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Abstract:

By means of some existence results on selections of multivalued maps we solve a tracking problem

for a dynamical system affected by deterministic uncertainty. The considered control system is modelled by

a system of differential inclusions.
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1. INTRODUCTION

We consider a differential inclusion of the form
€ F(t,z,u)t€[0,+oc},ue UCR™, z€R", (1)

which models a nonlinear controlled dynamics affected
by a deterministic uncertainty. The multivalued map
F has closed and convex values, it is t-measurable and
(z,u)-continuous in the Hausdorff metric, U is a com-
pact set.

A system dynamics f of F' is a function t-measurable
and (z,u)-continuous (i.e. f is a Carathéodory map)
such that f(t,z,u) € F(¢,r,u) for almost all (a.a.) t €
[0, +00) and any (z,u) € R" x U.
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Together with (1) we consider a reference model for (1)
which is represented by a nonlinear control system of
the form

y=g(t,y,v)t€0,4+), veVCR, yeR", (2

where g is a Carathéodory function and V is a compact
set.

The initial state z(0) = zo of (1) is also uncertain, but
bounded, namely zq € B(0,r) for some r > 0. The
initial states y(0) = yo for the reference model (2) are
taken in a ball B(0,p) C R".

We assume that both F" and ¢ satisfy conditions ensuring
that solutions extend to [0, +o0).

Fix any state-control pair (y(t), v(t)), ¢ € [0, +00), of the
model. The aim of this paper is to solve the following
problem.



Given a € Ry, to determine a state feedback
control u = u(t.z), not necessarily continuous in the
state r. in such a way that for any system dynamics
flt.r,u(t,z)) € F(t,z,u(t,z)) and for any initial con-
dition zg € B(0.r) the corresponding solutions z = z(t)
of the Krasowskii's regularization

€ K(p)(t, z(t)), te[0,+) 3)
z(0) = zq,
where o(t,z) = f(t,z,u(t,z)) and K(p)(t.z) =
égo T&e(t, Bz, §)) satisfy the inequality
ly(t) — z(t)] < Be~'. te[0.+oc), (@)

for some 3 > 0.

Here B(z,6) = {: e R" : |z — z| < §}.

The approach we use to solve this problem is similar
to that employed in ([7] and the references therein) to
obtain the asymptotic linearization of a nonlinear un-
certain system. This approach is based on the theory
of variable structure systems and the use of a suitable
{non differentiable) Liapunov function.

In Section 2 we will use a selection theorem due to
Bressan ([3], Theorem 1) to prove the existence of a
directionally continuous selection of a multivalued map
U(t, z), called the regulation map, suitably defined by
means of the dynamics F and g. Such a selection is suffi-
ctently smooth to allow us to solve the proposed problem
under the assumption that F is bounded in a neighbor-
hood of the reference trajectory (Theorem 1). In 7] we
used the Michael’s selection theorem to prove the ex-
istence of a continuous selection from U, this requires
more restrictive conditions on the uncertain dynamics
F.

In fact, using a directionally continuous selection u(t, z)
it is possible to prove (see [4]) that the solution set of
the Cauchy problem

{

1s the same of that of the differential inclusion (3) for any
selection of systemn dvnamics f from {1). By a solution of
(D) we mean an absolutely continuous function z(t} de-
fined in [0. +2c) which satisfies (5) for a.a. t € [0 +¢).
As we will see. to prove Theorem 1 it is essential to deal
with the solutions of {3) instead of those of (3}. Observe
that the solution set of the Filippov's regularization. (see
[2]). of (5) is contained in the solution set of (3).

flt.z,u(t, z))

z(0) = ¢

I

(5)
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Finally, in Section 3. under different assumptions, we
will prove a result (Theorem 2) which solves our prob-
lem for the Filippov’s regularization of (5). Specifically,
we will define a regulation map 5’(!,1:) under less re-
strictive conditions than those of Section 2. These con-
ditions only allow us to prove the existence of a selection
u(t,z) which is measurable in both the variables. On
the other hand, we will assume that for the correspond-
ing Filippov’s regularizations of any system dynamics,
f(t.z,u(t, z)) is contained in F(¢t,z,u(t, z}), or a similar
condition on #(¢.z) and the regulation map 5(t,x).

We would like to point out that there are other methods
for dealing with the problem considered in this paper.
We mention here [6] and the references therein. In fact,
by using Bouligand tangent cones and viability theory,
(see [1]). in [6] one can establish an invariance property
of a given closed set in R™ with respect to any system
dynamics of an uncertain control system. Then one can
use this invariance property to solve tracking problems
like those considered here.

For brevity, we omit here all the proofs of the results.
They will be presented elsewhere.

2. A First Result

Let D = [0.+oc) x R x /. We assume the following
conditions on the multivalued map F : D—oR":

(H1) F(t,z,u) is a nonempty, bounded, closed, convex
set for a.a. t € [0,+00) and any (z,u) € R* x U'. F
is t-measurable and (z,u)-continuous in the Hausdorff
metric.

Observe that, by (H;) and the Michael’s selection the-
orem, (see e.g. [2]), it is easy to see that F has
the Carathéodory selection property. That is, for any
Po € F(to,z0,u0) with (tg,20,up) € D, there exists a
Carathéodory map f such that flt,z,u) € F(t,z.u)
for aa. t € [0,o) and any (z,u) € R® x I/ and
po = f(to, 2o, up). L.e. fis a system dynamics. In fact.
the multivalued map G : D—oR" defined as follows:

F(t,z.u) if (t.z,u) # (tg. 2o, up)

Glt.z. u) =
bz { Do H{t.z,u) = (t;. x5

JUg )

satisfies the assumptions of the Michael's selection the-
orem for a.a. £ € [0, o), (see Lemma 3 in the sequel).

The function g : £ — R". whete E = [0.+x) xR x 1,
which represents the dynamics of the reference model.




is assumed to be Carathéodory.

Fix any state-control pair (y(t).v(¢)), with ¢t € [0, +oc).
of the reference model. Given a € Ry, let Cbean xn
matrix such that Re A(C) € —o. where M) denotes
any eigenvalue of C.
Define a function s : [0.+oc) x R® x B(0,r) — R"™ as
follows:

tho

(6)

where ¢ = co(Zo,y0) Is a continuous function from
B(0.r) x B(0, p) to R" and y; = y(0).

s(t,z,zg) = y(t)—x—e

Consider now the function V : R™ — Ry given by:

Vis)=>lsil.
i=}

Clearly, V is not a differentiable function in R”, thus
we consider the Clarke’s generalized gradient of V'(s),
denoted by 0V(s).

We have the following Lemma (see [8]).

Lemma 1 For an arbitrary absolutely continuous func-
tion £ = z(t) 1n [0,+00), consider o(t) = y(t) — z(t) —
¢Cice. We have the following properties:

(1) if:—tV(o'(t)) exists then %V(U(t)} = (-o(t) for any
( € OV (a(t));

(i1) the function V(o(t)) is absolutely continuous in
[0, +00);

(iti) f %V(a(t)) < —k* <0 foraa t€e{te]0,+00):
o(t) # 0}, then there exrists T > 0 such that o(t) = 0
fort>T.

Remark 1 Observe that property (i) implies that for
any t € [0,00) at which E_t—V(O'(t)) exists, if ¢;(¢) = 0

d .
for some 1 <1< n then Em(t) = 0.

Consider the set

A={(t,z)e0,+oc) x R* :s(t.z,z0) # 0
for any z¢ € B(0.7)}.

¥

Given k # 0. we define the function m: A x ' — R as

follows:
m(t,z,u) = 1of mnf mf

To€B(0,r) (€8Vis{tz.z¢)) weF(t.r u?

[ w = (y(t) = CeCley)] — k2

I
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where ¢o = co(z0, y0)-

Let (f,7) € A\A for any u € [ we define

m(f,T,u) = liminf m(t, z. u).

(1,0)—(1,7)
We have the following result.

Lemma 2 The function m AxU — R is -
measureble, z-lower semicontinuous and u-continuous.

Consider now the multivalued map U : A—oR™ defined
by:
Ut,z) ={u €U :m(t,z,u) > 0}.

U is called the regulation map. We assume:
(H,) for any (t.z) € A the set U(t, z) is nonempty.

It 1s easy to verify that the multivalued map
(t,z)—oU(t, z) is t-measurable and z-lower semicontinu-
ous with nonempty, closed values. Moreover the follow-
ing property holds.

Lemma 3 For any ¢ > 0 there ezists T, C [0,40c)
closed with p([0, +0o)\T) < € such that Uly  p.ng 15
lower-semicontinuous.

Following Bressan [3] we introduce now the notion of
directionally continuous function with respect to a given
cone. Let M > 0 and consider the cone

'™ .= {(t,z) e R x R" : [z] < Mt}

We say that a map ¥ : RxR™ — R” is directionally I'™-
continuous at a point (¢,%) if and only if ¥(t,,zn) —
¥(%,T) for every sequence (t,,z,) — (,T) with (¢, —
t.z, —F) € T™ for n > 1. Moreover, we say that it is
'™ _continuous on a set Q@ C R**!ifit is I'™-continuous
at every point (¢,%) € Q.

We say that a map % : R x R® — R" is Scorza-Dragoni
I'™_continuous. if for every € > 0 we can find T, C



0. +oc) closed such that p([0. +0c\T,) < € and u is
'™ _continuous on T x R™ .

Assume that:

(Hs) there exists M > 0 such that [F(t,r.u)j < M
for any (t.z.u) € D, where F(t.z.u)f =sup{lyl vy €
F(t.z.u)}.

Remark 2 Observe that if the reference trajectory y =
y(1).0 <t < . is bounded and (4) holds for all the
solutions z(t) of (5), then there exists a compact set K
containing all the trajectories z = z(t). t € [0. +00). of
(5) with zo € B(0.7).

Remark 2 suggests that (Hs) could be replaced by:

(H%) the function y = y(t) is bounded on [0,+>) and
F is bounded on [0.+>) x A x L" for any compact set
K of R™.

We need the following,.

Lemma 4 (4], Corollary 2.2) Let B be a closed subset
of Rx R and let G- B—oR" be lower semicontinuous
with nonempty, closed values. Then, for any M >0, G
admits a TM -continuous selection defined in B.

An immediate consequence of Lemmas 3 and 4 is the
following proposition.

Proposition 1 Under assumptions (Hy), (Hy) and er-
ther (Ha) or (Hj), the multivalued map (t.z)—o U(t. )
has a Scorza-Dragont TM _continuous selection u

u(t, z) defined in A

This proposition guarantees that any dynamics
St z) = flt.z.oult.r)) € F(t.z.u(t,z)) is Scorza-
Dragoni '™ _continuous in A.

Observe that the Krasowskil's regularization K{y)(t. 1)
's not necessarilv contained in F{t. r. u(t.z);.

We have the following result.

Proposition 2 Under assumptions {Hy). (Ho) and ex-

tad

ther (Hs) or (Hj), any solution of the Cauchy problem

{

where 1o € B(0,r) 15 a solution of

{

Finally we are in the position to formulate the main
result of this section

z € K(g)(t.z)
z(0) = zo,

z = p(t, z)
1'(0) = ZXg-

Theorem 1 Let (y(t),v(t)) be a state-control pair for
the reference model (2) defined on [0,-+oc). Assume
(H,). (Hy) and either (Hg) or (H3). Then for any sys-
tem dynamics @ and any zo € B(0.r) every solution
z(t) of (3) satisfies the inequality {y(t) — ()] < Fe~ ot
for some 8 > 0 and any t € [0, +o<).

The proof consists in showing that for any solution z(t)

d 2
of (3} we have EV(U(U) < —k% for aa. t € {0.+2¢)
and then in applying Lemma 1.

3. A Second Result

In this section we define the regulation map in a less re-
strictive way and we replace (Hz) and (Hj) by different
conditions which allow us to prove an analogue of The-
orem 1 for the solutions of the Filippov’s regularization
of (5). Specifically. given k # 0. we define the function
M AxU — R as follows:

M(t,z,uy= inf sup inf

0€B(0.r) (€aV(s(t.r.azo)) weF{tru;}
(¢ w=¢ (@) = CeCleo) — k2
where ¢g = ¢cg{Zo.Yo)-
Let [ - A—oR”™ be the multivalued map defined by:
Cit.z)={uel - M{t.z,u) > 0}.
We replace (H,) with the following:

(H3) for any {t.z) € A. the set {'(t,.t) is nonempty.

We have the following




Lemma 5 Assume (H:) and (H3). Then there erists a

measurable selection & of U.

Obviously, for amy system dynamics J(t.xr)
f(t.z.u(t.z)) we cannot expect, in general. any kind
of continuity with respect to the state r. Therefore we
must consider a regularization of . Here we consider
the Filippov's regularization of 3.

{ T E‘.’F;(@(t,x), )
z(0) = zy,
where F(g)(t,z) = 0 N F(t, B(z,6) — N) and u

§>0 u(N)=0
denotes Lebesgue measure in R", or equivalently

FB)Lx) = co{ lim p(t,2n),
Tp — I, T € N;UN}

with /,L(N;) =0.

We consider here Filippov’s solutions of (5) instead of
Krasowskil’s solutions since the Filippov’s regularization
15 smaller than the Krasowskil’s regularization, making
less restrictive the following conditions.

(H3) For any system dynamics § and any (¢,z) € A we
have
Fle)t.z) C F(t,z,u(t, z)).

(H3*) For any (t,z) € A we have
Utt,z) € Ut z)
where U(t,z) = F(u)(t, z).

We can now formulate the following result.

Theorem 2 Let (y(t),v(t)) be a state-control pair of
the reference model (2) defined in [0, +o0). Assume
(Hi), (H3) and esther (H3) or (H3*). Then for any sys-
tem dynamics ¢ and any zo € B(0,7) every solution
z(t) of (7) satisfies the inequality |y(t) — z(t)| < Be~
for some >0 and any t € [0, +00).
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