aei<dﬂﬁ>%ds+ﬂf2/ o
0 0

(t—s)~
t
/ @ ge~z(d2=1=B)s g 4 Cla) o 1 Ak
o (t—s) l—a dy—v-0

s —= d2 —y—B)(s—m)
O'G/ / v(m)dm ds.
(t—s)

Here, the second integral has the form

T t
]\42/ e—idz(T—m)dm/ Mae—i(drv—ﬁ)sds = MC(a)oT(t,7),
e Jo o (t—s)*

where

—2(d2—y—P)s
T(t,T)—l/ —eda(r- mdm/ EE—
0

€ t—s
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We make the change of variable 7 — m = £. Let t > £%. Then

L(da—y—P)s
T(t,7) = / d25d§/ S

1 ef 5(d2 v—0B)s 1 [t —%(dg—’y—,@)s T
= / T s / =28 e 4 / s / e~ g
€ Jo (t—s) 0 €Jo (t—3s) 0

0

1
1 € 1 T 1 t —El,g(dQ—V—ﬁ) T
< / ds/ e;d25d5+/ eds/ e e g
eJo (=52 Jo €Jeo  (t—s)° 0

—L# " —1dy¢ 1 I o -5 (d2—y—8)
_1—a51—9(1_0‘)/0 e d§+£1—ad e T
1 1 r 0(1—a) / pr e 1-0(1-a)
- - —Ldyg) T-00=a)
S 1— 055179(1*0‘) </0 1d§> (/0 (6 ) d£> + C(Q)T
L1 g [0 )]
Sy gt a5 +C(0)r
= C(0)7°0=%) £ C (o).
Let t < €. Then
1 /™ _a 1
T(t - —edge  — 4l-a
(7)< / 6/0 c g1—oz
1 —Ldy¢ A 0(1—a)
< 1—a519(1a)/0 e =R dE < CO)T .
Furthermore,
t
/ Cla) oe = (2=7=P)sy s
o (t—s)*
(a)

t T
= / ¢ ao’e_é(drv_ﬁ)sds / 1Be;BmyOde
0 (t - S) 0o €

1 t —%(dz—'y—ﬁ)s T
= C’(a)a/ eads/ e_%dzmHBngdm
o (t—s) 0

1 t 7%(d27’77ﬁ)8 T
— C@poBul [ s [ et mm
€ 0o (t—s) 0
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Hence,

/Ot (tc_((z;a ou(s)ds < Cs(r?0-9) 4 1)

s o=z (d2—7=B)(s—m)
O'G/ / 0 v(m)dm ds.
—5)“

Let ¢ > 0 be a constant. We estimate | v |, .

C(a)

e Ty(t) < C’(dl)edltHeATAo‘xo — A%xolle” T + My T a aC(dl)edlte_thl_o‘

t
+ e_qt/ Cle) [GeTe”Pv(s) + kT]ds + C5(79(1_0‘) +71)e
0

(t—s)
d2 vy—0B)(s—m)
aGe qt/ / t eqmefqmv(m)dm ds
- S
S C(dl)edlt / A@ASAQIE()CZS + Ml]-c'(O[O)éC(dl)edltTla
0 _

t
+6qt|’l)’q/ C(Oé) GequS+C( )dl e +C( 0(1— )+T)

o (t—s) 1 -«
s o=z (d2—7=B)(s—m)
-C(a)oGe™ qtv|q// edm ds
(t —s)>
C(dy)e™"|| Azg ||/ @) 4 1 0y C( D gyt
-«

11 5t Cla) 1-q 0(1—a)
+ v g ()G[jaq—l—l_a]—i-l_ad kT + Cs(r +7)

1 11 i@
+ | v Cla)cG——— |:,—|— :|
[vla Ola) dy—v—=B1i*¢ 1-a

o 11 jl_a 1-« 0(1—a)
< )=z
_|7)’qC(a)G<1+d2_V_ﬁ)[jaq—Fl_a]-f—C(;(T-l-T - )

where j is an arbitrary number from interval (0, d). Hence,

11 jl_a 1-« 0(1—a)
| v < Cr 7§+1—a |vlg +Ce(T+7 "+ 7 ).
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We choose j such that

jlfoc 1
< —.
1—a 2C;
Furthermore, we choose ¢ in such a way
11 1
Jj*q 207
Then .
11 jre
Jq 1-«
and
Cor?(1=0) (71-0(1=0) | 7 (1-0)(1-0) 4 1)
[ v g< :

i1l—a
1 - Crl5ag + 4=

11—«

Finally, we have
|t +7) — Z(1)]| < Cr? =)

for every 7 € [0,d] and for every ¢ € [0,d — 7|. By substituting (11) in (13)
we obtain

1 1
u(t) < gHByoHTe_%(dTV—ﬁ)t + g]\427-€—é(f12—w—ﬁ)zt

t
+1/ e—é(dz—v—ﬁ)(t—S)[(;0879(1—a)+k¢}ds
€Jo

< é”ByoHTe_%(d?_”’_ﬁ)t + éMze_%(dQ_”’_ﬁ)t + Cor?=e),
Thus,
It + ) = 0] < Cror®=) (14 L),
Denoting C(0) = max{Csg, C1p} we get (11), (12). Inequalities (11) and (12)
mean that the functions 7. satisfy Holder condition on [0, d] with exponent

0(1 — «) and constant C'(f) and the functions y. satisfy Holder condition on
[0(¢), d] with exponent §(1 — «) and constant | = 2C(0). |

3. Main result

We have the following main result.
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Theorem 3.1. Assume that the conditions Ag — Ag are satisfied for some
a € (0,1). Then for every eg > 0 there exists a constant L > 0 such that
the map e — Zr(g) is nonempty-valued for every e € [0,e0] and upper
semicontinuous at € = 0 in C[0,d] x C[d,d] for every ¢ € (0,d].

Proof. In Lemma 2.2 we proved that the set Zi(¢) is nonempty for all ¢ €
(0,e0]. We shall prove now that the set Z;(0) is nonempty. Let i € (0, £],
er — 0 and (xy,yx) be a corresponding sequence of solutions to (3') — (4)
satisfying condition (11) and (12). We extend in a continuous way yj on the
interval [0, 2d] assuming that it is constant outside of (0, d).
Since 0(gg) > %, from (12) we obtain

lyr(6(ex) + 1) = 9 (6(en)| < 2C(0)770 )

for every 7 € [0,d]. We consider functions g, defined in the following way

(t) = { k(1) S(er) <t <2d
e Yk(0(ex)) 0 <t < d(ep).

Then from (12) it follows that for every ¢, 7 € [0, d]
19k +7) = G()]] < 2C(6)r"1=.
Hence, the sequence (x, Ji) satisfies an Holder condition on [0, d]. Now we
shall prove the relative compactness of the sets {zy(t*)} and {gx(t*)} for
every fixed t* € [0, d].
t*
(%) = e A% + / A%ACI[FL(5) + bia( A (s) )i (s))ds.
0

We first verify the relative compactness of the set
t* i
ACAT) [£1(8) + bia(A™ i (s) )y (s)] ds ¢ -
0
Let ag such that o + ag < 1. Then

/O AYAW =) [£() 4 bio( Ay (s))ye(s)] ds

1
= A—ao/ Aa+aoeA(t*—3) [fl%(s) + b12(A_axk(3))yk(S)] ds.
0
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Since the operator A™* is completely continuous it is sufficient to prove
boundedness of the set

t*
{ A0 A [£(s) + bia(A™ ik (5) )y (5)] ds} :
0
For this we evaluate
t* .
| [ ameoete =9 [116) + bua(a-au(o)ue(s)] s
0
t* .
< [ Am et i) s
0

t*
+/0 JAHe0 A= [b1a (A~ wn(s)) | lya(s) 1ds

" Cla+ o) " Cla+ a) Cdl~(etao)
< — K —————0Kods < ——.
[ s+ [ G et <

We consider now {7 (t*)}.

~ ok Bt* 1 v Capa EB(t*—s —a

(t) = Pyt [ BB P (s) b (A (5)) b o).
0

Let us prove the boundedness of the set

1 LB

{/0 Boems P79 [f,?(s) + ba1 (A (s)) + bazyi(s)] ds} .

€k
In the sequel, we use the following estimate (see [7])

C a
HBaeBtH < (OZ)”eBt”le7

ta

where 0 < a < 1 and n is a positive integer greater than «. For definiteness
we take n = 2. Consider
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H / B%e Bt —s) [flg(g)—i—bm(A_a:E (8)) + booyr(s) dSH

< c/ HBO‘ 2 B0
€k €k (t —
t* 1-%) .
gc/ ;@92%%% k?“t)m
0 k -

::ccm)/ﬁ%klﬁfle(“ﬁ@<—@%
0 e (t* — s)@

all 2B =52
Sk ||eck ds

t Eka @dz(t*—s)

+ CC(a)/ ———c ds
t*—ep €k (t* - S)a
t*—ep 1 a (-9 g t* «
<ca@/' Ezesf@“>m+cam/' 1&g
0 € € t—e, €k (¥ — 5)™

CC(a) CC(a)
S0-9d " 1-a

Thus we have proved the relative compactness of the set {yx(t*)}, with
k € N such that e < t*. Since ¢;; — 0 as k — oo and t* is fixed, the set
{gr(t*)} differs from the set {yx(t*)} by a finite number of elements and so
{yk(t*)} is also relatively compact. From Ascoli-Arzela theorem it follows
that the set {(zg, Jx)} is relatively compact in C10,d] x C[0, d]. Without loss
of generality, we can assume that the sequence (zy,gy) converges to some
(2%, y%) € C[0,d] x C[0,d]. It is clear that the functions ° and ¢ also satisfy
a Holder condition with exponent (1 — ) and constant [.

Let us prove now that (z2,5°) € Z;(0). One can show (see [3]) that
the sequences {fi}, i = 1,2, are uniformly bounded and weakly compact
in L([0,d], E;) and f ft, where fi(s) € vi(s, A=%2%(s)) for a.a.
s €10,d].

We consider the sequence {zy(t)} and show that fg AceAl=3) fl(s)ds
converges weakly in L]0, d] to fg A2eAt=9) fl(s)ds. Let ¢ € (LY([0,d], E1))*
and A > 0. Let us denote by gx(t) = f(f AceAt=3) fl(s)ds and go(t) =
fot A2eAt=9) fl(s)ds. Let p € [0,d] be a fixed number. We put

weakly
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0 1<,
tu

t
A= fl(ys+ [ 4l p<t<a
0 t=p

tAozeAtka()S t<p,
w<t<d,

O

0 t S 1y
t—u t
A%AC) f(5)ds + / A fl(s)ds p<t<d,
o t—p
t

AaeAts)f()s t<p,
uw<t<d.

D

Then gx(t) = ¢r(t) + @r(t) and go(t) = @o(t) + Po(t). Further
|< @, 9k — g0 >|=|< @, @1 — @o + @k — Po >|<|< @, Pk — @o >|

+ [< @, 01— @o >| .

Let us consider the second term

|< @, 06 — po >< [lellller — PollLro,q-

For t < p we have

’/Ot ACAE=9) (£l (5) —f&(s))dsH < /Ot (tC_(cg

L MC(@) 0 MC)

! s)|| ds

—Q

l—«o l—«o

We choose a p satisfying the following inequality

MC(oz)Ml,a A
-« 3d|lep||

Then,

o d ~ d ) A
14)  ||¢r = @oll _/ Pitt) = wolt dt</ “ 3
A0 e = Golleroa = [ 1260 = Go()lldt < - grondt = 5o,
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We put
t<

" go Al Vfl(s)ds p<t<d,

" go A=) fl(s)ds p<t<d,
no(t) = t
olt) / A“AE=) fl(s)ds p<t<d.
l—p

Then @ (t) = mi(t) + ni(t) and @o(t) = mo(t) + no(t). Therefore

|< @, 06 — o >|<|< @, mp —mo >| + |< o, — ng >,

<@,k —no >[< [lellllng —nollLijo,q-

It is easy to verify that

A
15 nE — Nol|r1 < .

—Q

< MC(a) Ml

l—«o

[ et - siespas
l—p

Thus,

Let us consider |< ¢, my —mg >| . Since the linear operator fgiﬂ A%eAlt=9)
is continuous in the strong topology of L[0,d], it is continuous in the weak
topology, i.e. fg_” AceAt=3)(fl(s)— fi(s))ds — 0 weakly in L![0, d]. There-
fore, there exists k = k() such that for all £k > K

A
(16) |< @, mp —mgy >|< 3

It follows from (14), (15), (16) that |< ¢, gk — go >|< A, for k > K.
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Therefore, the weak convergence of fot A%eAl=9) fl(s)ds to fg A%eAt=9) fl(s)
is proved.

Now we shall prove that {bi2(A™%zk(s))yx(s)} weakly converges
to b12(A~*2%(s))y°(s) in L[0,d]. It was shown above that for all t* € [0, d]
the set {yr(t*)} is relatively compact. It follows from the Distel principle
(see [3]) that the sequence {yy} is weakly compact in L([0,d], E2). Let {yx}
converges to g, weakly in L'([0, d], E2). We shall show that {f} also weakly
converges to g in the space L'([0,d], F2). Since the space Ej satisfies the
Radon-Nikodym property, (L!([0,d], E2))* = L>=([0,d], E}) (see [3]). Let
¥ be an arbitrary linear bounded functional defined on L*([0,d], E2) and
evaluate

LB b1 B(—s
pr(6(e) — ey — L [ e ()

Bult) (8 = b (A7 (5))y(s) + by (s £ < 3(e),

0 t>5(€k).

o(ex)
<) =9l > < [ IOl (0) = )t < Coer) =

_ _ kl _ Clod
Therefore, |< ¥, §x — g« >|— 0 for k — oo and §j —" g.. But g 7104 Y,

weakl
hence yj —=" 9.

Let ¢ € (LY([0,d], E1))*. We observe
< @, bia(A™ g )yn, — bia(A™ %)y >|

<< (bi2(A™ %)) e — (bi2(A™ %)) "¢, yp >|

+|< (bra(A2")) o,y — y° > .

The second term tends to zero in virtue of the weak convergence of y;, to y°.
We consider now the first term

|< (b12(A™%xy) — bra(A™20))*p, yi >
=|< @, (bia(A™ %) — bia(A™%2%))yp >

< el pr (o, 50 | (br2(A™x) — bra(A™*2°))ykll L1 (jo,41,4)-
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Moreover,

[(bra(A™ 1) — b12(A™ %)) yill 12 (0,1, 51
d
= [ 1A 5u(5) ~ bia( A=) ()]s
0
d
< Cp/ lxk(s) — xo(s)Hds < Cpd |z — z° lcfo,q— 0 for & — oo.
0
Thus, x), weakly converges in L'([0,d], E1) to
t t
e A% +/ A=) L (5)ds + / A%t 15 (A720(5))y  (s)ds.
0 0
On the other hand, z; — 2% in C[0, d]. Therefore,
t t
2O(t) = et A% —|—/ A=) £l (5)ds —I—/ A%eAE)p 15 (A0 (5))y0(s)ds.
0 0

We consider now the sequence {yx}. It is not difficult to show that
bo1 (A™%x, )y weakly converges to oy (A~20)y" and baayy, weakly converges
to by in L1((0,d), Ey). Hence f,f +b21 (A~ 2k )Yk + booyx, weakly converges
to f02 + bgl(A_afL'O)yO + b22y0 in Ll(((), d), Eg)

In [1] it was shown that from weak convergence in L!([0,d], E2) of a

sequence {gi} to go it follows the weak convergence in L'([0,d], E3) of the
t L B(t—s)

sequence i Jo ec* gr(s)ds to —B~1go(t). Consequently,

1ip L o u
e Ty + - / EPO[£2(5) 4 by (A= ())y(s) + bazy(s)]ds

UMY BN[F2(8) 4 by (A0 (8)50 (1) + bany ().

Then G (t) " — BV [f3(t) + bar (A=220(£))y°(¢) + baoy*(1)].

On the other hand, g clod y". Therefore,

yO(t) = =BT (t) + b2 (AT ()" (1) + bay° (1)
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Thus, (2°,4°) € Z(0). Note that every solution to the system (3') — (4)
satisfying (11), (12) belongs to Z;(e).

We turn to the proof of the upper semicontinuity at the point € = 0 of
the map & — Z(¢). Let & € (0,d]. It is easy to show that the set Z(e) is
compact in C[0,d] x C[0,d] for every € > 0. By contradiction we suppose
that Z;(-) is not upper semicontinuous at & = 0 in C[0, d] x C[, d], then there
exists v > 0 and sequences e, — 0, z € Z;(y,) such that the C[0,d] x C[6, d]
distance from z,, & € N, to ZZ(O) is greater than v. Let z; = (xg,yx).

Using the sequence {(zy,yr)} we form the sequence {(zy,9r)} as above.

clo,d
By repeating the same arguments as before we obtain that (x, k) 2104

(z°,4°) € Z;(0), then § — ¢° in C[4,d).
Since d(er) — 0 as k — oo we can find K such that for £ > K we have

C[0,d Cld,d
d(ex) < 6 and hence yr = g on [0,d]. Therefore z 104l z°, yp, 20 yY,
which is a contradiction. This completes the proof of the Theorem. [
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