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The paper establishes a link between the stability of the semigroup e(−Γ+M)t and 
the spectral radius of Γ−1M in ordered Banach spaces. On the one hand our result 
allows utilizing simple estimates for the eigenvalues of −Γ + M in order to provide 
general conditions for the convergence of the successive approximation scheme for 
semilinear operator equations. On the other hand, this paper helps examining the 
stability of the semigroup e(−Γ+M)t for those classes of matrices −Γ and M , which 
lead to observable expressions for Γ−1M , e.g. when M is a coupling applied to 
disjoint systems representing Γ. The novelty of the paper is in the development of 
an infinite-dimensional framework, where an absolute value function induced by a 
cone is introduced and a way to deal with the lack of global continuity of eigenvalues 
is presented.

© 2015 Elsevier Inc. All rights reserved.

1. Introduction

Due to important applications in analysis (see Huang–Zhang [11], Abbas–Rhoades [1], Ilic–Rakoce-
vic [12]), the fixed point theory for nonlinear operator equations

x = M(x)

with a contractive operator M is being lately rapidly developing for cone metric spaces, where the value of 
the norm ‖ · ‖ is no longer a scalar, but an element ‖ · ‖F of a Banach space. This paper is stimulated by 
prospective applications of the contracting mappings theory in cone metric spaces to so-called semilinear 
operator equations (see Petryshyn [25], Mawhin [22])

Gx = M(x), (1.1)
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where G is a linear invertible unbounded operator and M is a bounded operator. By introducing the linear 
operators Γ, M : F → F such that ‖M(x) − M(y)‖F � M‖x − y‖F and ‖G−1x‖F � Γ−1‖x‖F , the 
contracting mappings theory in cone metric spaces brings one to the following conclusion: the convergence 
of the iterative scheme

xn+1 = G−1M(xn) (1.2)

holds, if

ρ(Γ−1M) < 1, (1.3)

where ρ(Γ−1M) stays for the spectral radius of Γ−1M . In this paper we provide conditions on Γ and M
that permit to prove that (1.3) is necessary (Theorem 3.1) and sufficient (Theorem 5.1) for the exponential 
stability of the semigroup e(−Γ+M)t, t ≥ 0. This achievement allows utilizing simple estimates for the 
location and asymptotics of eigenvalues of infinite unbounded matrices (being the matrix −Γ + M) (see 
e.g. Shivakumar–Williams–Rudraiah [27], Malejki [21]) in order to establish the validity of (1.3) and the 
convergence of the scheme (1.2). Furthermore, Theorem 3.1 unveils new applications of the stability results 
available for the semigroup e(−Γ+M)t (see Hille–Phillips [10], Dickerson–Gibson [6], Megan–Pogan [23], 
Fridman [9]) by unveiling their intimate connection to the convergence of the respective iterative scheme (1.2)
and, thus, to the solvability of the nonlinear equation (1.1).

On the other hand, our result opens new opportunities to examine the exponential stability of the zero 
equilibrium of linear differential equations

y′ = (−Γ + M)y

in Banach spaces through the inequality (1.3). We refer the reader to the texts by Janas–Naboko [13], Shiv-
akumar [26], Cooke [5], Bernkopf [4] for applications of linear differential equations with infinite unbounded 
matrices in real-life problems. Compared to Shivakumar–Williams–Rudraiah [27], our result (Theorem 5.1) 
applies even if −Γ +M is not 3-diagonal. When −Γ is a diagonal matrix with infinitely increasing coefficients 
and M is an arbitrary unbounded matrix, the approach taken in [27] is through Gershgorin disks, which 
fails to ensure stability in wide classes of matrices where our approach still applies. An important example 
of such a situation is given by the problem of the stability (in the space l1) of an array of 1-dimensional 
differential equations ẋi = mixi, i ∈ N, which generate −Γ and which are further coupled via an infinite 
matrix M of general form (discrete heat model). The stability condition through the Gershgorin disks will 
here be ∑

j

mij/Γii < 1 for all i ∈ N, or
∑
i

mij/Γjj < 1 for all j ∈ N. (1.4)

While the condition (1.3) leads to ∑
i

sup
j∈N

{mij}/Γii < 1. (1.5)

It is not hard to come up with classes of matrices M where (1.5) applies and (1.4) fails. In addition, 
Theorem 5.1 complements the stability conditions by Triggiani [28] (in control theory) and Fan–Li [8]
(in elasticity) in the case where the Banach spaces involved respect the order induced by a cone.

Let us briefly discuss the technique used in this paper touching upon the difficulties that come from 
an infinite-dimensional context and require new advances in comparison to the available finite-dimensional 
framework, see Kamenskii–Nistri [14] and the references therein. In order to prove by Theorem 5.1 that (1.3)
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is a sufficient condition for the exponential stability of the semigroup e(−Γ+M)t, t ≥ 0 we need to introduce 
a multivalued map which, in the framework of the Banach spaces with generating cone, has the relevant 
properties of the absolute value in R. We will refer to this map as the positiveness map. Furthermore, an 
operator in an infinite dimensional Banach space depending continuously on a given parameter has the 
property that its eigenvalues have only local continuous dependence on the parameter, instead of the global 
continuity in the case of finite dimensional spaces. We overcame this difficulty by taking the advantage of 
the one-sided estimates available for the spectrum of analytic semigroup generators. To control the complex 
behavior coming from continuous and residual spectrum in Theorem 3.1 we assume that the operator Γ−1M

is compact. Analogously, to prove Theorem 5.1, in the preliminary Lemma 5.1 we give conditions on Γ and 
M under which the unbounded linear operator −αΓ + M , α′ ≤ α < +∞, where 0 < α′ < 1 has a compact 
resolvent.

The paper is organized as follows. In Section 2 we recall some well known definitions and results concerning 
the ordered Banach spaces and the semigroup theory which will be used throughout the paper. Section 3
is devoted to the formulation and the proof of Theorem 3.1 which shows that condition (1.3), coupled with 
additional assumptions on Γ and M , is necessary for the exponential stability of the semigroup e(−Γ+M)t, 
t ≥ 0. The positiveness map is introduced in Section 4, where we provide the relevant properties of such a map 
useful to our purposes. Finally, in Section 5 we complete our results by proving Theorem 5.1 which states, 
under suitable assumptions on Γ and M , that the condition (1.3) is sufficient for the exponential stability 
of the semigroup e(−Γ+M)t, t ≥ 0. Despite of many technicalities coming from the infinite-dimensional 
framework our main result (Theorem 3.1 and Theorem 5.1) is sharp in the sense that, in the case of finite 
dimension, it transforms exactly into that of Kamenskii–Nistri [14], i.e. the equivalence of (1.3) and the 
stability of the semigroup e(−Γ+M)t, t ≥ 0. An acknowledgment section concludes the paper.

2. Definitions and preliminary results

For the reader’s convenience in this section we recall some well known definitions and results concerning 
both the ordered Banach spaces, see for instance [17,20], and the semigroup theory for which we refer mainly 
to [7], see also [2,10,18,19,24].

2.1. Ordered Banach spaces

Let F be a real topological linear space. A subset K of F is called a cone, if K is closed, convex, invariant 
under multiplication by elements of R+ := [0, +∞), and if K ∩ (−K) = {0}. Each cone induces a partial 
ordering in F , through the rule u ≥ v if and only if u − v ∈ K. This ordering is antisymmetric, reflexive, 
transitive, compatible with the linear structure, i.e. α ∈ R+ and u ≥ 0 imply αu ≥ 0 and, for every w ∈ F , 
u ≥ v implies u +w ≥ v+w, and the ordering is compatible with the topology, i.e., uj ≥ 0, uj → u, implies 
u ≥ 0.

On the other hand, let F be a topological linear space with an ordering ≤ which is compatible with the 
linear structure and with the topology. Then the set K := {u ∈ F : u ≥ 0} is a cone in F , the positive 
cone, and this cone induces the given partial ordering on F . Hence, an ordered normed linear space (ordered 
Banach space) with positive cone K is a normed linear space (Banach space) together with a partial ordering 
which is induced by a given cone K. In what follows it will be denoted by (F, K).

Let F be an ordered normed linear space with positive cone K. We shall write u > 0 if u ∈ K \{0} := K̇.
A cone K is called generating if F = K −K and K is called normal if there exists a δ > 0 such that, for 

all u, v ∈ K,

‖u + v‖ ≥ δmax(‖u‖, ‖v‖).



836 I. Gudoshnikov et al. / J. Math. Anal. Appl. 429 (2015) 833–848
The norm ‖ · ‖ of the space F is called semi-monotone if there exists N > 0, such that for any x, y ∈ K, 
x ≤ y implies ‖x‖ ≤ N‖y‖. The norm is called monotone if 0 ≤ x ≤ y implies ‖x‖ ≤ ‖y‖. The cone K is 
normal if and only if the norm is semi-monotone [17, Theorem 1.2, 1.3.3].

2.2. Semigroup theory

Definition 2.1. A family {T (t)}t�0 of bounded linear operators on Banach space X is called a (one-parameter) 
semigroup on X if it satisfies {

T (t + s) = T (t)T (s) ∀(t, s � 0),
T (0) = I;

Definition 2.2. A semigroup {T (t)}t�0 is called strongly continuous or C0-semigroup if the functions

ξx : R+ → X

ξx : t 
→ ξx(t) := T (t)x

are continuous for all x ∈ X.

Definition 2.3. The generator of a strongly continuous semigroup T (t) is the operator, defined on the set

D(A) = {x : ξx is differentiable}

and acting by the rule

A : x 
→ lim
t↓0

T (t)x− x

t
.

We will often denote the semigroup T (t) by eAt.

Property 2.1. The generator of a strongly continuous semigroup is a closed and densely defined linear 
operator that determines the semigroup uniquely.

Property 2.2. If {T (t)}t�0 is a strongly continuous semigroup then there exist ω ∈ R and N � 1, such that 
for all t � 0

‖T (t)‖ � Neωt.

Definition 2.4. Let T = {T (t)}t�0 be a strongly continuous semigroup. Then its growth bound is defined by

ω0(T ) = inf
{
ω ∈ R : ∃Nω such that ∀(t � 0) we have that ‖T (t)‖ � Nωe

ωt
}
.

Property 2.3. Let T = {T (t)}t�0 be a strongly continuous semigroup then for all t � 0

ρ(T (t)) = eω0(T )t.

Definition 2.5. The semigroup {T (t)}t�0 is called uniformly exponentially stable if

∃ε > 0 : lim
t→∞

eεt‖T (t)‖ = 0.
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Property 2.4. A strongly continuous semigroup {T (t)}t�0 is uniformly exponentially stable if and only if its 
growth bound ω0(T ) < 0.

Definition 2.6. Let X be a Banach space and A : D(A) ⊂ A → X be a closed operator. Then

s(A) := sup{Reλ ∈ σ(A)}

is called spectral bound.

Definition 2.7. The essential growth bound of the semigroup T = {T (t)}t�0, generated by A, is defined as 
follows

ωess(T ) = ωess(A) := inf
t>0

1
t

ln ‖T (t)‖ess,

where

‖S‖ess = inf{‖S − C‖ : C is compact}.

Property 2.5. Let A be the generator of a strongly continuous semigroup T = {T (t)}t�0. Then

ω0(T ) := max{ωess(T ), s(A)}.

Definition 2.8. Let X be a Banach space and Σδ
def= {λ ∈ C : |arg λ| < δ}\{0}.

A family of operators (T (z))z∈Σδ∪{0} ⊂ L(X) is called an analytic semigroup (of angle δ ∈ (0, π2 ]) if

(i) T (0) = I and T (z1 + z2) = T (z1)T (z2) for all z1, z2 ∈ Σδ.
(ii) The map z 
→ T (z) is analytic in Σδ.
(iii) limΣδ′�z→0 T (z)x = x for all x ∈ X and 0 < δ′ < δ.

If, in addition,

(iv) ‖T (z)‖ is bounded in Σδ′ for every 0 < δ′ < δ, we call (T (z))z∈Σδ∪{0} a bounded analytic semigroup.

Property 2.6. Let A : D(A) ⊂ F → F be a linear operator defined in a complex Banach space F . If ϑ ∈ R, 
then

e−iϑσ(A) = σ(eiϑA).

Property 2.7. Let A be a generator of analytic semigroup of angle α. Let ϑ ∈ (−α, α). Then eA(eiϑt) is a 
strongly continuous semigroup and its generator Aϑ is given by eiϑA.

2.3. Complexification of spaces and operators

We recall now the complexification of the domain of a linear operator and the corresponding extension 
of the operator. For further details compare [15].

Let A : F → F be a linear operator, where F is a real Banach space. We define the operator AC :
FC → FC , as follows

AC : (x, y) 
→ (Ax,Ay),
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where FC = F × F is the complex Banach space with norm

‖(x, y)‖ = max
θ∈[0,2π]

‖x cos θ + y sin θ‖.

It is easy to verify the following properties.

Property 2.8. ACBC = (AB)C , (A−1)C = (AC)−1.

Property 2.9. For all real numbers α, β we have that (αA + βB)C = αAC + βBC .

Property 2.10. AC is a compact operator, if and only if A is a compact operator.

Property 2.11. ‖AC‖ = ‖A‖ and by Gelfand’s formula: ρ(AC) = ρ(A).

Property 2.12. eAt is a strongly continuous semigroup if and only if (eAt)C is a strongly continuous semigroup 
and the generator of (eAt)C is given by AC , i.e.

eACt = (eAt)C .

Moreover, by Property 2.11 we have that

ω0(eACt) = ω0(eAt).

Remark 2.1. If the operator A acts on a real Banach space we will always understand its spectrum, spectral 
radius and eigenvalue as spectrum, spectral radius and eigenvalue of its complexification AC .

3. A necessary condition for the stability

We can prove the following result.

Theorem 3.1. Let F be a real Banach space, let K ⊂ F be a generating normal cone. Assume that the norm 
in F is monotone and that

(1) Γ : D(Γ) ⊂ F → F is a linear operator such that −Γ is the generator of a uniformly exponentially stable 
strongly continuous semigroup e−Γt, t ≥ 0, with e−Γt � 0 in the ordered Banach space (F, K) for any 
t ≥ 0.

(2) M : F → F is a bounded linear operator such that M ≥ 0 in (F, K).
(3) The composition Γ−1M is compact.

Then for all t > 0

ρ(e(−Γ+M)t) < 1 =⇒ ρ(Γ−1M) < 1

Proof. Since Γ−1M is compact its spectrum consists of isolated eigenvalues of finite multiplicity, 
see [16, III.6.7]. If Γ−1M does not have nonzero eigenvalue then ρ(Γ−1M) = 0 and so theorem is proved. 
Thus, consider the case when Γ−1M has nonzero eigenvalues. Assume, by contradiction, that ρ(Γ−1M) � 1, 
and observe that, since ω0(e(−Γ)t) < 0,

Γ−1x = R(0,Γ)x = −R(0,−Γ)x =
+∞∫

e−Γtxdt � 0,

0
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for any x ∈ K, hence Γ−1M is positive as composition of positive operators and it is compact by assumption. 
Since the cone K is generating, by [20, Theorem 6, §6] there exists an eigenvector x0 ∈ K corresponding to 
the eigenvalue λ = ρ(Γ−1M). Therefore, we have

Γ−1Mx0 = λx0,

and so

x0 = 1
λ

Γ−1Mx0,

Γx0 = Γ1
λ

Γ−1Mx0 = 1
λ

ΓΓ−1Mx0 = 1
λ
Mx0 ∈ K

Then

(−Γ + M)x0 = Mx0 − Γx0 = ΓΓ−1Mx0 − Γx0 =

= Γλx0 − Γx0 = λΓx0 − Γx0 = (λ− 1)Γx0 ∈ K.

Consider now the Cauchy problem {
y′ = (−Γ + M)y,
y(0) = x0,

(3.1)

and its solution y(t) = e(−Γ+M)tx0. For t, �t > 0 evaluate

y(t + �t) − y(t) = e(−Γ+M)te(−Γ+M)	tx0 − e(−Γ+M)tx0 =

= e(−Γ+M)t(e(−Γ+M)	tx0 − x0) = e(−Γ+M)t
	t∫
0

e(−Γ+M)s(−Γ + M)x0 ds =

= e(−Γ+M)t
	t∫
0

e(−Γ+M)s(λ− 1)Γx0 ds.

On the other hand each operator e(−Γ+M)t is positive because it can be found using iterative process 
v0 = I; vi+1 = Qvi for the following positive operator:

(Qv)(t) = e−Γt +
t∫

0

e(−Γ)(t−s)Mv(s)ds.

Since we have supposed that λ = ρ(Γ−1M) � 1 we have that

y(t + �t) − y(t) � 0,

i.e.

y(t + �t) � y(t)

in (F, K). The positivity of y(t + �t) and y(t) and the monotonicity of the norm of F imply that
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‖y(t + �t)‖ � ‖y(t)‖.

This contradicts the assumed stability of the semigroup, thus ρ(Γ−1M) < 1. �
4. The positiveness map

Let F be a real Banach space and let K ⊂ F be a generating cone. Define a multivalued map P : F → 2K
as follows

P : x 
−→ {u + v : u, v ∈ K,u− v = x}

where 2K is the class of all subsets of the cone K. Since the cone is generating we have that P (x) �= ∅ for 
every x ∈ F .

The map P has the following properties.

Property 4.1. ∀x ∈ F , P (x) ⊂ K.

Proof. It is obvious, since any y ∈ P (x) is a sum of two elements of K. �
Property 4.2. ∀x ∈ F , P (x) = P (−x).

Proof. Let y ∈ P (x), thus there exist u, v ∈ K such that u + v = y and u − v = x. Then v−u = −x implies 
y = u +v ∈ P (−x), i.e. P (x) ⊂ P (−x). Taking y ∈ P (−x) the same argument shows that P (x) ⊂ P (−x). �
Property 4.3. ∀x ∈ F and ∀y ∈ P (x) we have y + x ∈ K and y − x ∈ K.

Proof. Let y ∈ P (x), hence by definition there exist u, v ∈ K such that u + v = y and u − v = x. Then 
y + x = u + v + u − v = 2u ∈ K and y − x = u + v − (u − v) = u + v − u + v = 2v ∈ K. �
Property 4.4. y � x and y � −x imply y ∈ P (x).

Proof. Consider u, v as follows: u = 1
2 (y+x) ∈ K and v = 1

2 (y−x) ∈ K, thus u + v = y and u − v = x. �
Property 4.5. P (0) = K.

Proof. By Property 4.1 we have that P (0) ⊂ K. To prove that K ⊂ P (0), let y ∈ K and consider u = v = y
2 , 

thus y ∈ P (0). �
Property 4.6. ∀x ∈ F and ∀b ∈ P (x), a � b implies a ∈ P (x).

Proof. Let b ∈ P (x), by definition there exist u, v ∈ K such that u + v = b and u − v = x. Consider a � b, 
namely a −b ∈ K. Let u1 = u +a−b

2 ∈ K and v1 = v+a−b
2 ∈ K. Then u1+v1 = u +a−b

2 +v+a−b
2 = b +a −b = a, 

u1 − v1 = u + a−b
2 − (v + a−b

2 ) = u − v = x, hence a ∈ P (x). �
Property 4.7. ∀x ∈ F , P (x) is a closed set.

Proof. Let {yi} ⊂ P (x) be a sequence such that yi → y as i → +∞, thus 1
2 (yi + x) → 1

2 (y + x) and 
1
2 (yi−x) → 1

2 (y−x). Since K is closed, by Property 4.3 we get that u = 1
2(y+x) ∈ K and v = 1

2 (y−x) ∈ K

and so u + v = y, u − v = x. Hence, y ∈ P (x) and so P (x) is closed. �
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Property 4.8. ∀x ∈ F and ∀α ∈ R we have that |α|P (x) ⊂ P (αx).

Proof. For α = 0 we have that |α|P (x) = 0 ⊂ K = P (0) = P (αx).
For α > 0 we have that |α|P (x) = αP (x). Let y ∈ P (x), by definition there exist u, v ∈ K such 

that u + v = y and u − v = x. Then αy = α(u + v) = αu + αv, with αu ∈ K and αv ∈ K, moreover 
αu − αv = α(u − v) = αx, hence αy ∈ P (αx).

For α < 0 we have that |α|P (x) = −αP (x). Let y ∈ P (x), thus there exist u, v ∈ K such that u + v = y

and u − v = x. Then −αy = −α(u + v) = (−αu) + (−αv), with −αu ∈ K, and −αv ∈ K, moreover 
(−αv) − (−αu) = α(u − v) = αx, hence −αy ∈ P (αx). �
Property 4.9. ∀x1, x2 ∈ F we have that P (x1) + P (x2) ⊂ P (x1 + x2).

Proof. Let y1 ∈ P (x1) and y2 ∈ P (x2), thus there exist u1, v1 ∈ K such that u1 + v1 = y1 and u1 − v1 = x1
and there exist u2, v2 ∈ K such that u2 + v2 = y2 and u2 − v2 = x2. Then y1 + y2 = u1 + v1 + u2 + v2 =
(u1 + u2) + (v1 + v2) and (u1 + u2) − (v1 + v2) = u1 − v1 + u2 − v2 = x1 + x2, hence y1 + y2 ∈ P (x1 + x2). 
In conclusion P (x1) + P (x2) ⊂ P (x1 + x2). �
Property 4.10. Let S : F → F be a linear positive operator. Then ∀x ∈ F we have that SPx ⊂ PSx.

Proof.

P (x) := {u + v : u, v ∈ K,u− v = x},

SP (x) = S{u + v : u, v ∈ K,u− v = x} =

= {Su + Sv : u, v ∈ K,u− v = x} ⊂ P (Su− Sv) = PS(u− v) = PS(x). �
5. Stability theorem

In order to establish the main theorem of the paper, i.e. Theorem 5.1, we need the following preliminary 
lemmas.

Lemma 5.1. Let F be a complex Banach space. Assume that

(1) Γ : D(Γ) ⊂ F → F is a linear operator such that Γ−1 is compact.
(2) M : F → F is a bounded operator.

Moreover, assume that ρ(Γ−1M) < 1. Then the operator −αΓ + M has a compact resolvent for all α such 
that α′ � α < +∞, where 0 < α′ < 1.

Proof. Let ε > 0 such that 0 < ε < 1 − ρ(Γ−1M). We can define a norm on F , see [17, 2.5.2], denoted by 
‖ · ‖ε which is equivalent to the norm ‖ · ‖ on F and satisfying the inequality:

‖Γ−1M‖ε � ρ(Γ−1M) + ε < ρ(Γ−1M) + 1 − ρ(Γ−1M) = 1.

Now choose α′ such that ‖Γ−1M‖ε < α′ < 1. Clearly, for any α with α′ � α < +∞ the estimate 
‖ 1
αΓ−1M‖ε < 1 holds. Therefore, let λ be such that

0 < λ <
1 − ‖ 1

αΓ−1M‖ε
1 −1 .
‖αΓ ‖ε
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Then

‖ 1
α

Γ−1M‖ε + ‖λ
α

Γ−1‖ε < 1.

This means that

ρ

(
1
α

Γ−1M − λ

α
Γ−1

)
� ‖ 1

α
Γ−1M − λ

α
Γ−1‖ε � ‖ 1

α
Γ−1M‖ε + ‖λ

α
Γ−1‖ε < 1.

We can expand the resolvent in a Neumann series to obtain

Rλ(−αΓ + M) = (−αΓ + M − λI)−1 =
(
−αΓ

(
I − 1

α
Γ−1M + λ

α
Γ−1

))−1

=

=
(
I − 1

α
Γ−1M + λ

α
Γ−1

)−1 (
− 1
α

Γ−1
)

=
∞∑
k=0

(
1
α

Γ−1M − λ

α
Γ−1

)k (
− 1
α

Γ−1
)
. (5.1)

From (5.1) it follows that Rλ(−αΓ +M) is compact. Therefore, the operator −αΓ +M has compact resolvent, 
see [16, III.6.8], for all α such that α′ � α < +∞, where α′ < 1. �
Lemma 5.2. Let F be a real Banach space and let K ⊂ F be a generating cone. Assume that

(1) Γ : D(Γ) ⊂ F → F is a linear operator such that −Γ is the generator of a uniformly exponentially stable 
strongly continuous semigroup e−Γt, t ≥ 0, with e−Γt � 0 in the ordered Banach space (F, K) for any 
t ≥ 0;

(2) M : F → F is a bounded linear operator such that M ≥ 0 in (F, K).

Moreover, assume that ρ(Γ−1M) < 1. Then the linear operators −αΓ +M , where α ∈ (0, +∞), can possess 
an eigenvalue with zero real part only if α < 1.

Proof. We argue by contradiction, hence we assume that the operator −α0Γ +M has an eigenvalue iω, ω ∈ R, 
for some α0 � 1. Denote the corresponding eigenvector by x0 + iy0 �= 0. The solution of the equation

y′ = (−α0ΓC + MC)y

with initial condition y(0) = x0 + iy0 is given by

y1(t) = (x0 + iy0)(cosωt + i sinωt) =

= (x0 cosωt− y0 sinωt) + i(x0 sinωt + y0 cosωt).

While the solution corresponding to the initial condition y(0) = x0 − iy0 is given by

y2(t) = (x0 − iy0)(cosωt− i sinωt) =

= (x0 cosωt− y0 sinωt) − i(x0 sinωt + y0 cosωt).

Thus their sum is the solution corresponding to the initial condition y(0) = 2x0 and it is given by

y∗(t) = 2x0 cosωt− 2y0 sinωt.
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The solution y∗ is periodic of period T = 2π
ω and it is non-zero, since x0 + iy0 �= 0. Moreover, this solution 

has no imaginary part, and so, for the rest of the proof we can consider the involved operators as defined 
in F instead that in FC . Since y∗ can be viewed as the solution of the following non-homogeneous equation{

y′ = −α0Γy + My∗,

y(0) = 2x0;

it can be represented as follows

y∗(t) =
t∫

−∞

e−α0Γ(t−s)My∗(s)ds.

Consider now we the family of linear operators Qt : F 
−→ F defined by

Qt : x 
−→
t∫

−∞

e−α0Γ(t−s)Mxds.

Notice, that for any t ∈ R, the operator Qt coincides with the operator Q := 1
α0

Γ−1M . Indeed, for any 
x ∈ F , consider

Qtx =
t∫

−∞

e−α0Γ(t−s)Mxds = −
0∫

+∞

e−α0ΓqMxdq =
+∞∫
0

e−α0ΓqMxdq =

= −R(0,−α0Γ)Mx = 1
α0

Γ−1Mx

That is

Qt = 1
α0

Γ−1M = Q,

with ρ(Γ−1M) < 1, hence we can define an equivalent norm ‖ · ‖L on F , see [17, 2.5.2], such that

‖Γ−1M‖L def= sup
x∈F,x�=0

‖Γ−1Mx‖L
‖x‖L

< 1

As a consequence ∀x, y ∈ F we have

‖Qtx−Qty‖L = ‖Qt(x− y)‖L = ‖ 1
α0

Γ−1M(x− y)‖L � 1
α0

‖Γ−1M‖L‖x− y‖L

On the other hand, by assumption α0 � 1, hence Qt is a contraction and so it has a unique fixed point 
in F . But Qt is a linear operator, thus the fixed point is zero. Since the cone K is generating we can define 
the positiveness map P in F . Now let P̃ be the set defined as follows

P̃ :=
⋂
s∈R

P (y∗(s)).

P̃ is closed since any set P (y∗(s)) is closed. We prove that P̃ is nonempty. For this, let
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a1 = 2x0 + 2y0,

a2 = 2x0 − 2y0

then

2x0 = a1 + a2

2 ,

2y0 = a1 − a2

2 .

Since the cone K is generating, there exist u1, v1, u2, v2 ∈ K, such that

a1 = u1 − v1,

a2 = u2 − v2.

Let ξ = u1 + v1 + u2 + v2. Clearly ξ ∈ K and

ξ − y∗(t) = u1 + v1 + u2 + v2 − 2x0 cosωt + 2y0 sinωt =

= u1 + v1 + u2 + v2 −
a1 + a2

2 cosωt + a1 − a2

2 sinωt =

= u1 + v1 + u2 + v2 −
u1 − v1 + u2 − v2

2 cosωt + u1 − v1 − u2 + v2

2 sinωt =

= u1

(
1 − cosωt

2 + sinωt

2

)
+ v1

(
1 + cosωt

2 − sinωt

2

)
+ u2

(
1 − cosωt

2 − sinωt

2

)
+

+ v2

(
1 + cosωt

2 + sinωt

2

)
.

It is easy to see that all the coefficients above are non-negative, thus ξ − y∗(t) ∈ K, and, by definition, 
ξ � y∗(t) for all t. In virtue of the equality −y∗(t) = y∗(t + π

ω ) and Property 4.4 we get ξ ∈ P (y∗(t)) and 
so ξ ∈ P̃ , i.e. P̃ is nonempty.

Moreover, for all t ∈ R and ỹ ∈ P̃ we have:

Qtỹ =
t∫

−∞

e−α0Γ(t−s)Mỹds =
t∫

−∞

e−α0Γ(t−s)M

(
ỹ + y∗(s)

2 + ỹ − y∗(s)
2

)
ds =

=
t∫

−∞

e−α0Γ(t−s)M
ỹ + y∗(s)

2 ds +
t∫

−∞

e−α0Γ(t−s)M
ỹ − y∗(s)

2 ds ∈

∈ P

⎛⎝ t∫
−∞

e−α0Γ(t−s)M
ỹ + y∗(s)

2 ds−
t∫

−∞

e−α0Γ(t−s)M
ỹ − y∗(s)

2 ds

⎞⎠ =

= P

⎛⎝ t∫
−∞

e−α0Γ(t−s)M

(
ỹ + y∗(s)

2 − ỹ − y∗(s)
2

)
ds

⎞⎠ =

= P

⎛⎝ t∫
e−α0Γ(t−s)My∗(s)ds

⎞⎠ = P (y∗(t)).

−∞
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But we have shown that Qt = Q for all t ∈ R, hence for any t ∈ R we have Qỹ ∈ P (y∗(t)), i.e. Qỹ ∈⋂
t∈R

P (y∗(t)) = P̃ . This means that the map Q̃ : P̃ → P̃ defined by

Q̃ : x 
−→ 1
α0

Γ−1Mx

is well defined. Since the set P̃ is closed it can be considered as a metric space with the metric generated by 
the norm of the space F . The map Q̃ is a contraction as well as Q, then it has fixed point yf ∈ P̃ . But yf
is also the fixed point of the map Q, which has zero as the unique fixed point. Hence yf = 0 ∈ P̃ . Observe 
that P̃ ⊂ P (y∗(0)), thus 0 ∈ P (y∗(0)) and so there exist ux, vx ∈ K : ux + vx = 0 and ux − vx = y∗(0). 
Therefore

ux − vx = y∗(0) = 2x0 cos(ω0) − 2y0 sin(ω0) = 2x0

But K is a cone, thus ux, vx ∈ K and ux + vx = 0 imply that ux = 0 and vx = 0, i.e. ux − vx = 0 = 2x0.
Analogously we obtain that P̃ ⊂ P (y∗(π2 )), thus 0 ∈ P (y∗(π2 )) and so there exist uy, vy ∈ K such that 

uy + vy = 0 and uy − vy = y∗(π2 ) = −2y0. As before uy = 0 and vy = 0 give uy − vy = 0 = −2y0. 
In conclusion, we have shown that x0 = 0 and y0 = 0, contradicting the fact that x0 + iy0 �= 0, hence 
α0 < 1. �

We are now in the position to prove the following result.

Theorem 5.1. Let F be a real Banach space, let K ⊂ F be a generating cone. Assume that

(1) Γ : D(Γ) ⊂ F → F is a linear operator such that Γ−1 is compact, −ΓC is the generator of an analytic 
uniformly exponentially stable semigroup, and the operators e−Γt, t ≥ 0, are positive in the ordered 
Banach space (F, K) for any t ≥ 0;

(2) M : F → F is a linear bounded operator such that M � 0 in (F, K).

Then for all t > 0 we have that

ρ(Γ−1M) < 1 =⇒ ρ(e(−Γ+M)t) < 1.

Proof. Since the semigroup e−Γt is strongly continuous and stable there exist c ≥ 0 and ω1 < 0, such that 
‖e−Γt‖ � ceω1t.

Let α � 0, then D(−αΓ) = D(−Γ), and e(−αΓ)t = e−Γ(αt) is a strongly continuous semigroup with 
‖e(−αΓ)t‖ � ceω1αt. From Lemma 5.1 it follows that there exists α′ : 0 < α′ < 1 such that −αΓC +MC and 
−αΓ + M are operators with compact resolvent for all α � α′.

Consider now the following family of operators.

{−αΓ + M}α�α′ . (5.2)

By [7, Theorem III.1.3, p. 158] the boundedness of M implies the strong continuity of semigroup e(−αΓ+M)t. 
Moreover,

‖e(−αΓ+M)t‖ � ce(αω1+c‖M‖)t.

Since ω1 < 0, for α > − c‖M‖
ω1

we have that αω1 + c‖M‖ < 0, i.e. the whole spectrum σ(−αΓ + M) belongs 
to the left complex half-plane.
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As −ΓC is the generator of an analytic semigroup, there exists ϑ ∈ (0, π2 ), such that the restrictions of 
e−ΓCz to {eiϑt : t � 0} and {e−iϑt : t � 0} are strongly continuous semigroups. By Property 2.7 their 
generators are −eiϑΓC and −e−iϑΓC respectively. Thus there exist Ni, N−i, ωi, ω−i such that for any t ≥ 0
we have

‖e(−eiϑΓC)t‖ � Nie
ωit

and

‖e(−e−iϑΓC)t‖ � N−ie
ω−it.

Hence

‖e(eiϑ(−αΓC+MC))t‖ � Nie
(αωi+Ni‖M‖)t

‖e(e−iϑ(−αΓC+MC))t‖ � N−ie
(αω−i+N−i‖M‖)t,

this implies that

Reσ(eiϑ(−αΓC + MC)) � αωi + Ni‖M‖
Reσ(e−iϑ(−αΓC + MC)) � αω−i + N−i‖M‖

and by Property 2.6

Re e−iϑσ(−αΓ + M) � αωi + Ni‖M‖
Re eiϑσ(−αΓ + M) � αω−i + N−i‖M‖,

i.e. if λ ∈ σ(−αΓ + M), hence

Reλ cosϑ + Imλ sinϑ � αωi + Ni‖M‖
Reλ cosϑ− Imλ sinϑ � αω−i + N−i‖M‖.

Finally,

Im λ � −ctg ϑReλ + αωi + Ni‖M‖
sinϑ

(5.3)

Imλ � ctg ϑReλ− αω−i + N−i‖M‖
sinϑ

. (5.4)

Therefore, the spectrum of −αΓ +M is contained into the sector of complex plane, defined by the previous 
inequalities (5.3) and (5.4). On the other hand, as noticed before, −αΓ + M is an operator with compact 
resolvent for α � α′, thus its spectrum consists of isolated eigenvalues of finite multiplicity for every α. 
Clearly, as α changes, the eigenvalues form a continuous, possibly self-intersecting, branches μ(α). Observe 
that it may also occur that |μ(α)| → ∞ as α converges to finite value. For a detailed analysis we refer 
to [16, Theorem IV.3.16].

Note that the family (5.2) is holomorphic of type (A) and the related branches of eigenvalues α → μ(α)
are analytic functions.

Consider now the branch of eigenvalues described by the function μ : (a, b) → C (or μ : [a, b) → C) with 
α′ � a < 1 and 1 < b � +∞. In what follows we examine the possible situations that may occur. If b = +∞
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then for α > − c‖M‖
ω1

, as already observed, Reμ(α) < 0. In this case, if the branch μ(α) does not cross the 
imaginary axis then it entirely belongs to the left half plane of C. While if the branch crosses the imaginary 
axis, then, by Lemma 5.2, the cross can occur only for α < 1, thus Reμ(1) < 0. If b < +∞ and for α ≥ b

the function μ(α) is not defined, then |μ(α)| → +∞ as α → b−.
On the other hand, from the estimates (5.3) and (5.4) the fact that |μ(α)| → +∞ as α → b− implies 

that Reμ(α) → −∞ as α → b−. Hence, there exists α ∈ (1, b) such that Reμ(α) < 0, and so, as before by 
Lemma 5.2 μ(1) belongs to the left half plane. In conclusion, the entire spectrum of −Γ +M belongs to the 
left half plane, i.e.

s(−Γ + M) ≤ 0.

But −Γ + M is an operator with compact resolvent, then the limit of its spectrum is infinity. Since the 
whole spectrum belongs to the sector defined by (5.3) and (5.4) for α = 1. This implies that does not exist 
a sequence {λi} ⊂ σ(−Γ + M) such that Reλi → 0, hence

s(−Γ + M) < 0.

Moreover, e(−ΓC+MC)t is an analytic semigroup, hence it is norm continuous for t > 0 (immediately norm 
continuous), thus it is compact for t > 0 (immediately compact), since its generator has compact resolvent, 
see [7, Theorem 2.4.29] and the related diagram. This implies that there is no essential spectrum for t > 0, 
and

ω0(e(−Γ+M)t) = s(−Γ + M) < 0,

i.e. e(−Γ+M)t is uniformly exponentially stable. �
Remark 5.1. The results proved in this paper can be applied to differential operators, for instance with Γ as 
the second derivative. Furthermore, operators with positive Green’s function may be positive in appropriate 
spaces. Conditions for a Green’s function to be positive can be found in [3].
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