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Topological Methods for the Global
Controllability of Nonlinear Systems

M. Fuit,! PoNisTRLY ML DL PERAY AND P L. ZRzzat
Communicated by R. Conti

Abstract.  Suflicient conditions for the Jocal and global controllability
of general nonlinear systems, by means of controls belonging to a fixed
finive-dimensional subspace of the space of ail admissible controls, are
established with the aid of topological methods, such as homotopy
invariance principles. Some applications to certain classes of nonlinear
control processes are given, and various known results on the controlla-

ility of perturbed linear systems are also derived as particular cases.

Key Words. Nonlinear control precesses, local and global controllabil-
ity, continuation principles.

i. Introduction

Consider the :os:,:,og contral process

() = £ x(2), u(1)), tel=[0, T], (D
where

S/ XR"XRM">R"

is a continuous function or, more generally, it satisfies some Carathéodory-
type conditions that will be specified later.

Our aim is to apply topological methods, such as degree theory or
homotopy invariance results, to obtain sufficient conditions for the global
and local controllability of (1). Roughly speaking, we will show that, if (1)
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More precisely, let U be an n-dimensional subspace of (L™)", Q a
bounded open subset of U with closure (2 and boundary aQ); and let A( - ),
B(-) be time-dependent n X n, n X m matrices with coefficients in L' For
given x,, x; ¢ R", consider the system
(1) = AL x (), w(O)+ (=AM AD)x(0) + BOulr)), relo, 1], rel,
x(0) = x,, . (6)

and define

S={(x, u)e(AC)" % for some Ae{0, 1], x is a solution of {(6),
corresponding to u, which satisfies x(T) = x}.

We can state the following theorem.

Theorem 2.1, Let U 0, AC), B(), S be as above. Assume that the
linear system

N = ACOXCO) - BOu(n, rel
x(0) = x,,
x(T)=x,

is solvable in (AC)" x{1. Also, assume that the following a priori bounds
can be established:

(i) there exists a constant M >0, independent of A, such that

(max |x(D]+ Jufle) = M,

el

for all (x, w)e S;

(i) theset{we): (x, u)e Sforsome xe (AC)"} does notintersect 202,

Then, the system (5) is controllable from x, to x,.
The proof of the above theorem is essentially based on the well-known

Leray-Schauder continuation principle (Refl. 9). We recall it below in the
form needed for our purposes.

Leray~Schauder Continuation Principle. Let E, F be Banach spaces,
and O an open subset of £ containing the origin. Let L: E > F be an
isomorphism, and let h: 0= F be continuous and compact (i.e., sending

bounded subsets of & into relatively compact subsets of F). Assume that
the set ,

{xeO: Lx = Ah(x), for some A €[0, 1]}

i
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is bounded and does not intersect the boundary of 0. Then, the equation
Lx=l(x)

is solvable in 0. More precisely, L—h maps O onto a neighborhood of the
origin. .

The Leray-Schauder continuation principle is usually proved by means
of degree arguments (Ref. 9). However, we would like to remark that it can
also be derived directly from Schauder's fixed-point theorem, making use
of the quite elementary theory of zero-epi maps (Refs. 10 and 11).

Proof of Theorem 2.1. Let
Li(AC)" X U= (L) xR" xR"
be the bounded linear operator given by
L(x, u)(1) = (%(1) = A(Dx(1) = B()u(1), x(0), x(T}).
Observe that the equation
Lix, u)= S,\ X, X1),

which, by assumptions, is solvable in (AC)" x{1, has in fact a unique
solution because of (i).and (ii). Consequently,

L(x, u)=1(0,0,0),
if and only if
(x, u)=1{(0,0).

Moreoever, if K:U-=R" is the bounded linear operator which associates
to any control u the'value in =T of the unique solution of the system

Xy =A)x()+ B{)u(1), reJ,
x{(0)=0, .

one has
Ku =0,

if and only if
u=0,
So, K is one-to-one, and thus onto. Therefore, the above linear system is

completely controllable, so that L is also onto. Hence, L is an isomorphism.
Let us consider now the Nemitskii operator

N:(AC)"x U= (LY
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find a linear system which is homotopic to a nonlinear one in such a way
that, during the homotopy, all the possible zeros remain uniformly bounded
turns out to be sufficient to obtain a precise information even about the
controllability of the linear system itself.

Remark 2.2, In many cases, it seems to be useful to choose as U an
appropriate space of piccewise constant controls with fixed (i.c., depending
only onthe space) switching times. More precisely, ifyr, red i=1,2 ... , m,
denotes the step function

i
(1) = Xo.r(1)e,

where xi ,) is the characteristic function of the interval [0, 7] and {e,:i =
1,2,...,m} is the standard basis of R™, we may take U to be an n-
dimensional space of the form (sce Ref. 8)

span{x:, ..., xn), €0, T),  ie{l,2,..., m}

Sometimes, U can also be taken as the n-dimensional kernel of a suitable
linear operator on (L™)™; see, e.g., Example 2.2.

Remark 2.3. In studying nonlinear processes, one has sometimes to
deal with the controllability of nonlinear operators which are more general
than the usually considered

x v x(0), x> x(T).
For instance, given
D (AC)"»R", G (AC)" >R

bounded continuous nonlinear operators, one may need to investigate
whether the boundary-value problem

X(t) = f(1, x(1), u(t)), tel,
Dy(x) = xo

is ®-controllable to x, € R’, that is, whether there exists a control u
solution x of the boundary-value problem satisfying

Plx)=x,,

and a

It is not hard to verify that, for ®-controllability, the analogue of Theorem
2.1 holds, where, in this case, S will be the set of the pairs

(x,u)e (AC)" xQ,

such that, for some A &[0, 1], x is a solution, corresponding to u, of the

JOTA: VOL. 45, NO. 2, FEBRUARY 1985 239

problem
()= A0 x(0), u())+ 1 =AA)x(t)+ B(ul1)), teJ,
ADo(x)+ (1= A)Cox = x4,
ADP(x)+H {1 = A)Cx = x|,

with dim U=p and GCo:(AC)"=»R", C:(AC)"»R" bounded, surjective
lincar operators. . .

It should be observed that the assumptions of Theorem 2.1 imply,
besides the solvability of the equation

Lix, u) = h{x, u) =y,

also the local surjectivity of the map L—h at y. Therefore, the following
result holds.

Corollary 2.1. Assume that all the hypotheses of Theorem 2.1 are

satisfied. Then, system (5) is locally controllable from x, to X .
We will state now a global controllability result which is obtained by
slightly strengthening assumptions (i) and (ii) of Theorem 2.1.

Theorem 2.2. Let U, A(-), B(-) be as in Theorem 2.1. Assume that:
(iii) for any R =0, there exists a positive constant My, independent
ol A, such that

(max be(0)]+ u]le) 5 M

1/
for all (x, u) € (AC)" x U which solve, for some A € [0, 1], the system
X() = A(, x(0), u(0))+ (1 =A)A()x () + B(1)ul4)), re
XAOv“Hc. '

X(T)=x, C(Ixol +xi) s R

it

Then, the system (5) is globally controtlable.

Proof. Choose any x, x, € R", and let
R =|xo| +|x)].

Observe now that assumption (iii) implies (i) and {ii) of ,;noq.,a 2.1 .3
taking as ) any open ball in U centered at the origin and with radius
strictly greater than My Consequently, system (5) is controllable from x,

to x,. |
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As already pointed out, in the previous theorems we are always con-
cerned with the assumptions involving a priori bounds type conditions, It
is not hard to convince onesell that, usually, in order to verily this sort of
conditions, most of the difliculty arises in proving that x's are uniformly
bounded. For this reason, it is of some interest to investigate which kind
of hypothesis enables to deduce the boundedness of the x’s from the

boundedness of the controls. In this direction, we have the following
theorem,

Theorem 2.3, Assume that, for each ue {l and A e [0, 17, the solutions
x(+, u, A) of the initial-value problem (6) are equibounded in J, i.e., there
exists a constant C= C(u, A), independent of x, such that

max |x()]=C
re)

Then, assumption (i) of Theorem 2.1 is satisficd. The same conclusion holds,
in particular, when, for any uef) and A € [0, 1], system (6) has a unique
solution x defined on the whole interval J.

Inorderto prove the above theorem, we need to know how the solutions
of problem (6) depend on the contro! u and the parameter A. A classical
result concerning the dependence of the solutions on parameters and initial
conditions in the case where the right-hand side of the initial-value probltm
isa oo:z:cozm function of its arguments and, for any value of the parameter,
the problem has a unique solution, can be found, for instance, in Ref. 18,
We will give here a generalized version of this result for Carathéodory
right-hand sides and nonuniqueness of the solutions.

Theorem 2.4, Let

ﬁm‘:v:n?: .Wx ”ﬁb. @u Xﬁ: Jvﬁ:.

be a sequence of functions such that:
(i)  for aa. refa, b] and all neN, the function pr g,(1, p) is con-
tinuous;

(ii forall peR” and all neN, the function t—>g,(t, p) is Lebesgue
measurable on [a, b];

(i) for each p>0, there exists y, € LY[a, b)) such that, for a.a.
refa bl for all p with [pl=p, for any nen,

18 (1, Pl = v,(1).

Let {(1n, a)}new be a sequence in [a, b] xR" converging to a point (7, a):
and let x, be any noncontinuable, absolutely continuous solution of the
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initial-value problem
¥r)=g. (4, x(1)),  tefa b]
x(1,)=a,.

Assuine, in addition, that there exists a function g t{a, b} x5 - R" such ::?
(iv) for a.a. te[a, b}, the sequence {p— 2. (1, pi} ~ converges uni-
formly to pr—=g(1, p) on any compact subsel of R"; o
{v) any absolutely continuous solution of the initial problem

gl x(1)),  refa,b],

a

w
i

=
-
i

is defined on [a, b]; moreover there exists a constant C > 0 such that

max |x(1)j=C,
tefa,b]

for all solutions x of (13),

Then, there extsts e N such that, for any n= 4, x, is delined m,: [a, b]
and the sequence {x,},., has a subsequence ¢converging uniformly in [a, b)
to a solution of (13).

Proof. Set

p=C+1,
and define

Fila, b]-R ‘
by

F(t)= v,(s) ds.
7
Let 5> 0 be such that, if
,'efla, b} and |r—11<23,
then
[F()= F(1)] <4

We will show that, for n large enough, x, is defined in [~ 8, 7+ 8] [a, b]
and |x,(1)] < p for any t in this interval.
Suppose that, for any neN, there exists 7, € R such that

_q.:_Awm. R:A\x‘*.ﬂ:i"b.
. (4 0l<p, Jf <7
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second variable, such that
M peq)+(T=A)(A()p+ B ) < w)(1,]p]),
lql < p, aa. telJ peR"
Assume, in addition, that the maximal solution of the initial-value problem
1) =wy(1, (), e,
7(0) =[x

is continuable up to T. Then, for any ue{) and A €[0, 1], the solutions of
(6) are equibounded in J.

Proof. Lel A € [0, 1] be fixed, and let p be such that
fulln=p,  uell.

For any €>0, let 1, be a solution of
(1) =wi(t, n(1), reJ,
n(0) = € +|x,|.

We will show first that, for each (1, A) e () [0, 13,00 x(+, u, A) is a solution
of problem (6) corresponding to (y, A), then

Ix(O} < n.(1),

for any r for which », is defined.
Choose any solution x. Since

x(0)=x, and n,(0)>|x)
there exists > 0 such that

()< (0, 0=t <1
Assume that there exists' 72 7 such that

DT (), ()] < (),
We have

O ],
) i
I D o . LA/Cn x o)y, u(o))y 4 (1= AN () -+ B(oyu())] di

?
S bl bl e (e [x(0)]) dt
0

[

e ,,_.,,c_ ;,._ :JNT. n () di s 0 (D).
it}
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Thus,
|x(0)} < n, (D),

a contradiction. ,

On the other hand, from the assumption and Theorem 2.4, it is casily
scen that, for € sufficiently smali, n, is defined for all re J. Consequently,
for such €'s, any solution x of (6) satisfies

(D] <n (1),

This proves the assertion. O

for all re /.

Remark 2.5. The assumptions of Corollary 2.3 arc all satisfied (for
instance) when, for any p > 0, there exist functions «a,, B8, ¢ L' such that

(G p, @)= a,(0)+B,(0)lpl,
lgl = p, a.a. tel, peR"

We close the paper with some examples which illustrate the abstract
results given above.

Example 2.1, Consider the second-order diflerential equation
X(0) =101, x (1), u(1)),

tel0, 1], {14)
with /1[0, |]XR xR -> R continuous and satisying the following conditions:
(C1) forany peR, f(t, p, g) > +c0, as g +00, uniformly for p = p and
(a0, 11 f(t, p, g) > ~©, as g —0, uniformly for p=<p and re{0, 1];
(C2) for any My>0 and p e R, there exist M, M, such that

S poq)= M,
[t pyq) = My,
Ouraimistoshowthat Eq. (14), which is clearly equivalentto the system
(1) = (1), tef0, 1],
YOy = S0 x (1), u(1)),

is globally controllable at the time T =1 by means of piccewise constant
controls of the form

u(t) = axp(0)+ by (o),

To this end, we will prove that (14) can be well transformed into the
lincar equation

() =x(t)+u(s), te{0, 1]

More precisely, according to Theorem 2.2, we need to show that, for any

pEp,lgl= Mo, tef0, 1]
p=p,lgl= M, 1ef0,1).

ref0,1),

a beR.
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of 8,¢(}, 1), such that

A/..;\Q:vx.v +00 331 ‘..ﬂ..A\w:v,l, -0,

"

This leads to a contradiction, whether ‘b, -+ or {b.} is Lounded,
b, -» —c0, then, as previously, we would obtain

i o
uf_ﬂuv = =0,

which contradicts the continuity of the x,'s. Henee, the controls, and thus
the corresponding Vs are bounded independently of A, required,

Observe hnally that, in Eq. (14), il we add to the nonlinearity / any
bounded continuous function f,:[0, {[xR x[3-» R, then the perturbed
cquation

X =Sl x{), u(n) + £, x (1), u{t}}, te(0, 1],

is still globally controllable, since also the _,::n:,c:\.,r\_ satisfies (C1) and
AGB.

Example 2.2, Consider the system
xC = S v(8), 1e{0,1],
Sy =)+ gl x(o), y(0), u(r)),  refo, 1],

2 N .
where [:{0, 1 x0U=0, g [0 150 = @ e continuous and such thau:

(16)

(EEY {0 y) » b, us y - oo unitor

St y) - =00, as y - =0, uniformly in f;

(¢2) there exists O >0 such that

g0t x, 3 1) = O (2, v ) e [0, 110,

We shall prove that (16) s globully controltuble Ly means of controls
uof the form

u(t)=a-+ by, a, beR,

Fo this purpose, consider the system
XCO) = A p00) -+ (1= A) (1), refo, 1],
AR UL (), (), u (), te {0, 1],

17
=ag, o p0)= (17)

=0y, \i:,....t_.
ool Fipt] fee 0[] = R,

w
!
:
)
|
|
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As in Example 2.1, we need to show that, for any R 20, there exists Mg >0
such that all the sotutions {x, y, u) of (17) satis{y

ax (x (O} 1y (OD + max Ju(O)]) = M.

TH_ 1) te{0,1]

1

Cleurly, it suffices to consider the case where there exists a sequence
(1 hens  a()=a, 4 byte a, baeR,

such

(la, | +1b,1) = +co,

We have

i

(u, (1) # A0 x, (1), va (1), u, (1)) di

! F
w, (1) dt ;ﬁ lg(t, x, (e}, v (), u, (D) d,

2R =y, (1) - y,(0)]

iy

so that

la, tabl =11 w,(1)dr]=sC+2R (18)
4]
Set

A,._UQ:,;_.W?:

and observe that y, can be written in the form

’ ' ¢ 3 { - )y {
<:A\/ = v\:rOV -7 AQ: IWN\,: R .\v:,n .f \/‘.N».A. ,/;AM,V‘ .« :va, ::,Mvv Q.,m
S 0

=g, ()~ b,u(1),
where )
—ﬂ\-:« ﬂv_ I\J Nﬁl »T Hw \‘A

and

i
X (D) =x (0= | X, (jdr=A, | fu, o (0)=hu(0))di
1

=M | (on( = bouln) di. (19)
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Let x, be a solution of (22). Suppose that

x, (1) = n(1), tef0,1].
Then,

ﬁ x. (1) dt < ‘ |
Jy A<,

which is impossible. Thus, there exists an interval
Nx “m\_l Nuau_,
such that

x, (1) > (1), te(t, ),

and

X (1 ) = nin, ), X, (1) =nl1),

Now, let M be such that
n(t)= M, tef0, 1]

By Assumption (C1), there exists AeN such that, for t¢ I,
Aa S X (0, ua)+ (1= X)),

ZAx inf S p, )+ (=2 u, = K.

pE:M -
1€{0,1)

Therefore, the function
v(1) = x, (1) = m(1)
solves in 1, the differential inequality

(1) =0, o(ty,) =uv{n)=10

This implies that

Ay

et} =0, in I
|

,Mm_n.: on::ua_.im the fact that x; is strictly greater than nin(t,, ). Hence
(22} is, for our purposes, an appropriate homotopy, and so the Q-,nozqozmu

bility of (20) follows now from a siral fcati
Y $ a straightforward applics
21 (soe alse Remart 3% g rward application of Theorem

, meojm,..ﬂrm,. to obtain the previous local controllabilit
in fact, sufficient to relax Assumption (C2) into the followin

y result) it is,
g assumption:

JOTA: VOL. 45, NO. 2, FEBRUARY 1985 255

(C2') for any My> 0, there exist M,, M, such that, for lgi= M,,
fpg)=M,  p=0, 1[0, 1],
S, pog)s M, p=0,1e[0 1]

Similar weaker conditions can be considered also in Examples 2.1 and
2.2 in the case where a problem of local controllablity instead of global
controllability, is discussed. A

3. Conclusions

The controllability conditions obtained above require the choice of a
suitable linear system into which the nonlinear process has to be transfor-
med. Therefore, it may be of some interest to examine closely what kind
of linear systems turn out to be more appropriate in order to be able to
deduce the a priori bounds nceded. For instance, in many cases, a well-
behaving homotopy can be constructed, provided onc can find matrices
A(+)and B(-)suchthatthelinearoperator (x, u)=> A{-)x+ B()u possesses
asymptotic properties analogous to thosc of the given nonlinearity.

We also point out that, in deriving our sufficient conditions, the choice
of a finite-dimensional control space is actually needed. A deeper investiga-
tion on the possible choices of this subspace seems in fact to require a
further study.
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