218 JOTA: VOL. 45, NO. 2, FEBRUARY (985

18. LONG, N. V. and VOUSDEN, N., Optimal Control Theorems, Applications of
Control Theory to Economic Analysis, Edited by J. D. Pitchford and S. J.
Turnovsky, North-Holland Publishing Company, Amsterdam, Holland, 1977.

19. FEICHTINGER, G., A Differential Games Solution to a Model of Competition
between a Thief und the Police, Management Science Vol. 29, pp. 686-699, 1983.

20. FEICHTINGER, G., Optimal Policies for Two Firms in a Noncooperative Research
Project, Optimal Control Theory and Economic Analysis, Edited by G. Feichtin-
ger, North-Holland Publishing Company, Amsterdam, Holland, 1982,

JOURNAL OF OPTIMIZATION THEORY AND APPLICATIONS Vol 45 No 2 FEBRUARY 19K

Linear Controllability by Piecewise Constant
Controls with Assigned Switching Times

M. Furi,' P. Nistri,? M. P. PerA,Y AND P L. Zizza®

Communicated by R. Conti

"

Abstract.  Tora linear time-dependent control process in R”, we prove
that the complete controllability by means of the spuace of all the
admissible confrols is equivalent to the complete controllability by
means of a suitable n-dimensional space of piecewise constant controls
with at most n preassigned switching times. An analogous resuit is also
established for more general controllability problems

Key Words. Linear contro! procesces, complete controllubility, piece-
wise constant functions, switching times.

1. Introduction

In this paper, we are concerned with the controttability of a linear
control process described by the differential system

X()y=A()x()+ B(t)u(t), ..
where 1eJ =10, T], A(+) and B(-) are time-dependent nxn and nxm
matrices with coefficients in L'(J, R), and u belongs to the space

Up={ue L'(JJR™): B()u(-)e L(J, 17"}

of all the admissible controls.
QOur aim is to show that, if the system (1) is completely controllable at

time T by means of Uy (i.e., if, for every x,, x, 2 R" there exists a control
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u€ Uy steering X, to x; at the fixed time T), then it is still completely
controllable by means of an appropriate n-dimensional space of controls

consisting of piecewise constant controls with at most n preassigned switch-
ing times. In the case where the control is scalar (i.e., m=1), we give a

necessary and sufficient condition to reduce the switching times to their
minimum number which is n—1.

Analogous results are established also in the case where a more general
type of controllability is considered.

To be more specific, let us consider the linear control process (1),
together with the boundary condition

D.K:.Hv& 4 . ANV
where
D AC(J R")»R? \

is a bounded linear surjective operator defined on the Banach space
AC(J,R") of absolutely continuous functions x:J > R", with norm

I

=+ (0 dr.

Following Marchio (Ref. 1), we will say that (1) is D-controllable by means
of Up if, for every y e R? the system (1)-{2) is solvable for some u e Up.
Clearly, if

Dx = {x(0),x(T))e R’

’

the above notion coincides with the usual one of complete controllability.
We prove that, il (1) is D-controllable by means of U,, then it is still
D-controllable by means of a p-dimensional space of piecewise constant
controls with at most p preassigned switching times, where

p=q-n+dim(Ker D Ker L)
and
LEAC(L,R") - L'(J,R")
is defined by
(Lx)(ny=x(1y = A(D)x(1).

Some other results establishing bounds on the number of switching
times have been obtained in the bang-bang controllability context, where,
actually, the considered bang-bang controls turn out to be also time- -optimal
controls. We refer to Refs. 2 and 3 for linear autonomous control processes

1
'
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in R” and to Ref. 4 for nonlinear autonomous control systems of the form

%“.\.AHV..T:WAHV,

with f and g analytic vector fields defined on an analytic manifold and
uwe[~1,1]. However, it should be observed that there is a substantial
difference between the problem in which we are interested here and the
one examined in the above papers. In fact, such a difference depends
essentially on the choice of the controls to be employed: in our approach
(the switching times being the same for all controls), we deal with a linear
control space, while, in the bang-bang case, we may only bound the number
of switching times on assigned time intervals (the number of them being
dependent on the control). Thus, in particular, the control set considered
in this latter case is not a linear space.
In what fol _oé A\»m}v keN, will denote the Banach space AC(/J, R,
,;m mwmoo L7(J,R*), 1 = p=+co, will be briefly indicated by (L7)* Finally,
will be the subspace of (L™)* consisting of piecewise constant
?:o:o:m.

2. Controllability by Means of n-Dimensional Control Spaces

Consider the linear control proc

)y =A()x()+ B()ult), ted=[0 T} {33

where A(-) and B(-) are time-dependent n xn and n X m matrices with
L'-coefficients, and where ue Uy,

Observe that Up, the space of controls, is a vector subspace of (L)
which contains (L™)". Given a subspace U of Up, the system {3} 15 said to

be completely contrellable by means of U/ if for every x, x; € B7 there exists
a control ue U such that the solution x of the Cauchy problem
XY= A{O)x()+ B{ryulr} red, ,
(4)
.XAOV = Xp

satisfies the condition
x{(T)=x,. {5

In other words, (3) is completely controliuble by L {or simply completely
controllable, in the case U = Uy} ifl the boundiry-value problem (] i
solvable for some ue U

It is well known, and it is easy to check, that (3} 15 completely control-
lable by U if and only if (3) is controllable from zero [controllabl

€ {0 ¢ro |
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by Uiie, ifl, forany x,e R" [x,e ®"], the boundary-value problem (3)-(5)
is solvable for x,=0 [x, =0] and some u & U. Because of this equivalence,
in what follows, we shall restrict our attention to the control system

x()y=A(Ox()+ B(Hu(), reJ,
x(0) =0.

4

(6)

Now, for any ue Up, (6) admits a unique solution
x=Kue(AC)",

that can be represented by the linear operator
(Ku)(t)=X(1) | X"'s)B(s)uls) ds

9

where X () is the n X n matrix solution of
X{)=A(NX(1)

which satisfies the condition
X(0) =1,

where [ is the identity matrix. Thus, if by
C:(AC)" > R"

we denote the surjective linear operator
Cx=x(T),

the controliability from zero of (3) is nothing else but the surjectivity of
the linear operator

CK: levzx.
given by
r
CK{(u)=X(T) XYs)B{s)u(s) ds.
0

It is therefore clear that (3) is controllable from zero [or, as we shall say
fater, that (6) is C-controllable], if and only if the restriction of CK to
some n-dimensional subspace U of Uy is onto (and thus, an isomorphism).
In other words, if we can steer the solution of (3) from zero to any desired
point (at the fixed time T), then some n-dimensional subspace U of Uy
will serve our purposes as well.

The main result of this paper (Theorem 2.1 below) shows that we can
seek U in the class of the n-dimensional subspaces of the spaces which

e e
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consist of piecewise constant R™-valued functions with at most n discon-
tinuities at fixed switching times {i.e., at switching times {1,, 1, ..., .} which
depend only on the space]. o

For a given interval [a, b]J< R, let x;,,; denote the characteristic
function of {a, b]. Given reJ and i=1,2,..., m, we denote by x, the step
function

X1 = X1 e,

where
{ei=1,2,...,m}

is the standard basis of R™. Observe that
{(PC)" =span y,

where .
y={xreli=12.... m.

Theorem 2.1.  If (3)is completely controllable, then itis still completely
controllable by means of an n-dimensional space of the type

U=span{x,, ..., xu}

Proof. It is enough to show that the famiy CKix) 1s a svstem of
generators for B". Suppose that

span CK(x) = CK({PC)™")#R".
Then, there exists ve R”, v # 0, such that

v*CK(u)=0, for all uey,

that is,
.

0=0v*X(T) X UsYB(s)x'(s) ds

0

= *E*EAXAJX;_?:*&K&,

s}

forall reJand i=1,2,..., m Thus,

B*( sHX(TYX "(s)*v=0, ae in J.
Therefore,

v*CK (u) =0, Yue U,

which contradicts the complete controllability of (3). 0



s
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. Observe that, from the proof of Theorem 2.1, one can deduce that (3)
is completely controllable if and only if

VX (T)X (s)B(s)=0, ae. in J, implies v =0.
This result and Corollary 2.1 below are well known when the controls are

taken in (L™)™; see, e.g., Ref. 5.

Corollary 2.1. If (3) is completely controllable, then it is also com-
pletely controllable by (PC)Y™

We point out that, in the case where the controls are taken in (L7)™,
I <p <o, the above result follows immediately from the fact that

CK:A(L")"->R"

is continuous and { PC)™ is dense in (L7)™. A similar argument can be used

for the case p=co using the w*-topology of (L™)™. In fact, (PCY™ is
w*-dense in (L™)™ but not dense, and

CK(L™)"»>R"

is w*-continuous. However, an analogous proof cannot be carried out in
the case where the controls are taken in Uyt as the following example
shows, the operator CK: U, —R" may fail to be continuous and, con-
sequently, if it occurs, it cannot be continuous in any weaker topology.

Example 2.1.  Consider the scalar equation
() =ult)/N1,  tefo, 1],
The sequence
{1} ens SCVH:\/\Mv»\?\?;\:?v,
converges {o zero in the h,_;oco_om« of Uy However,
{ Vi

CK(u)= ?\?v\z\@ ds =

o H/je

(1/s)ds=1,

woﬂ all jeN.
Observe that the fact of whether or not a system such as (3) can be
controlled by means of span{y:,..., xr} can be checked by numerical

methods. In fact, in order to obtain controltability, it is sufficient to verify
that

det(X (1) %, (1)), ..., X T (1,)%,(1,)) 0,

. e e

e e n o e~ e
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where X, i=1,2...., m, is the solution of the Cauchy problem
X()=A(t)x(1)+ B(1t)e, ret
x{0)y=0.

i

il

There are many situations where (3) is completely controllable by
controls of the form

u(t)=o(1)y(1),

where y: J»R" is a fixed L™-function and ve L™ is arbitrary (see Ref. 6).
This makes the case m = | particularly interesting. In Theorem 2.2 below,
our aim is to give a condition which makes possible, in the case m =1, the
use of a space of piecewise constant controls with n—1 fixed switching
times in the open interval (0, T). Such a space is clearly n-dimensional,
Theorem 2.2. Let m =1, and assume that system (3} is completely
controllable. Then, (3) is completely controllable by means of a space of
piecewise constant functions possessing at most n — | discontinuities at fixed
switching times if and only if X{(7) # 0, where ¥ is the sulution of the Cauchy
problem (6) which corresponds to the constant control y, = o1

Proof. As in the proof of Theorem 2.1, the fumily of vectors
V={CK(x.): X, = X0, 0< 1= 1}

is a system of generators of B". The assertion now follows from the tact
that the condition

HT)=CK(yy)#0

is equivalent to the existence of a basis for 8" containing Xt Thand contained
in V.

Let us now consider system {3), together with a bounded linear surjec-
tive operator
D:(AC)" »> R

yois D-controllable by

Fellowing Marchio (Ref. 1), we shall say that
means of U< Uy (orsimply D-controllable when U= U, )if forany y ¢ 517,
the system

) =A(Ox{)+ B(Huln), re .
Dxe=y

is solvable for some we U. Notice that, when
D:(AC) > R™
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is the operator
x = (x(0), x(T)),

the notion of D-controllability coincides with that of complete controlla-
bility. .

We will'show that Theorems 2.1 and 2.2 can be extended to D-
controllable systems. Let us first assume that the boundary-value problem

i;uﬁci:. te ),
Dx=0 |

admits only the trivial solution. Such a condition is obviously satisfied when
Dx = (x(0), x(T)).

Consider the bounded, linear, surjective differential operator
L:(AC)" > (L"),

given by
(Lx)(1)=x(1)= Al1)x(1).

By our assumption, the restriction
D|Ker L:Ker L > R*®

is one-to-one, and this implies that
g=dim Ker L=n,

Therefore, without any loss of generality, we may in lact suppose that
g=n+p>n,

since otherwise DIKer L would be onto and, thus, (3) would be D-control-
lable by means of u(r)=0.

Itis clear now that, under the assumption that D|Ker L is one to one,
n of the ¢ coordinate functionals associated to D must be linearly indepen-
denton Ker L. This allows us to split D into the direct sum of two operators

CDCH{AC)" > R"DR",
with
ColKer L:Ker L-»R"

an isomorphism [as it is, for example, the operator Cox = x(0)]. Now, as
in the case of

Dx = {(x(0), x(1)),

JOTA: VOL. 45, NO. 2, FEBRUARY 1985

(8]
e
-l

the fact that CylKer L is onto implies that (3) is D-controllable by U iff
the houndary-value problem

X()=A(x(1)+ B(u(r), teJ,
QOV‘.“O

Il

is C-controllable by U ; that is, iff, for any z € B”, there exists a control ue U
such that the unique solution x of (8) which corresponds to u satisfies the
condition Cx =z

Because of the above considerations, we shall restrict our attention to
the problem of the C-controllability of the system (8). As before, let

K:Ug=>(AC)"
be the linear operator which associates, to each u e Uy, the unique solution

of (8). The C-controllability of (8) is now equivalent to the surjectivity of
the composition

CK: QQIVEB.

Thus, (8) is C-controliable if and only if it is C-controllable by means of
some p-dimensional subspace of U, It is therefore clear that, in order to
extend Theorems 2.1 and 2.2 to this more general situation, we need only
to show that, as before, the operator CK admits an integral representation
such as

T

CK(u)= O(s)B(s)u(s) ds,

0
where ®(-) is a suitable p X n matrix. To this aim, let
Lo:Ker Co=» (LY)"
be the restriction of L to Ker C,. By assumption,
Ker ConKer L= ,Sf
thus, L, is one-to-one. Moreover, since
L:(AC) s (Lh"
and
ColKer L:Ker L->R"

are both onto, it turns out that also

Lo=LIKer Cy:Ker Con (L")

is onto, and hence an isomorphism of Banach spaces. We can therefore
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consider the bounded linear operator
CLy" (L") -7,

that, by the Riesz representation theorem of bounded linear functionals on
L', may be written in the integral form
T

CLy'(¥)= | ®(s)y(s) ds,

0

where D(-) is a p xn matrix with L%-coeflicients. So,

ﬂ
CK{u)= P{s)B(s)uls) ds,

0

and the argument used to prove Theorems 2.1 and 2.2 works for D-
controllable systems in the case where D|Ker L is one-to-one.
Let us now assume

s=dim(Ker L~ Ker D)>0.

Then, the Hahn-Banach theorem ensures the existence of a bounded linear
operator

SHAC)" >R,
such that the restriction
Si(Ker L~ Ker D)

is onto. This fact implies that (3) is D-controllable by U iff it is S® D-
controllable by L. On the other hand (§@® D)|Ker L is clearly one-to-one,
so the following two results can be stated. .

Theorem 2.3. Let
D:{AC)" - R? !

be a surjective bounded linear operator, and assume that (3) is D-control-
lable. Let ’

p=qts—n

where § is :8, number of linearly independent solutions of the system
X(t)=A(1)x(1), te ],
Dx=0.

Then, (3) is D-controllable by means of a p-dimensional space of the type

U=span{x,..., \«HQ.

e ——— e e e

s A - e ———— e+ -
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Theorem 2.4, Assume that the system (33 is D-controliable and that
m=1. Let p be as in Theorem 2.3, Then, (3} is D-controllable by means
of a space of piecewise constant functions possessing al most p - | diseon-
tinuities at fixed switching times iff any solution x of 130 with wl(r) =1 ix
such that Dx # 0.

3. Conciuding Remarks

The finite-dimensional control space U/ which replaces the infinite-
dimensional control space LJ, in the ahove controltubility problems seems
to be particularly suitable in applying topological methods, such as degree
theory and homotopy invariance results, in order to derive local and globat
controllability results for nonlinear control processes of the form

X(i) =S, x(0), u(1) red, (93
where
v\A“e\ Xm“w: X@NV: \.VQMJ

satisfies some Carathéodory-type conditions. In lact, such methods require
a priori bounds on the solution pairs (x, u) of nonlinear control processes
such as {9), and these bounds, even in the linear case, cannot be obtained
if the dimension of the control space exceeds that specitied on this paper.

Some sufficient conditions for the local and global controllability of
system (9), via these methods, are contained in the next paper.
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