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Abstract

We study the existence of non-trivial, non-negative periodic solutions for systems of singular-
degenerate parabolic equations with nonlocal terms and satisfying Dirichlet boundary conditions. The
method employed in this paper is based on the Leray-Schauder topological degree theory. However,
verifying the conditions under which such a theory applies is more involved due to the presence of
the singularity. The system can be regarded as a possible model of the interactions of two biological
species sharing the same isolated territory, and our results give conditions that ensure the coexistence
of the two species.
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1 Introduction

In this paper we consider a periodic system of singular-degenerate parabolic equations with delayed
nonlocal terms and Dirichlet boundary conditions of the form

uy — div(|[Vu™[P~2Vu™)= <a(x,t) f/QKl(f,t)uz(ﬁ,t - 71)d§+/QK2(§,t)v2(£,t - Tg)df) uP~tin Qr

vr — div(|Vo"[1-2Vy")= (b(a:, £+ /Q K€, 0u2(€, t — 7)dE — /Q K6, )02 (6,1 — mdg) w11 in O

u(z,t) = v(x,t) =0, for (z,t) € 0 x (0,T),
u(-,0) = u(-,T) and v(-,0) = v(-,T),

(1.1)
and we look for continuous weak solutions. Here Q is an open bounded domain of RY with smooth
boundary 01, satisfying the property of positive geometric density, see [39], Qr := Q x (0,T),T > 0,
7; € (0, +00), the functions K;, a, and b belong to L>=(Qr). The exponents p and ¢ belong to the interval
(1,2), m > p, n > q and s™ = |s|™ " !s. Setting Au := div(|[Vu™[P~2Vu™) and [ := (m — 1)(p — 1), the
operator Au becomes mP~! div(|u|'|Vu|P~2Vu), which is the operator considered by Ivanov in [32], [33]
and [34]. According to the classification proposed in these papers, we say that the first equation in (1.1)
is of

. . . 1
1. slow diffusion type if m > T

1

2. normal diffusion type if m = 1

. . . 1
3. fast diffusion type if m < T

Of course, analogous definition in terms of n and ¢ can be given for the second equation in (1.1).

The aim of this paper is to extend the results of [25] and [26], concerning the existence of non-negative,
non-trivial periodic solutions, to a system of singular-degenerate parabolic equations. To the best of our
knowledge, this is the first result for the case when 1 < p,q < 2, m > p and n > ¢, also in the case of
a single equation. We recall that the cases p,g > 2, m,n > 1 and p = ¢ = 2, m,n > 1 were treated
respectively in [25] and [26], see also [21] and [22] for a system of anisotropic (p(x),q(z))-Laplacian
parabolic equations, with p(z), ¢(z) > 2 in ©, and m = n = 1. In the very recent paper [60], the authors
replace the nonlocal terms of (1.1) by fQ K; (& t)u(g, t)dg, fori = 1,3, and fQ K; (& t)v(&, t)dE, fori = 2,4.
By means of local conditions, different from those proposed in [25, 26], the authors obtain the coexistence
of the two species via a similar topological approach when p,q > 2, m,n > 1 and, thus, only the slow
and normal diffusion occurs, i.e. m(p —1) > 1,n(¢ — 1) > 1. More precisely, models for the interaction
between two biological species sharing the same isolated territory, with the interactions represented by
means of the kernels K;,i = 1,2,3,4, were considered in related systems of doubly degenerate parabolic
equations in [25], [60] and in systems of porous medium equations in [26]. On the other hand, some
previous biological models found in the literature, see e.g. [1], [2], [51], [52] involve the p-Laplacian with
p > 1 (and m = 1). Furthermore, we observe that the equations of the system we consider treat all the
possible types of diffusion: slow, normal and fast, while in [25], [60] and [26] only the slow and normal

diffusions were presented. In fact, as it can be easily checked, if p € (1, 1+2ﬁ) one can have all the three

types of diffusion, while if p € [HT‘/‘F’, 2) only the slow diffusion is possible under the condition m > p.
In the case of the fast diffusion and superlinear growth in w,v of the right hand sides, the solutions
may blow up or vanish in some finite time depending on the initial conditions as illustrated in [11], [40],
[41], [46] and the references therein for the simple equation obtained from the first of system (1.1) by
letting p = 2, a > 0 constant and all the kernels K; = 0 (observe that in the case when p = ¢ = 2 no
restriction on m,n are required, see Remark 2.2). If = RY for such equation we have that the solution
blows up for any initial condition in the case when the superlinear growth in w is less than a certain
critical exponent, see [46], and the same occurs for doubly degenerate parabolic equations, see [47]. If
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the growth is linear or sublinear we do not have blow up of any solution, see [41], hence solutions exist
for all ¢ > 0 and in the linear case, depending on the initial condition, they may vanish in finite time or
become unbounded as t — +oo and, thus, the considered initial conditions cannot give rise to a periodic
solution.

The choice of the sublinear exponents p — 1 and ¢ — 1, respectively, for u and v in (1.1) is mainly
technical since it depends on the topological method employed in the paper, which is based on a priori
bounds of the solutions. Indeed, this choice enable us to establish the required a priori bounds on the
solutions of the approximating problem (2.1) in a uniform way with respect to the perturbation parameter
e > 0. We remark that, if the diffusion is slow and Q C R is a bounded and open domain, then we can
allow a superlinear growth in u, v in order to have both global existence solutions and periodic solutions,
together with their L>-estimates, see [8], [13], [14], [45], [48], [49], [57], [60], [61], [62], [63] and the
references therein. Due to the singularity of the p, g-Laplacian, the way of proving the a priori bounds
deeply differs from that employed in [25] and [26]. Moreover, in order to pass from the L2- to the L>-
estimates, in Lemma 2.2 we have readapted Moser’s technique to the case when 1 < p,q < 2. Moreover
we have to impose the technical restriction m > p and n > ¢ in order to get the gradient estimates in
Lemma 2.4.

Due to their importance in different physical and other natural sciences such as non-Newtonian fluid
mechanics, flow in porous medium, nonlinear elasticity, glaciology, population biology etc.., degenerate
and singular parabolic equations have been the subject of extensive research in the last 25 years, with
particular emphasis on the study of regularity for non-negative weak solutions. We mention here, among
many others, the papers [32], [33], [34], [63] and the monographs [17], [54]. In particular, we refer to the
very recent monograph [18] for a comprehensive treatment of the Harnack inequality for non-negative
solutions to p-Laplacian and porous medium equations. Moreover, [18] provides an historical presentation
of the achievements in this research field and many references to the applications concerning the topics
mentioned above.

The regularity results for the singular p-Laplacian are crucial for the application of the topological
degree approach used in this paper. Similar topological methods are also employed to a great extent for
the existence of non-negative periodic solutions of degenerate and doubly degenerate parabolic equations,
see [3], [9], [20], [30], [31], [38], [42], [44], [45], [48], [55], [56], [58], [59], [60], [61], [62], [63], [64], [67],
[68]. Nonlocal models to study aggregation in biological systems with degenerate diffusion are proposed
in several papers, see the recent [12], [43] and the references therein.

Moreover, we recall that the interest in studying the existence of periodic solutions for degenerate and
non-degenerate parabolic equations modelling biological and physical phenomena, relies in the consid-
eration that the periodic behavior of certain biological and physical non-negative quantities is the most
natural and desirable one, see e.g. [3], [5], [6], [7], [21], [22], [25], [26], [29], [31], [35], [42], [50], [56], [57],
[60], [67], [68]. We also recall the related problems faced in [23] and [24] also for higher order operators,
and in [19] for p=2 and N = 1.

The paper is organized as follows. The goal of Section 2 is the proof of a coexistence result based on
the explicit knowledge of suitable a priori bounds on the L2-norms of the solutions. The search for such
bounds is carried on in Section 3. The reason to split the argument in this way lies in the fact that our
main coexistence conditions, namely Hypotheses 2.2, are applicable regardless of any other assumption on
the terms of the equations. On the other hand, a priori bounds for the periodic solutions are more easily
obtained when we focus on specific situations like the competitive (i.e. Ko, K5 < 0) and cooperative (i.e.
K5, K3 > 0) cases and those in which K;, K, are bounded away from zero or not and other restrictions
on the exponents of the left hand sides are imposed.

More precisely, in order to deal with the singular-degenerate system (1.1), in Section 2 we introduce an
approximating system (2.1) of nondegenerate-singular equations depending on a small parameter € > 0.
Such equations satisfy structure conditions which, for any € > 0, allow the use of well-known regularity
results, i.e. Holder continuity, from e.g. [33], [34]; we will use this regularity to show that the map which
associates to any couple of functions (f,g) € L>®(Qr) x L (Qr) the solution of the regularized system
is a compact map from L>®(Qr) x L>®(Qr) — L>(Qr) X L>®(Qr), see Lemma 2.1. Then, for € > 0, the
problem of showing the existence of a non-negative solution (u.,v:) to (2.1) is equivalent to showing the
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existence of a non-negative fixed point of such a solution map. The way we do this in Proposition 2.2 is
based on the classical tools of the Leray-Schauder topological degree: first, we establish uniform (with
respect to € > 0) a priori bounds, in this specific case in L>(Qr) x L>®(Qr), for all possible non-negative
solutions of (2.1). Then, by the homotopy invariance of the topological degree, Proposition 2.2 guarantees
the existence of a solution (uc,v.) of (2.1) in a large ball B C L™ (Qr) x L°(Q1). Moreover, by means
of suitable conditions on the first positive eigenvalue of the p-Laplacian and on some estimates on the
gradient of convenient powers of u. and v. established in Lemma 2.4, we are able to prove that ||uc ||~ (g;)
and ||vz||zec (g, are bounded away from zero uniformly for € > 0 small enough, see Proposition 2.3. To
conclude, by using the uniform bounds of (u,v:) in L>®(Qr) x L>®(Qr) and the consequent uniform
Hélder continuity of (ue,v:) in Qr, we can pass to the limit as ¢ — 0 and show in Theorem 2.1 that
(ue,ve), by passing to a subsequence if necessary, converges to a solution (u,v) of (1.1) with u # 0 and
v # 0.

In Section 3, we give conditions on the kernels K;,7 = 1,2, 3,4, of the nonlocal terms that suffice for the
existence of uniform a priori bounds in L?(Q7) x L?(Q7) for the solutions (u.,v.) of (2.1). By Lemma 2.2
these a priori bounds imply uniform a priori bounds of (ue,v.) in L®(Qr) x L*°(Qr) and so, from now
on, we can proceed as outlined in Section 2 in order to apply Theorem 2.1. In terms of the biological
interpretations, system (1.1) is a model of the interactions of two biological species, with density v and
v respectively, disliking crowding, i.e. m,n > 1, see [27], [28] and [50], and whose diffusion involves, as in
[1], [2], [51] and [52], the singular p-Laplacian, i.e. 1 < p < 2. The nonlocal terms [, K; (&, t)u?(&, t—7;)dé
and fQ Ki(&,t)v2 (€, — 7;)d¢ evaluate a weighted fraction of individuals that actually interact at time
t > 0. Nonlocal terms in biological models were first introduced in [15] and [16]. The delayed densities
u,v at time t — 7;, that appear in the nonlocal terms, take into account the time needed to an individual
to become adult, and, thus to interact and to compete. The conditions on K;,i = 1,2,3,4, have the
meaning of competitive systems if K; < 0,7 = 2,3, or of cooperative systems if K; > 0,7 = 2, 3; on the
other hand, we always assume that K; > 0,7 = 1,4, to take into account the intra species competition.
The term on the right hand side of each equation in (1.1) denotes the actual increasing rate of the
population at (z,t) € Q7. Related results are presented in the coexistence Theorem 3.1, which considers
the coercive case, i.e. K; > k; > 0,7 = 1,4, and its consequences: Corollary 3.1 and 3.2 for the coercive-
cooperative and coercive-competitive cases respectively. In the non-coercive case we prove Theorem 3.2
for competitive systems when the diffusion is slow or normal for both the equations, and Theorems 3.3
and 3.4 under a stronger assumption on m,p,n,q, but without any conditions on the sign of Ky and
K3. Observe that these results concerning the slow and normal diffusion are relevant for the considered
biological model, in fact the slow and normal diffusion are more realistic for the biological models as
pointed out in [28], [33], [50], [52], [63]. Finally, in Section 4, for a generalization of system (1.1) which
consists in having any power a > 1 of v and v in the nonlocal terms, we obtain, only in the competitive
case, the coexistence Theorem 4.1 and the related Theorem 4.2 for the coercive case and Theorem 4.3 for
the non-coercive case. Note that such a generalization of system (1.1) is a completely new contribution
with respect to [25] and [26].

2 The approximating problem

Throughout the paper we will make the following assumptions:
Hypotheses 2.1. 1. The exponents p,q, m,n are such that p,q € (1,2), m > p and n > q.
2. The delays 7; € (0,+00), i = 1,2,3,4.

3. The functions a,b and K;, i = 1,2,3,4, belong to L (Qr) and are extended to  x R by T-
periodicity. Moreover, a,b and K,;, i = 1,4, are non-negative functions and there are constants
ki, k; >0,i =23, such that

7&2 S Kl(J?7t) S Ez for i = 2,3,

for a.a. (x,t) € Qr.
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We now recall the definition of weak solution to (1.1).

Definition 2.1. A pair of functions (u,v) is said to be a weak solution of (1.1) if u,v € C(Qr),
u™ e LP((0,T); Wo’p(Q)) v™ € L((0 ,T); W (Q )) and (u,v) satisfies

// —uaﬁ + ‘Vum|P—2VumV<p — aup—l(p + up—l(p/ [Kl(f, t)ug(f,t . Tl)—
Qr ot 0

— K5 (&, t)v* (&t — 72)]dE) dzdt = 0
and 5

// <_v8f + |V'U”|q72anV<p — bvq*1@ + 'Uqflgo/ [—Kg(é,t)UQ(f,t . 7'3)—1—
T Q

+K4(E, )03 (&t — 74)]d€) dadt = 0,

for any ¢ € C'(Q7) such that ¢(z,T) = (z,0) for any € Q and @(z,t) = 0 for any (x,t) € 92 x [0, T].

Here and in the following we assume that the functions ¢ — u(-,t) and ¢t — v(:,t) are extended from
[0,7] to R by T-periodicity so that (u,v) is a solution defined for all ¢t € R*.

In order to study system (1.1) we now consider the following nondegenerate-singular approximating
p, g-Laplacian system

Ou _ div((e + mP~Lum= VPV |7y P~2vy) = (a(ﬂc,t) - / K (& t)u?(€,t — 71)dé+
ot .

+/K2(§,t)v2(§,t—72)d§) uP™l in Qr,
Q

% _ div((e +n? tp(r D) Wy |2 V) = (b(x,t) +/ K3(&, t)u? (&, t — 73)dé—
ot Q
- [ Kale et ma) o, in Q.
Q
u(-,t)|oq = v(- t)|oq =0, fora.a.t e (0,7T),
(70) = u(vT) and ’U( ) = ”U(',T),

(2.1)

where € > 0. A solution (u,v) of (1.1) will be then obtained as the limit, for ¢ — 0, of the solutions
(ue,ve) of (2.1) with ue,v. > 0. For this we give the following definition:

Definition 2.2. A couple of functions (ue,v.) is said to be a generalized (weak) solution of (2.1) if
ue € LP(0,T; Wy P(2)) N C(Qr), ve € LU0, T; Wy () N C(Qr)

and (ue,ve) satisfies
// ( +5|Vu|p 2VuVe + |[Vu™|P2Vu™ Vo — aul Lo

*“pil@/ K (€ )u2(6,t — 1) — Ka(&, 002 (€,1 r2>1d£) et =0
Q
and

// (vaaf + €| Vo|T2VuVp + Vo™ |72V Vi — bu? Ly

+vq*1</>/ [Ka(&, )0 (&t — 74) — K3(&, t)u?(E,t — 73)]d§> dxdt =0
Q

for any ¢ € C1(Qy) such that ¢(z,T) = o(z,0) for any € Q and @(z,t) = 0 for any (x,t) € 92 x [0, T].
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To deal with the existence of T-periodic solutions (ue,v.) of system (2.1), with u.,ve > 0 in Qr, we
introduce, for any € > 0, the map G¢ : [0,1] X L=(Qr) x L>(Qr) — X, where X := LP(0, T} Wol’p(Q) N
L2(Q)) x L(0, T; Wy 9(Q) N L2(£2)), as follows:

(0, f,9) = (ue,ve) = Ge(o, £, 9)

if and only if (ue,ve) solves the following uncoupled problem

S (Va2 V) — (V0w P2V (ou™) = £, i Qr,

% — ediv(|Vo[172 Vo) — div([V(ov") |12V (0v")) =g, in Qr, (2.2)
u(-t)]on = v(-,t)]an =0, for a.a. t € (0,T),

u(-,0) =u(-,T) and v(-,0) = v(-,T).

For any fixed o € [0,1] the operator A : X = LP(0,T; Wy P (Q) N L2(Q)) = X', u = e div(|Vul[P~2Vu) +
div(|]V(ou™)[P~2V (ocu™)), is hemicontinuous, strictly monotone (and hence pseudomonotone), coercive
and bounded. Thus, by [66, Theorem 32.D], the map G, is well defined. Now, consider

fle ) := (a—/ﬂKl(&W(&-—n>d5+/QK2<£,-)62(a~—Tz)de) !

and

g0, B) = (b+ | Kot ra?e — myie - [ K4<5,~>/32<5,-—T4>d5) got,

where o and § belong to L>°(Qr). Clearly, if the nonnegative functions u.,v. € L>(Qr) are such that
(ue,v:) = G (1, flue,ve), g(ue,ve)), then (ue,v.) is also a solution of (2.1) (with u. and v. > 0) in Qr.
Hence, the existence of a nonnegative solution of (2.1) is equivalent to the existence of a fixed point («, )
of the map (a, ) — Gs(l, f(a,ﬂ),g(a,ﬂ)) with a and § > 0.

Let T (o, , 8) := G¢ (J,f(a,ﬁ),g(a,ﬁ)). By [33, Theorem 1.1] and [34, Theorem 1.3] we have the
Hélder estimate in the interior of Q1 of the solutions to (2.2). Moreover, the property of positive geometric
density of 9€, the fact that the Dirichlet data is Hélder continuous and the periodicity condition ensure
that one can obtain the Holder estimate up to the parabolic boundary of Qr, see the comments to [33,
Theorem 1.1] and [34, Theorem 7.1].

We will need the following result, which was proved in [26, Lemma 2.1] for the p, g = 2, m,n > 1, but
whose proof is the same, so we omit it.

Lemma 2.1. Let (o, 8) € L™®(Qr) X L=(Q1) and let € > 0. Then T, : [0,1] x L>®(Qr) x L™ (Qr) —

L>(Qr) x L™ (Qr), (0,0, 8) = T.(0,a, ) = (ue, ve) is compact. Moreover ug,v. € C(Qr).

Our aim is to prove the existence of T-periodic solutions u.,v. € C(Qy) of problem (2.1) with u., v.
>0 in Qr, for all £ > 0 small enough, as positive fixed points of the map (o, 8) — T-(1,a, 5). As a first
step we prove the following result.

Proposition 2.1. If the non-trivial pair (ue,v:) solves
(u,v) = Ge(o, f(ut o) + (1 —0),gut,vh) + (1 —0)) (2.3)
for some o € [0,1], then
ue(x,t) >0 and ve(x,t) >0 for any (x,t) € Q.

Moreover, if us # 0 or ve # 0, then u. > 0 or ve > 0 in Qr, respectively.
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Proof. Assume that (uc,v.) solves (2.3) with u. # 0 for some o € [0,1]. We first prove that u. > 0.
Multiplying the first equation of (2.2), where f(«,f) is replaced by f(ul,vF) + (1 — o), by uZ =
min{0, u.}, integrating on Q7 and passing to the limit in the Steklov averages (u.)n € H'(Qr_s),
d,h > 0, in a standard way [39, p.85], we obtain

5// |Vu€|p_2Vu€Vu€_da;dt+// IV (cu™) [P~V (ou™)Vu_ dedt = // (1 —o)u; dzdt <0,
Qr Qr Qr

by the T-periodicity of u. and taking into account that ul u- = 0. Hence we obtain

6// |Vu_ [Pdxdt < 6// |V [P~ 2VuVu, dzdt + // |V (ou™) P2V (ou™)Vu_ dzdt < 0.
T QT T
Thus

// |Vu_ |Pdxdt = 0.

1
Og/ |u€_\pdaz§—/ |[VuZ |Pdx for all ¢,
Q Hp Jo

The Poincaré inequality gives

where p,, is the first positive eigenvalue of the problem

—div(|Vz[P72Vz2) = p|z|P722, z€Q,
z =0, x € 01,

(see, for example, [37]). Integrating over (0,7T), we have

1
0< // luz |Pdadt < — // |VuZ [Pdzdt =0,
T Hop T

which, together with the boundary conditions and the fact that uZ € C(Qr), implies u_ (x,t) = 0 for all
(.’E, t) € Qr.

Now we prove that u. > 0 in Qr. Since u. is non-trivial, there exists (zg,tg) € Q x (0,T] such that
ue (o, tp) > 0. Hence u.(x,t) > 0 for all (z,t) € Qr (see [10, p.3] and [36]). In the same way, one can
prove that v, # 0 implies v (z,t) > 0 for all (z,¢) € Q. O

The next lemma is crucial to prove Proposition 2.2 below.

Lemma 2.2. Let K > 0 and assume that u is a non-negative T'—periodic continuous function such that
x = u(x,t) € Wy P(Q) for all t € [0,T] and which satisfies

uy — ediv(|VulP~2Vu) — div(|Vu™ P 2Vu™) < KuP™' in Qr.
Then there exists R > 0 such that
lull Lo (@ry < R for all e > 0.
Proof. We follow Moser’s technique to show the stated a priori bounds. Multiplying
uy — e div(|Vu[P72Vu) — div(|Vu™ P2 Vu™) < KuP~!

by u*t!, with s > 0, integrating over 2 and passing to the limit as ~ — 0 in the Steklov averages
up, € HI(QT,(;), 6,h > 0, we have

2 jutt)

— O 20y + / (EIVulP > Vurt [ Tu™ P2Vam™) Vur e < K ()57, o) < Clalu(®)]5 2 0.
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and thus
d s — m— — s s
IOy + (5 s+t [ (D02 1Tupds < (s +2)Cay [u(0)]
where C|q| 1= sup;> K|Q|'~52. Since m,p > 1, it follows
D ;2 e [
Ler2(2) [ (p—1)+s+1)
m(p—1)4s+1 |P
< —lu(t)||5t? +s+2mp1< P )/‘VUP dx
O + 20 (Co s ) (24)
S ” ()|St«%2 @ +(s+1)(s—|—2)mp 1/ u(m—l)(P—1)+S|vu|de
Q
= C\QI(S +2)||u(?)] ztfz(sz)‘
For ¢ fixed and k = 1,2,..., setting
k
P —p p(sk +2) mE=Dtegt
s o= 2p% + +m—-1, q:= , W =u P ,
b P p—1 b mp—1)+sp+1 4§
we obtain by (2.4)
d (Sk + 2) akz’fj
GOl o) + o T V(1) ) < Clar(se + O3 (29

Now, let us fix s > p such that the continuous Sobolev immersion VVO1 P(Q) C L5(2) holds and observe
that since s — 400, as k — 400, there exists kg such that ay, € (1, s) for all k > k. By the interpolation
and the Sobolev inequalities, it results

o (Olzoe @y < leon(ON% o o (1525, < ClleonO1% o I Vw0115,

for all k > ko. Here 0 = (s — ai)/[ax(s — 1)] and C is a positive constant. Using the fact that
lwe ()] L1 () = ||wk_1(t)||z’;;il(m and defining . := sup;cp ||[wi(t)| Lo (), one has

pkllgk

P
T e S e AT
Qe —1
<ka " ek [Vwg(t )Hip(g)
for all k > kg. Thus, by (2.5),

d o S5
TR @135, @) < Clay (s + D) [wr(B)ll o)

Sp+2 PO — 19: I
R mrEs e v G B
Z(%— ! o 0) | gy % g ) (s + Dl (B)] 245
Clm(p—1) + s + 17 () Tr—1 L (2(96?)

for all k > k. By Lemma 2.3 and (2.6), one has

Mk
lwk ()] Low (@) < <C|9kap T 6’”) (2.7)
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for all & > ko, where n :=
and (2.7), we get

(1—9k)(sk+2)170k) and My, := Clm(p — 1) + s + 1]7

PGrT2) —an(sr1p)( . By definition of zy,

i < (Clay M) ™ 2}t
for all k > ko, with vy := pag_10k(si + 2)/[p(sk + 2) — ar(sk +p)(1 — 0k)].
If 2, <1 along a sequence k,, — 400, then one has ||u||z(g,) < 1 by the very definition of x; and

the lemma is proved. On the other hand, assume z; > 1 for all k > ko and observe that there exists ko
such that, for all k& > kg,

Nk S 1/(])9) and Vi S Q1.

Here 6 := (s — p)/[p(s — 1)]. Without loss of generality, assume kg = max{ko, ko}. Then, there exists a
positive constant A such that

xp < (C|Q|C)nk [m(p — 1) + sp + 1P a* |
k1

1

, 2p PNk i1
< (Cl0)™ (mp+ - ) ity < Ap Tty
for all k£ > kg. Thus

kE+1
log zi, <log A + i

logp + ag—1 logxg_1

0
k—ko—1 1 k+1—1 lo k—ko
<|1+ Z Hak? logA+ | k+1+ Z H Op—j gp+ Hak] log x, -
i=ko+2 j=1 j=1
(2.8)
Since . . ) .
o1y Lmmp 1 w1
m(p—1)+s,+1 2p

for 1 < k we have that

2p po
[1—m(p—1)
T 2p-1)
which means that
ﬁ i , _ e [L=m(p = 1)
op—j < Mp with M =exp ——————
j=1 2(p—1)
j=
Therefore, from (2.8) we obtain
log z Pt lo s
;k <log A Z gp Z kel=i k= kolog%
=0 i=ko+2 (29)
logp pF—*o 1—phk -
< ———Jkolp—1)+2p—1] +log A o]
<= (p—l)Q[O(p ) +2p — 1] + log Tt 0g Tk,
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k+1 k+2
d (1-
In fact, taking x = = in x— g zt d— ($

gy . k3 1 1 1 1
Yo ot P Q[k 2(k+ —k—2>— - 2<k°+ —k‘o—2>]
(p—1)% [p** P pho+ p

i=ko+2
k+3 k—k
D 1 ko +1 prTe
= = (ky+2- = ko(p— 1) +2p —1].

_(1)1)211)’“0”((”L p) (pfl)Q[O(p J+2p =]

Then, by (2.9), it follows

T > , it results
-z

1-pk—ko pF=Fo _ _ k—k
M g pIe—? [ko(p—1)+2p—1] pt=ro
k ko
m(p—1)+sp+1
Since xy, = sup;eg [|[u(t)|ls, 10 © , we obtain

el =y < Jim_ )l s2

» 17pk'*k0 k k0+1 pk—k0+1<k0(p71)+2p71)
<limsup{ A7 DFsti — 1-p x];”(p DT 6D (m(p =D +ap 1)
k—o00

=R VteR,

where R is a positive constant. Hence sup, g ||u(t)|| 1o (o) < R. It remains to prove that R is independent
of € as claimed. To this aim it is sufficient to prove that there exists C' > 0, independent of ¢, such that
Zr, < C. In fact, by (2.5) with sg := sg,, it follows

d 5042 M= 1)tegh |P
. t SQ+2 ‘
at MO0 T Ty Fsg w1 /

o, o (210)

dz<Ciq|(so + 2)||u(t)]

Moreover, we have
sot+p

50 +2 +2
Tn(pfl)«i»sgﬁ»l p:ng 0
(u P ) dz
Q

. Now, without loss of generality, we can assume that kg is

m(p—1)+so+1
L50+2(Q) é Cl

[[u(?)]

by Hélder’s inequality with r = %jpgﬁl
so+2
chosen large enough such that the continuous Sobolev immersion WO1 P(Q)cLP SoFp (Q) holds and, hence,
we deduce that
[[u(®)]

1) 1 m(p—1)+sg+1
m(p—1)+so+ < CQHVU =

HLP(Q

Ls0o+2(Q)
for a positive constant Cy. Thus, using (2.10), one has
H 0] %0+ (O] A
ot T Glmlp— 1) + so + 17 L)
s0+2 Sso+ 2 m(p— 1)+ m(p—1)+sg+1
—dt” ()‘Léo+2 Q)+[m(p—1)+so+1}1’|| u ||

so+p

S C‘Ql(so + 2)||U(t)| LSU+2(Q)'

Hence J
s s m—1)( 1
)52 2 ) < T35 0 (Clar(so +2) = MIu(®) |5 )

where M := Wﬁsoﬂ]p. This inequality and Lemma 2.3 below imply that

[w(®)] o0y < {CoClaylm(p — 1) + 5o + P} T=DT=0 W € R.
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m(p—1)+sg+1
Thus, there exists C' > 0, independent of e, such that zp, = sup,cp ||u(t)] Leo+2(0) < C, and this

concludes the proof. O

Lemma 2.3. Let f: R — (0,+00) be a differentiable and T-periodic function; suppose that there exist
positive constants s, o, 3,7y such that

f1@) < £2(0B =1 (1),
for allt € R. Then 8 —~vf*(t) >0 for allt € R.

Proof. By the periodicity and continuity of f, let ¢ty be any point in which f attains its maximum. Then

we have: F(to)
to
B=af*(t) =B —7f"(to) =
f#(to)

Next, we show that the map I — G : {1} x L®(Qr) x L*®(Qr) — L= (Qr) x L= (Qr) has the Leray-
Schauder topological degree different from zero in the intersection of a sufficiently large ball centered at
the origin with the cone of non-negative functions.

From now on we make the following assumption:

=0 vt € R. O

Hypotheses 2.2. There exist two positive constants C7, Cs such that
1. for all € > 0 and all solution pairs (uc,v.) of
(u,0) = Ge(1, f(uF,vT), g(u™, ™)), (2.11)

it results
[ucllF2(qp) < Crand [[vcF2(gp < Co, (2.12)

2. min {1{ //T a(w,t)ed(x)dzdt — EQTCE , % //QT b(x,t)el(v)dzdt — k?’TCl} > 0, where ko, ky are as
in Hypotheses 2.1.3, and, for any r > 1, e, stands for the positive eigenvector associated to the
first eigenvalue p,. of —A,. with Dirichlet boundary conditions and normalized in such a way that
lerllzr) = 1.

Remark 2.1. The last assumptions, and in particular statement 2, will grant the periodic coexistence,
that is the existence of a T-periodic solution couple (u,v) with w,v both non-negative and non-trivial
(see Theorem 2.1). Generally speaking, the ezplicit knowledge of the a priori bounds Cy, Cs is required
to check the validity of statement 2 of Hypotheses 2.2. This is the task we will devote ourselves to in the
next Section. A notable exception is the case in which K», K3 are not negative (namely, the cooperative
case), since one can choose k, = k3 = 0 and, thus, the second part of Hypotheses 2.2 is readily satisfied
regardless of the values of Cq,Cs, if neither of the coefficients a, b is trivial.

The next result shows how we can pass from an L?-estimate to an L>°-estimate.

Proposition 2.2. There is a constant R > 0 such that

[telloe (@) lvellLe(@r) < R
for all solution pairs (ue,ve) of (2.11) with € > 0 sufficiently small. In particular, one has that

deg ((u, v) — Ga(l,f(u+,v+),g(u+,v+)),BR,0) =1.
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Proof. Assume u. # 0, thus u. > 0 and v, > 0 in Qr by Proposition 2.1. Multiplying by u. the first
equation of (2.1), integrating over {2 and using the Steklov averages (u.)n, € H (Qr—s), §,h > 0, see [39,
p.85], we obtain

1d
S
< (nam(@ﬂ - Kz(&t)(ve)i(&t—rz)dﬁ) [ wopas

/ (ue)3di + e / IV (ue) [P + mP = / ()P () Pl
Q Q Q

<19% (llallz=an + [ Kz(&t)(vs)%(f»t—w)f%) ( / <us>%dx)

Thus
Ld [ (u)2de + € [, [V (ue)nlPde +mP=t [ (ue) ™ DOV (u) Pda

(Jooue)3de)® (2.13)
< |op-t (a||Loo<QT> +Kaleian [ (Us)i(&t—Tz)dﬁ) .

Since t > [|u(t)||£2(q) is continuous in [0, T, there exist t; and ¢, in [0, 7] such that

/uf(m,tl)dsc: min /uf(m,t)dx
Q Q

te[0,T]

and

/ug(:c,tQ)dz: max /ug(:c,t)dx.
Q Q

t€[0,T]

Without loss of generality, by periodicity, we can assume that t; < ¢3. Then, integrating (2.13) between
t1 and to and passing to the limit as h — 0, we find

to —% d » T
/ /ugdaz — /uﬁd:c dt§2|Q|1‘5/ ||a\|Lx<QT)+||K2||LOQ(QT)/vg(g,t—fz)dg dt.
t Q dt \ Jq 0 Q

Thus

([ o) = ([ man) < C@lalumon + 1Kl onCo)
Q Q

where C := (2 — p)||'~%. Hence

e 5
( /Q u?(a@)dw) < ( /Q u:ff(m)dx) + O(Tlall = (om) + 11Kl = @m) Ca),

or, equivalently,

2

2—p
+C(Tall L= (q@r) + ||K2||L°°(QT)O2)} -

2
2(z,t)dx < i /2 t)d
255 Jy 200 < (| 20

This implies that there exists a constant v > 0, independent of ¢, such that

2
t)dx < 7.
té?&%/g“s(x’ e <

Otherwise, for all v > 0 there would exist € > 0 such that the corresponding solution u. satisfies

2

2—p
+ C(Tlallp~(qr) + IIKQILW<QT>C2)} :

2—p

2
2 : 2
ol t)dx < t)d
<tg%é1)x]/ uzZ(x, t)dx {(tén[ol’n]/ uz(x,t) :c>



A system of singular-degenerate parabolic equations 13

Using the fact that ﬁ > 1 and integrating the previous inequality on [0, T] for sufficiently large -y, one
would have

2T < / / (@, )dudt + CT(T)all =(gm + I1KallL=(0m) C2),
Qr

that is u. is unbounded in L?(Q7), in contradiction with Hypothesis 2.2.1. Of course, an analogous
inequality holds for v..
Now, we have

Ou, : _ . _
a“t — e div(|Vue P2 Vu,) — div(|Vu™ [P 2Vu,) <
< |\ llallze (@) + 1Kzl Lo (@) max /v?(x,t)d:z: u’s’f1 < (2.14)
te[0,7] Jo
< (lall = (@r) + 1 K2l L= (@rym)ul ™,
ie. 5
;: — e div(|Vue P2V, — div(Vu|[Va™ P~2) < KuP™,  in Qr,

where K := [la|p Q) + [[K2|lr>(@r)y- By Lemma 2.2 we conclude that |[uc||z~(q,) < R1 for some
Ry > 0 independent of e. Analogously, ||ve||z~(q,) < Rz for some constant Ry > 0. Therefore it is
enough to choose R > max{R;, Ro}.

The previous calculations also show that any solution pair of

(U,'U) = Gs(l,pf(u+,v+),pg(u+,v+))

with p € [0,1] satisfies the same inequality (2.14). Therefore, the homotopy invariance property of the
Leray-Schauder degree implies that

deg ((u,v) — T.(1,u*,v™), Bg,0)
=deg ((u,v) = Ge(1, pf (u",v7), pg(u™,v")), Br,0)
for any p € [0, 1]. If we take p = 0, using the fact that G at p = 0 is the zero map, we obtain
deg ((u,v) - Tg(l,u+,v+),BR,0) = deg ((u,v),BR,O) =1.
O

In order to prove that the solutions (u,v:) of (2.1) we are going to find are not bifurcating from the
trivial solution (0, 0), the next estimate will be crucial.

Lemma 2.4. Let s > 0 be such that

8<min{(p—1)]gm—p)7(q—l)q(n—CJ)}.

Then, there exist two positive constants My and Mo such that

(g=1)(n=1)=s

< M; and HVUE et

(p=1)(m-1)—s
Vu. P~

L?(Qr)
for all solution pairs (us,ve) of (2.11) and € > 0 sufficiently small.

Proof. Let v := (= 1)(m *1p) —P5 5. Multiplying the equation
p—
8;; — ediv(|Vu [P Vu,) — div(|Vu' P2 Vul) = (a(x, t) — / K (&, )u2 (6t —7)dé+
Q

Q
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7, integrating over ()7 and passing to the limit in the Steklov averages, by the T-periodicity of u.

by u
we obtam
5// |Vu5\p72Vu5Vugdxdt—|—// |Vu P2 Vu Vu dzdt
T T
// a(x, )u) Pz, t)drdt —/ (/ ugﬂ’_l(x,t)dx) </ Ky (& t)u(&,t — Tl)df) dt
T Q Q
+/ (/ TP (gt dx) (/ Ko (&, )02 (€, t—rz)d§> dt
0 Q
Now, since
// |V |P~?Vu.Vuldedt = 'y// ul Ve [Pdzdt > 0,
T Qr
then
-1 p (p=D(m=-1)=s ||P
,Ympfl ( p ) Ve p—1 — ,ympfl // u‘(gpfl)(mfl)%»'yfl|vu€‘pdxdt
(p—1(m—1)—s L7(Qr) T
< 5// \Vu5|p72Vu5Vuzdxdt+// |Vu™ P2 Vu" V2 dzdt
T T
T
<lallomion [ oot~ [ ([ o) ([ g - ne) a
Qr 0 9) Q
T
[ (L) ([ Kateoe e nie) ar
0 Q Q
(2.15)
.. . . . p—1H(m—-1)-s i .. .
Moreover, by the Holder inequality with 5 :=p ( ( 0 > 1 and the Poincaré inequality,
p—1)(m—1)—
one has
s N ple=Dim =)= B 1| =bemon-y§
QT T LP(Q )
f i (2.16)
1 1 (p=DH(m-1)—s || 8
< |Qr|¥ () HVUa e :
Hp L?(Qr)
Here (' is such that 3 + E = 1. Thus (2.15) and (2.16) imply
1 P (p=1)(m-1)=s ||P L /1N\? (p-1)(m-1)-s || §
,ymp—l ( p > vua p—1 S ||a||L°°(QT)|QT‘ﬁ/ () HVUE p—1
(p—1(m—-1)—s LP(Qr) Hp LP(Qr)

_ /OT </Q u;’+p1(:c,t)dx) (/Q Kl(&t)u?(&,tﬁ)dg) dt

+/OT (/Q ug+p1(x,t)dx) ( A Ko (€, )0 (&, t _72)d§> .
(2.17)

By assumptions, there are constants k; > 0, i = 2,3, such that K;(z,t) < k; for a.a. (z,t) € Qp. Thus,
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(p—1)(m—1)—s ||P

Vue 77°

by (2.16), (2.17) and Proposition 2.2, we have
Lr(Qr)

-1 p—1 b
e )
(p—1(m—-1)—s
(p=1)(m=1)—s

e 1 5 m
< lallzoe (@) |QT] 7 ™ Vu: °

P

] _
+k2|Q|R2// ul TP dzdt
LP(Qr) T

(p—1)(m—-1)—s

— 1 1 % .

< (lall=(@r) + F2l2IR?)|Qr|? () Hw =
Hp

[ Ulalle @y + E2AQUR)Qr | (5

b [m(p — D]P~(p — 1)(m — p) — ps)]

F3
B

LP(Qr) .

In particular,
(p=1)(m—1)—s
Vu. *7°

where

Analogously, one can prove that

(g—=1)(n—1)—s
HVUE -t S M27
Li(Qr)

where ;

_ ) PRV 61

(bl (@) + FslUE2)IQrI () (@ = 1) —1) = s)]1
M, = —
[n(g — D]~ (g — 1)(n — q) — gs)]

—(n-1)- 11

Here 6 and ¢’ are such that ¢ := ¢ (g=Dn-1)—s and = + — = 1. O]

(g—1)(n—1)—gs o

Remark 2.2. Observe that in the case when p = ¢ = 2 a priori bounds for ||Vul"(|z2(q.), VU ||L2(04)
have been obtained in [25] for sufficiently small € > 0 under the conditions that m,n > 1, i. e. in the case
of slow diffusion. Under the same condition m,n > 1 a priori bounds for [|[Vul||r(0r), VU2 | La(Qr)
have been obtained in [26] when p, ¢ > 2, which again corresponds to the case of slow diffusion. Therefore
the assumptions m > p and n > ¢ are required in Lemma 2.4 only for the singular case p,q € (1,2),

which, as already noticed, allows the fast diffusion if p,q € (1, 1+T‘/5) Finally, observe that, if p,q > 1,

we have the fast diffusion when m < 1/(p—1) and n < 1/(g —1): to the best of our knowledge, this case
is not treated in the existing literature devoted to this problem.

The following result guarantees that the foreseen solutions (ue,v.) of (2.1) are not bifurcating from
the trivial solution (0,0) as € ranges in (0,eq), where g¢ is such that

. 1 k,C
0(Cr,Co) = min{ 7 [ o ep(a)det o, ~ £,

b0

(2.18)

1 ksCh
T // ) b(w,t)el(x)drdt — eopg — 3T

where fy,, iq, €p, €q, ky and ks are as in Hypotheses 2.2.
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To this aim let

7o := min

1
Jlo,a (x)dzdt — eoT' 1y [lo, alz, t)eb(x)dxdt — egThy,
D1 ’ D, ’

(fo (z)dzdt — EOT/J,q> (fo (x)dzdt — 50T,uq> d

D2 D2

where

m(p —1)M p-1 1
(p ) ! S> |QT‘T)7

D, = ||K + | K + plleE™ Y| 1o Ve, e <
1 1K1l 22 @) + 1K2]l L2 (@r) P||p [ (@) IVepl| e () G—1L)m-1)—

_ n(q—l)Mg a1 1
Dy i= |Kall o + 1Kl + g il Veallomo (022 ) el

and M;, Ms, s are as in Lemma 2.4. By (2.18), r( is obviously positive.

Proposition 2.3. For all solution pairs (ue,ve) of (2.11) and all € € (0,¢e¢), it results

max{|[ue|| Lo (@r), [[Vell L (@r)} = To-
Moreover deg ((u,v) — T.(1,u™,v"), B,,0) = 0 for all r € (0,70).

Proof. By contradiction, assume that for some r € (0,rg) there exists a pair (u.,v:) # (0,0) such that
(ue,ve) = Ge(1, fluf,vd), g(ud,vF)) with |Juc| po (@) < 7 and [Jve]|p=(@p) < 7. Assume that ue # 0

E’E

and take ¢ € C'°(Q). Since by Proposition 2.1 we have u. > 0 in Qr, we can multiply the equation

Ou,
ot

( a(x, t /Kl 53 f tf’rl df +/ K2 53 (f,t’@)d&) Ugil

iv(|Vue P2V, ) — div(|Vu™ P2 Vu™) =

D
by %7 integrate over @ and pass to the limit in the Steklov averages in order to obtain
Ue

D D
—€ / / ffl div(|Vue [P~2Vu. ) dzdt — / ‘ffl div(|Vul [P~2Vu™)dzdt = / oP (z)a(z, t)drdt—
Qr Ue Qr Qr

€

_/pr(m) (/Q Kl(é,t)ui(f,t—n)dé) da:dt+/stp(gg) (/Q Kg(g,t)vg(g,t—mm) dadt,
(2.19)

by the T-periodicity of u.. By the generalized Picone’s identity due to Allegretto-Huan, see [4], one has

—// ¢ = div(|Vu [P~*Vu, )dzdt = // |Vu|P~2Vu.V ( )dmdt<£// |V |Pdwdt.
Qr Qr

(2.20)
D p—1 P
f) < pV4 (iw) -1 (iw)

P p—1
(219ud) +0(Lwat) (1961~ Z19u))

<|Vo|?,

Indeed, we have that

|V |P~?Vu.V (
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since the function R 3 & — |{|? is convex for p > 1.
Moreover,

/ - div(Vul | Vul' [P~2)dzdt = // ( >vum|w P=2dxdt
QT € T 6

P=I7 AP — HP TP 1
= mP~1 // u‘(gmfl)(pfl)|vu€|p72vu6 ul™ Vo PPVul dxdt
T

ug(p—l)

= pmP~! // P~ Ly P M=) |7y |P=2Tu, Vedrdt — mP ™ (p — 1)/ PPulm D=V gy |Pdadt
Qr Qr

< pll6" e ) V6 o ccym? / / Ve [P~ =002 g,
Qr

(2.21)
By (2.19)-(2.21), it follows

/Qstp(z)a(z,t)dzdt/Qf,p(a:) </§1K1(5,t)ug(£,tﬁ)d£) Dot
i / pr(x) </n Ko (&, 1)02 (6, ¢ - 72)055) dxdt

< P e |V bl ey / / |Vus\p*1uép*><’"*2>dxdt+s/ / Vo[Pdzdt.
QT T

Taking ¢(z) = ¢;(z) — ep(x) in CL() as j — 400 and since € < £, one has

//Teg(m)a(x’t)dxdt_//Teﬁ(ﬂf) </QK1(§,t)u§(§,t—ﬁ)d§) dwdt
+// ) </Q Kg(g,t)vg(g,t_TZ)dg) dodt

< plled Lo (@I Vep | Lo @ym? ™! // Ve [P~ uP~ D=2 dpdr 4 50// |Vep|Pdxdt.
Qr Qr
Taking into account that |le,||r»q) = 1, the previous inequality imply
// el (x)a(w, t)dwdt — egTpp < /Q Kl(g,t)ug(g,t—n)dfdt—/Q Ko(&,t)02(&,t — mo)dédt
T T T

+pllen o e Ve o (cym? / /Q (Ve |~ =002 g,
T

(2.22)

Now we estimate the term foT |Vu€|p’1u§p_1)(m_2)dxdt. Since [|uel| o (gr) < 7, using the Holder
inequality, one has

// |V [P~ tuP=Dm=2) godt < s // |V [P~ LuP=Dm=2)=s gpqy
T T
p— 1 p—1 p—1
— S
- (( D(m —1) - ) /I ,

dzdt (2.23)
s p—1 L
s (( Dm 1) ) Qrl?

Observe that (p — 1)(m — 1) — s > 0, since, by assumption, s <

(p-D(m-1)—s

Vus. 7°°

(p—1)(m—1)—s ||P—1

Vus 7

LP(Qr)

E= D) (1))
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By Lemma 2.4, (2.22) and (2.23), it follows

/ / er(w)alx, )dxdt — esTpy < (1Kl (m) + 12l 21 (@m))r
T

m(p - 1)M1 Pt |Q ‘l s
p-(m—1)—s e
< (1K1l (@) + K|z @y + C) max{r?, r*},

Tl ey Vel e e ((

m(p — 1) M- Pt 1
_1)(m—1)1—s) (@7

where C := p||e£_1HLw(Q)Hvep”L‘”(Q) ((p

Thus, if max{r?,r*} = r2, then

1

el (z)a(z, t)dxdt — eop, T\ 2

vy < Jo, eh(@)a(z,1) 0fp <
K1l @ry + K221y + C

that is a contradiction; analogously if max{r?,7°} = r*. The same argument applies if v. # 0. Fix any
r € (0,70). The result above shows that

(u,v) # Ge(o, f(u™,v™) + (1 = 0),g(u’,v7) + (1= 0)),

for all (u,v) € B, and all o € [0,1]. From the homotopy invariance of the Leray-Schauder degree, we
have

deg((u,v) — To(1,ut,v"), B,,0) = deg((u,v) — G-(0, f(u™,v") + 1, g(u™,v") + 1), B,.,0).
The last degree is zero since the equation
(u,v) = G (0, f(ut,vT) + 1, g(u™,vt) +1)
admits neither trivial nor trivial solution in B, since r < ry. O
The next result is our general coexistence result for (1.1).
Theorem 2.1. Problem (1.1) has a T-periodic non-negative solution (u,v) with both non-trivial u,v.

Proof. By Propositions 2.2 and 2.3 and the excision property of the topological degree, there are R >
r > 0, independent of e, such that

deg ((UE,’UE) - GE(Lf(uj7vj)vg(uj7v:))vBR \Eﬁo) =1,

for any ¢ € (0,¢9).
Let us fix any € € (0,g9). There is o9 = 0g(€) € (0,1) such that still

deg ((ue,ve) = Ge(o, f(ul ,v]) + (1 = 0),g(ul,vF) + (1 - 0)), Br \ B,,0) =1

for all o € [09, 1], by the continuity of Leray-Schauder degree. This implies that the set of solution triples
(0, ue,ve) € [0,1] x (Bg \ B;) such that

(te, ve) = Gen (U, fluf v+ (1 —0),g(ul,vl)+ (1 - J)) (2.24)
contains a continuum S, with the property that

S.N[{o} x (Br\ By)] #0 for all o € [0g, 1].
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Now, all the pairs (ue,v:) such that (1, ue,v.) € Se are T-periodic solutions of (2.1) with (u.,ve) # (0,0)
and, hence, satisfy (2.12). Since the L?-norm is continuous with respect to the L>°-norm and S. is a
continuum, for every v > 0 there is o, € [0¢, 1) such that

||U5||i2(QT) < Cl +v and HU€||2L2(QT) < 02 +v

for all (u.,v.) with (o, ue,ve) € S¢ and o € [0, 1]. Observe that, if (o, u.,v:) € S¢ for 0 < 1, then u. and
v are positive solutions of (2.24). Moreover, if v is sufficiently small, then we still have (C; +v, Ca+v) >
0.

Now, setting

_ mp-1)M;,\"
K, = [||K1|L1(QT) +plleg e @ IVeplloe @) ((p_ Dm-1n-s) 9

B n(qg—1)M, ot 1
Ky = [||K4|L1(QT) +alled™ L= I Veqll L= (o) ((q o1 -s) @l

we can prove that, if v is sufficiently small, then

[ (TOC +1,Co+ )\ F (TOC, +1,Co+ 1)\ *
[uellLoe(@r)s [[vell oo (@r) = min K, : K,
TO(C+v,Co+v)\* (TOC +v.Catv)\*| _
Kq ’ Kq e

for all u., ve such that (o, ue,ve) € S and o € [0,,1). Indeed, let (ue,v:) be a solution of (2.24). Arguing
by contradiction, assume that ||u.||z~(g.) < A, and proceeding as in the proof of Proposition 2.3 (recall
that ue > 0 since (ue,v:) solves (2.24) with o < 1) we obtain the inequality

// eb(z)a(z,t)dzdt — eop,T < max{\Z, N5} K, + ko (Co + v).
T
Thus, if max{\2, A5} = A2, using the definition of 6, one has
T0(Ch +v,Co+v) < // eb(z)a(z, t)dzdt — eoppT — ky(Ca +v) < MK,
T

that is

(Tm +Ku, Cy +v>> <A,

p

which is a contradiction with the definition of )\, ; analogously if max{A\2, A5} = A5. The same argument
shows that [|ve|[ze (@) > Au-

Now, if we let 0 — 1 and v — 0, we obtain that (2.1) has at least a solution (ue,v.) such that
l|luell Lo (@) [IVell oo (@r) = Ao, since S is a continuum and A, — Ag as v — 0.

Finally, we show that a solution (u,v) of (1.1) with both non-trivial u,v > 0 is obtained as a limit of
(ue,ve) as € — 0, since A is independent of ¢.

Since u.,v. are Holder continuous in Q, bounded in C(Q7) uniformly in € > 0 and the structure
conditions of [33] and [34] are satisfied for the equations of system (2.1), whenever ¢ € (0,&¢), [33,
Theorem 1.1] and [34, Theorem 1.3] apply to conclude that the inequality

8
Jus(@1,t1) = ue (w2, t2))] < T(jwy — 22| + [t — 2] )
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holds for any (z1,t1), (z2,t2) € Qp, where the constants I' > 0 and 8 € (0,1) are independent of
l|luc|| Lo (@) The same inequality holds for v.. Therefore, by the Ascoli-Arzela Theorem, a subsequence

of (ue,v.) converges uniformly in Q to a pair (u,v) satisfying
Ao < lullze(@rys vl (@) < B

Moreover, from (2.14) we have that u. satisfies the inequality

ou,
ot

— ediv(|Vu [P2Vu,) — div(|Vu™P~2Vu™) < Ku?™',  in Qr, (2.25)

where K is a positive constant independent of €. Multiplying (2.25) by u”*, integrating over Qr and
passing to the limit in the Steklov averages (ue)n, one has

// |[Vu'Pdxdt < em // u™ Vo, [Pdxdt + // |Vul' Pdxdt
T Qr Qr

:E// |Vu5|p_2VuEVuf:”dxdt+/ VulVu™ | Vu™ [P~ 2 dxdt (2.26)
T Qr

<K / / ulTdadt < M,
T

by the T-periodicity of ue, its non-negativity and its boundedness in L>°(Qr). Here M is positive and

independent of e. An analogous estimate holds for v.. Thus the sequences u*, v are uniformly bounded in

r (O, T; Wol’p(Q)) and in L9 (O, T; Wol’q (Q)), respectively. Thus, up to subsequence if necessary, (u2*, v%)

g 1rve
converges weakly in LP (0, T; W, P(Q)) x L9(0,T; Wolq(Q)) and strongly in C(Q7) x C(Q7) to (u™,v™).
In particular (u™,v") € LP(0,T; Wol’p(Q)) x L1(0,T; Wol’q(Q)). We finally claim that the pair (u,v)
satisfies the identities

0 ://T {—uaaf + [ Vu™|P2Vu™ - Vo — auP o
+up_1(p/Q[K1(€at)u2(£at - 7-1) - K2(€at)vz(€vt - 7-2)]d§} dxdt

and 5
0 :// {—vaf + Vo972 Vo™ - Vi — bu?
017 [ ROt = )+ Kl 0026t - m)ld | o,
Q
for any ¢ € C1(Q) such that p(x, T) = ¢(z,0) for any z € Q and ¢(z,t) = 0 for any (z,t) € 9Q x [0,T],

that is (u,v) is a generalized solution of (1.1). The approach for doing this is standard, in the sequel we
write it in detail for the reader’s convenience. First of all, observe that

lim & / / |Vue|P~2Vu.Vpdrdt = 0 (2.27)
e—0 Qr

for all test functions ¢. In fact, multiplying the equation

Ou,
ot

— ediv(|Vu P72 Vu,) — div(|Vu’6"|p*2Vu§”) = <a(x,t) — /Q Kl(f,t)ug(ﬁ,t —711)dé+

+ z@@wﬁ@¢—mmgu€1
Q
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by wu., integrating over Qr, using the T-periodicity of u. and its non-negativity and passing, as h — 0,
to the limit in the Steklov averages (uc)p, we obtain

\\{/gVue||1£p(QT) = 5// |Vue |Pdzdt < 5// |Vu|Pdxdt + mP* // um V=D |Gy, [Pdzdt
Qr T T

< 6/\/ |VU5|pdl‘dt + // |VU?|p_2vuglvu€dxdt < 07

2~ . .
where C := (||al| Lo (@) K2l Lo (@) R?)|Qr|' ™2 CF (recall that, by assumption, being p < 2, [|uc|| 1 (@) <
|QT|%7%||uE||L2(QT) < |QT|%7%\/01). Thus, by the Holder inequality,

5// |Vug|p2Vu5V<pda:dt‘ < // si|Vu€|p*1€%|Vg0\dxdt
T T

= 1 /
< 1¥/eVuel P e IVellr@r) < ¥ VOIVelir@rn = 0
as € — 0, for all test functions ¢.

In what follows we will prove that

e—0

lim / / |Vu™ P2 Vu™ - Vdrdt = / / |Vu™[P~2Vu™ - Vdzdt, (2.28)
QT T

N
for all test functions . To this aim, observe that |Vu™[P~?Vu™ is bounded in (L% (QT)) . In fact,

// ||V P=2Vu™| 7T dadt = // VU™ Pdzdt < M,
Qr Qr

as proved in (2.26). Thus there exists H € (Lﬁ(QT))N such that |[Vu™[P~2Vu™ weakly converges to
H in (Lﬁ(QT))N as € — 0. Now, using (2.27), it is easy to prove that

— aﬁ p—1
0—//T{ u8t+H Vo —auP™ "¢

(2.29)
+up_1cp/Q[K1 (&, U6t —T1) — Ko (&, )0 (&, — Tg)}dg} dxdt

for any ¢ € C'(Qr) such that p(z,T) = ¢(x,0) for any = € Q and p(x,t) = 0 for any (x,t) € dQ x [0, T]
(and, by density, for any T-periodic ¢ € LP (O, T; Wol’p(Q)) N C(Qr)). For this it remains to prove that
for every ¢ € C1(Qr)

/ / |Vu™[P=2Vu™ - Vpdrdt = / H - Vdadt. (2.30)
T Qr
Consider the vector function H(Y) := |Y|P~2Y. Then
HY) =Y I+ (-2 'Y oY
is a positive definite matrix and, taken w € LP (0, T; V[/'Ol’p(Q))7 there exists a vector Y such that

0 <(H'(Y)(Vul* — Vw), Vu" — Vw)
=(H(Vul') — H(Vw),Vul" — Vw).

The previous inequality implies

/ {IVul"P=2Vul* — |Vw|P?Vw} - V(ul* — w)dzdt > 0,
Qr
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for all w € LP(0,T; Wy*(Q)), that is

22

/ / |Vul'[Pdzdt — / / [Vu' P2Vl - Vwdzdt — / / [VwP~2Vw - V(u — w)dzdt > 0,

for all w € LP(0,T; Wy(2)). As in (2.26), one has

// [Vul'Pdxdt < €m// um_l\Vug|pdxdt+// |Vul'|Pdxdt
T

// [a / Ki(& (¢t —m d§+/ Ky (&,1) (§,t72)d§} WP ddt.

Thus, from the previous two inequalities, we obtain

// |Vu;”\1’—2w;"-vwdxdt+// |Vw|P~2Vw - V(u™ — w)dxdt

<//QT {a—/ﬂKl(S,t)ui(at_n)dg+/§1K2(§,t)vg(g,t_72)d§} WPt

Letting € — 0 and using (2.26), we have

/ [H -V + |[VwP"?Vw - V(u™ - w)] ddt
Qr
< , {“ - [ Kite et —myde+ [ Kateaniee mzﬁ} P+t

(Observe that, being p > 1, Vu™ is also bounded in L'(Qr.)
On the other hand, by density we can take u™ = ¢ in (2.29) and obtain

/ H - Vu"dxdt
Qr

- / / [a— / Ky (€ (€, — m)d + / K€, )02(€, t — ) | uP ™= dadt,
T Q Q

This equality together with (2.31) implies
0< // — |Vw[P~2Vw) - V(u™ — w)dadt.
T
Taking w := u™ — A\p, with A > 0 and p € CY(Qr), we get
0< // (H — V(™ = Ap) P2V (™ — Ap)) - Vipdadt.
T

Letting A — 0 yields
0< // (H — |[Vu™[P~2Vu™) - Vdzdt.
T

If in (2.32) we take w := u™ + \p, with A > 0, » € C1(Q7) and letting again A — 0, then
// (H — |[Vu™[P~2Vu™) - Vdzdt < 0.
T

Thus (2.30) holds and (2.28) is proved.

(2.31)

(2.32)
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Obviously, the previous result holds also for a single equation. In particular, we have the following
corollary:

Corollary 2.1. Consider the problem
up — div([Vu™ P2 Vu™) = (a(z,t) — [o K (& )u?(&,t — 7)d) wP™', in Qr,
u(x,t) =0, for (z,t) € 02 x (0,T), (2.33)
u('v O) = ’LL(-, T)»
and assume that
1. the exponents p,m are such that p € (1,2) and m > p,
2. the delay T € (0, +0),

3. the functions a and K belong to L>®(Qr), are extended to Q@ x R by T-periodicity and are non-
negative for a.a. (x,t) € Qr,

4. there exists a positive constant C such that for all € > 0 and all the non-negative solutions u. of
U= GE(17 f(u+))7

it results
uellZ2 (g < C.

Then problem (2.33) has a T-periodic non-negative and non-trivial solution.

Here G (1, f(u™)) is defined as before.

3 A priori bounds in L?(Qr)

In this section we apply Theorem 2.1 by looking for explicit a priori bounds in L?(Q7) for the solutions
of the approximating problem (2.1) in different situations. More precisely, under different assumptions
on the kernels K;,7 = 1,2,3,4 which model the interactions between the quantities u,v, we determine
the constants Cy,C5 of (2.12) in an explicit form. For this we consider two main different cases. In the
first one, which we call the “coercive case”, we assume that K;(x,t) > k;, > 0 a.a. in Qr for i = 1,4. In
the second one, the “non-coercive case”, we allow the non-negative functions K7, K4 to vanish on sets
with positive measure. We distinguish also between cooperative and competitive situations by imposing
sign conditions on Ko, K5 having in mind the biological interpretation of model (1.1).

3.1 The coercive case
Theorem 3.1. Assume that
1. Hypotheses 2.1 are satisfied
2. there are constants k;, > 0, i = 1,4, such that
Ki(@,t) > k; fori=1,4,
for a.a. (z,t) € Qr, and k,k, > koks, where ko, ks are as in Hypothesis 2.1
3. Hypothesis 2.2.2 is satisfied with

c _ T(kqlla]| L~ (@r) + kallbll Lo (o))

E1E4 - k2k3
_T(ksllallL= (@) + Kallbll L~ (@r)
E1E4 _E2E3

Cs
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Then problem (1.1) has a non-negative T-periodic solution (u,v) with non-trivial u, v.

Proof. We just need to show that Hus”%z(QT) < (4 and ||U€||%2(QT) < (Cy for any solution (u.,v:) of
(2.11). Then, assume u. # 0, thus u. > 0 and v, > 0 in Q7 by Proposition 2.1. Multiplying the
inequality

)
;: — ediv(|Vue P2V, — div(|Va™ [P2Vu™)

< {II@IIL&(QT)—/QKl(f,t)u?(&,t—ﬁ)d€+/QK2(§,t)v§(§,t—Ta)dﬁ} uf™

by u., integrating over 2 and using the Steklov averages (u.)n, € HY(Qr_s), §,h > 0, we obtain

18 Jo(ue)dda + & fo [V (ue)nlPda + mP=t [ (u) "D |V (ue)n Pz
fQ(ue)Zd:c

< <|a||L°°(QT) _/S)Kl(gvt)(ué)i(&t_Tl)df+/QKQ(&t)(’UE)%(é?t_TQ)dg)'

Integrating the previous inequality over [0, 7], and passing to the limit as h — 0, by the T-periodicity of
u., we have that

0 < (Tllall(@r) = kalucFagm + Fallveliacon ) - (3.2)
The same procedure, when it is applied to the second equation of (2.1), leads to
0 < (Tl e(@r = kallve 32y + Follucliz o ) - (3.3)

Hence, if u. # 0 and if v # 0, by the positiveness of the right hand sides of (3.2) and (3.3), we have
EQE?) 2 T E2
(1 — klk‘4> ||U5HL2(QT) < El ||aHLoo(QT) + EHbHLw(QT)

kaks ) T s
(1 — I€1k4> ||UEHL2(QT) < El ||b||L°°(QT) + EHG’HLOO(QT)

for any € € (0,e9) and the desired bounds follow since koks < kq,k4. Obviously, if v. =0, then
T
lucllF2(gqr) < TIIGHLO@(Qﬂ <Cu.

or if u. =0, then

T
lvellZz @) < Elllb\lm(cm < Ca. -

As an immediate consequence of the previous result we obtain the following corollaries for the coercive-
cooperative (see Remark 2.1) and the coercive-competitive cases respectively.

Corollary 3.1. Assume that
1. Hypotheses 2.1 are satisfied with nontrivial coefficients a, b,
2. 0 < K;(z,t) fori=2,3, for a.a. (z,t) € Qr,
3. there are constants k; > 0, i = 1,4, such that
Ki(z,t) >k, fori=1,4,

for a.a. (z,t) € Qr, and k,k, > koks, where ko, ks are as in Hypothesis 2.1.
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Then problem (1.1) has a non-negative T-periodic solution (u,v).
Corollary 3.2. Assume that
1. Hypotheses 2.1 are satisfied,
2. Ki(z,t) <0 fori=2,3, for a.a. (x,t) € Qr,
3. there are constants k;, > 0, i = 1,4, such that
Ki(z,t) > k, fori=1,4,
for a.a. (z,t) € Qr,
4. Hypothesis 2.2.2 is satisfied with
T
Cr =r—llall=(@r)
kq

T
Cr =1 16/ Lo (@)
4

Then problem (1.1) has a non-negative T-periodic solution (u,v).

We observe that the condition koks < kjk, of Theorem 3.1 is crucial to establish the a priori L2-
bounds on the solution pairs (u, ve) of (2.1). Roughly speaking this condition guarantees that the terms
in the equations that contribute to the growth of the respective species do not prevail globally on those
limiting the growth.

On the other hand, when the strict positivity of the functions K; and K, is relaxed, obtaining the
needed a priori bounds becomes more difficult (at least with our approach). In fact, we are able to
obtain simple a priori bounds in the non-coercive case when the system is competitive, provided that
min{n(q¢ — 1),m(p — 1)} > 1, i.e. when each equation of (1.1) is of slow or normal diffusion type.
Otherwise, we have to impose one more technical restriction, i.e. min {mz;i,ngﬂ} > 1 to obtain
a result like Theorem 3.1 with no sign condition on the functions Ks and Kj.

Obviously, Theorem 3.1 holds also for a single equation. In particular, we have the following corollary:
Corollary 3.3. Consider the problem (2.33) and assume that

1. the exponents p,m are such that p € (1,2) and m > p,

2. the delay T € (0, +0),

3. the functions a and K belong to L>®(Qr), are extended to Q0 x R by T-periodicity and are non-
negative for a.a. (x,t) € Qr and there exists a constant k > 0 such that

K(xz,t) >k
for a.a. (x,t) € Qr,
4. hypothesis 4 of Corollary 2.1 is satisfied with

T
€ = Zlallior-

Then problem (2.33) has a T-periodic non-negative and non-trivial solution.
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3.2 The non-coercive case: the competitive system
Theorem 3.2. Assume that
1. Hypotheses 2.1 are satisfied

2. ko = kg =0, that is
Ki(z,t) <0 fori=2,3,

for a.a. (z,t) € Qr,

1
3. m,n,p and q are such that m > 1 andn > 1 i.e. both the equations of system (1.1)
q—
have slow or normal diffusion,

4. Hypothesis 2.2.2 is satisfied with

2
C, = Q|7 Ben s (91 Ellall oo (qry (mp — 1) + 1)P | 700
qugp 1)(m 1) mpP— 1pp
and )
o |QT|(q 1)(n 1) ‘Q|1 2||bHL°°(QT)( (q_ 1) + 1)(1 (a—D(n—1)
° = DD na—tqq .

Then problem (1.1) has a T-periodic non-negative solution (u,v) with non-trivial u, v.

Proof. As a first step we find the bound for the non-negative solutions u.. Multiplying the first equation
of (2.11) by u., integrating in Q7 and passing to the limit, as h — 0, in the Steklov averages (uc)p, we
obtain

mpl( (-1 +1> //T

m(p=1)+1 |P

Vue P

dzdt < 6// |Vue|Pdxdt + // |Vu™ P2 Vu" Vu.drdt
T Qr

_r
< lallz=@m luelltr@ry < 192 lall e @ l1uellf2 g )

(3.4)
by the T-periodicity of u. and the non-positivity of the function K,. Using the Holder inequality with
= e+ 04 the Poincaré inequalit has:

= 5 , quality, one has:
FIC=nEe (=141 || T
m(p—1)—1 m(p— m(p—1)—1 m(p—1)+1 (I'm(p—
// dedt < |QT|m(Z D+l (// u;”(Pl)dedt) |QT|m(z DFT ||
Qr Qr Lr(QT)

m(p—1)+1

Vus P

2p
m(p—1)+1
Lr(Qr)

2p
m(p—1)+1
L?(Qr)

2
|QT|m((£ i))ﬁ»l ‘Q|1_%||a||L°°(QT)(m(p_ 1)+1)p m(p—1)+1 ﬁ
mp—1lpp HUEHL2(QT) ’

< |Q | (piigli 1
p|™
/1

P

Thus by (3.4) we get

m(p=1)+1
P

m(p—1)—1 1
HUEHLZ(QT) < |QT|m(p T+1 (

m(p— 1)+1
P

This implies

[ell72(gp <

2
|QT‘([) 1)(m 1*) <|Q|1 ||a||LOO(QT)(m(p_ 1) + 1)1)) (p—1)(m—1)

T mpP~1pp

Hp
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In an analogous way we obtain that

2
Q| Tt <|ﬂ|1 2ol (@) (. <q1>+1>q><“><"”

<

2
v
|| s||L2(QT) =D (n—1) i 1qq

q
if v, is a solution of the second equation of (2.11). O
The previous result still holds for a single equation:

Corollary 3.4. Consider problem (2.33) and assume that

1
1. the exponents p,m are such that p € (1,2) and m > P
2. the delay T € (0, +00),

3. the functions a and K belong to L=(Qr), are extended to Q x R by T-periodicity and are non-
negative for a.a. (z,t) € Qr,

4. hypothesis 4 of Corollary 2.1 is satisfied with

Qr| T (ml  llall < (@n) (m(p —1)+1>p>w<m“

mPbP— 1pp

C=

(p—1)(m—1)

Hp

Then problem (2.33) has a T-periodic non-negative and non-trivial solution.

. . p—1 q—1
3.3 The non-coercive case: min ¢ m , >1
p+1 q+1

-1 —1
In the case that min {mp nd— - > 1, we are able to find explicit bounds (although complicated)

+1’ q+1
without any assumption on the sign of the functions K5, K3, as shown in the next result.

Theorem 3.3. Assume

-1 -1
1. min mL K > 1,
p+1 q+1

2. Ki(z,t) >0,i=1,4 and K;(x,t) <k;, i =2,3 for a.a. (z,t) € Qr and for some positive constants
Ei’ 1= 27 37

3. Hypothesis 2.2.2 is satisfied with
(¢—D(r—-1(p-1)(m-1) atincbeinoy | 12
Cy :\/T{ 0, + B DE=DE=D =D ’
(=D -1p-m-1)—-4 """

1) —1)p—1 1 (@=D-DE-1m-1) 1/2
\/T{(q(g 1)(7)1(7_11)(;(? 1)(3}& ))4 q+5(" Y(n=T)(p—1)(m—1) } ’

(3.5)

Csy =

where

(p—1)(m—1)+2

2
ap _C (p—1)(m—1) (2T||a||%m(QT)) (p—1)(m—-1)

2
(p—1)(m—-1)+2 (@=D =142\ H=1)(m=1) 4
=D (m—1) @DHn-1) 2 (a=D(n=D(p=D(m-1)
+C, (Qk Cy ) (27 1bl2 < ) ,
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(g=1)(n—1)+2

2
“(—1D(n-1) (g—1)(n—1)
aqi=Cq T (2T b} gy

2
(a=1)(n—-1)+2 (p—D)(m-1)42\ (g—1)(n—1) 4
= = @ Dr-DE-Dm-1
+C TP <2k Cp PV ) <2T\|a||2Lm(QT)> :

2
(p—1)(m—-1)42 (a=D)(n=1D+2\ H-1D)(m—1) . 4
—Ty(m— 2 P 2\ G-D(r—D(p—D(m—-1)
B, = Cp "D <2k‘ C, @I ) (%3) 7

and ,
(g=1)(n—1)+2 p=D(m-D+2\ G=DHE=T , _ 4
—D(n— 2 e 2\ a—D(r—D(p—DH(m—1)

Bg = Cq 0D (2k C, @D ) (2k2) o

Here )
(p=D(m=1) \ p—D(m-1F2
— 1 m — 1 —+ 2 p Q 2 (p—1)(m—1)—2
¢, = (2= -1+ 2 [0 PSP 56
pPmP~1(3 — p)pp

and

4
q W (a—D(n—-D1)+2 1)
C, = [(g=1)(n—1)+2]" |9 R cEnrEl (3.7)
g1 (3 — q)pq

Then problem (1.1) has a non-negative T-periodic solution (u,v) with non-trivial u, v.

Proof. Let (ue,v:) be a solution of (2.11). We have, by the Poincaré inequality and the Holder inequality

: . (p=1)(m-1)+2
with r = B2

(p=1)(m-1)+2

—1)(m—1 —1)(m—1 (=D(@m-v+2|P
(/ u?da:) i < |Q|(p E )/ugp_l)(m_1)+2dx < L|Q|(p E )/ Vus 7 dx.
Q Q Hp Q
Integrating over [0, T], we have:
T (p-10m-1)+2 (ootymtyta [P
/ (/ ugdx) dt < 7\Q|“’ g // Vu.  * dadt. (3.8)
0 Q T

p
dxdt. Multiplying the first equation of (2.11) by u3~?

(p=1)(m—=1)+2

Now, we estimate the term / / Vue P

)

integrating in @ and passing to the limit in the Steklov averages (u.)n, we obtain by the T-periodicity

of u,
(=D (m-1)+2 |P
mP~(3 - p) [( “m 71 +2] // Vus 7 dxdt
- B T
S/ [Ilalle(QT)+k2/7ﬂ?(§7t—72)d€} (/ u§d$> dt
0 Q Q
T B 2 73 T 2 12
< V (||a|Lx(QT)+k2/v§(§,t—Tz)d§> dt} V (/ uidx> dt} .
0 Q 0 Q
Thus

ol
N

(p=DH(m=-1)+2

Vue r

I,

p T 2 2
dxdt S Mp [/ (||aLoo(QT) +E2/ 'Ug(g,t — T2)d§> dt] dt] y
0 Q

3.9)

[ ()
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~1)(m—1)+2
where M, w

By the Holder inequality with s :=

B 1 (p—1)(m-1)+2]"

- mP(3 - p) p '
observe that s > y the assumption on m and p) and by (3.8), (3.9), it follows
b h 1 by th i d d by (3.8), (3.9), it foll

4
(p—1)(m—1)+2 (p—1)(m—1)+2

T p—1)(m—1)—2 T 2
2 T e 2

/ </ uadz> dt < T(P D(m=1)+2 / (/ uedx) dt

0 Q 0 Q

2 2

T B 2 (p—D)(m—-1)+2 T 2 (p—1)(m—1)+2
/ <a||Loo(QT)+k2/v§(f,tTg)df) dt] V (/ ugda:> dt] ,
0 Q 0 Q

where C), is the constant defined in (3.6). Therefore, setting U = fOT(fQ u2dz)?dt, V = fOT(fQ vidr)3dt,

<c,

. . +1 . e
and using the assumption m > p—l, the last inequality implies
p

p=D(m-n+2 [ T _ 2 G DD
U <Cp,ehim=b / (”a”Loc(QT) + kg/ v?dx) dt
0 Q

(p=1)(m—=1)+2

2
<C, F—D(m—1D) {QT”aH%OO(QT) i 2@3‘/} =D (m—1)

(p—D(m-1)f2 [

<, TV (ZTIIaIIix(QT))m . (ngv)w(mn} '

In an analogous way, we can show that

S e 5 @D | (o724, GDE=D
Vv < C (a—1)(n (2T||bHL°°(QT)) + (2]{33[]) 3
where Cy is the constant introduced in (3.7). Hence, it results

(p=1)(m—-1)+2

2 2
T (p—1)(m—-1) p—1)(m—1) —2 Tp—D(m—-1)
U< C’p (p—1)( ) |:(2Ta’||%°°(QT))< D(m-1) " (211:2‘/)( ( 1>}

—1)(m—1)+2

2
<G ReieE <2TH0JH%OO(QT))(pil)(mil)

2
(p=1)(m—1)+2 (@=1)(n=1+2\ (p=1)(m—1) 4
— — (¢—1)(n=1)(p—1)(m—1)
+ ) (p=Dm=1) (Qk Cy a=Dn=1) > (21 HbH%OO(QT)) ' ’

2
(p—1)(m—1)+2 (a—D(n=D)+2\ p=1)(m—-1) . 4
Y= 2 P 2 (=D (n—1)(p—1)(m—1)
+Cp P <2k Cg D ) (2k3U) :

The last inequality has the form:

U<a+ ﬁU<q—1><n—1>%p—1><m—1> , (3,10)

4
with a, 8 > 0. Since min{mpﬁ,nm} > 1 the function f(U) := a + U@ DE-DE-D0m=1 ig strictly

concave, and then

U < f(U) < f(Uo) + ' ({Uo)(U — Up), (3.11)
where Uy := fTa- e SN CENE Using the fact that f(Up) = o+ Up and (3.11), one has

U< la=DHr-1p-1)(m-1) 4 BT
“l-De-Dp-Dm-1)-4"

A final application of Holder’s inequality shows that [u.||2, < TY/2U'Y2? = C;. The argument for v,
proceeds in a similar way. O
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As a consequence of Theorem 3.3 one has the next corollaries for the cooperative and competitive
cases, respectively.

Corollary 3.5. Assume that

-1 -1
1. min{mp q }>1,
p+1 qg+1

2. Ki(x,t) >0 fori=1,4, for a.a. (z,t) € Qr, and there are positive constants ko, k3 such that
0< K;(x,t) <k; fori=2,3,
for a.a. (z,t) € Qr,
3. Hypothesis 2.2.2 is satisfied with Cy and Co as in (3.5).
Then problem (1.1) has a non-negative T-periodic solution (u,v) with non-trivial u,v.

Corollary 3.6. Assume that
-1 -1
1. min mL == > 1,
p+1" g+1
2. K;(x,t) >0 fori=1,4, for a.a. (x,t) € Qr, and there are non-negative constants ko, ks such that
—k, < K;(z,t) <0 fori=2,3,

for a.a. (x,t) € Qr,
3. Hypothesis 2.2.2 is satisfied with

Rpic 2 (e
o = (1c, (2T||a\|L°C(QT))

Nl

and .
(a=D)(n—1)+2 a2\ ?
Cy = (chq (@=1)(n—1) (2T||b||%o@(QT)) ) )
where Cp, and Cy are as in (3.6) and in (3.7).
Then problem (1.1) has a non-negative T-periodic solution (u,v).
-1 -1
The proof of Theorem 3.3 suggests the following result when min {mp q } =
p+1 q+1
Theorem 3.4. Suppose that Assumptions 2 and 3 of Theorem 3.3 hold true. If, in addition,

. p—1 q—l
min ¢ m——-, =1
p+1’ q+1

and )
—1)(m— n =D (m=1) 4
il C i MO R (319
then problem (1.1) has a non-negative T-periodic solution (u,v).
Proof. First note that, if , for instance nqﬁ =1, then (¢—1)(n—1) = 2, so that the expression in (3.12)

can be simplified. Now the proof proceeds as the one of Theorem 3.3 up to inequality (3.10), which now
reads
U<a+pU,

where $3 is the left hand side of (3.12). Since § < 1, we obtain the desired upper bound on U. O

Remark 3.1. Observe that the technique used to prove Theorem 2.1 (or Corollary 2.1), and the a priori
estimates in L?(Q7) can be adapted to prove analogous results if we consider system (1.1) with p,q > 2,
that is if we consider a double degeneracy (or a single degenerate equation) as in [25], but with a p-linear
term in the right hand side.
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4 A generalization in the competitive case

The techniques used in the previous sections allow us to prove the existence of a T-periodic non-negative
solution (u,v) with non-trivial u, v for the following system:

- dlv(|vum|p72vum): (CL(J?, t) - Kl (57 t)ua(§7t - Tl)d§+/g Kg(f, t)va(§7 t— 72)d£> upila in QT;
2

— div(|Vo" |92 V") ( x,t) /K3 & tu t—Tg)df—/K4(§,t)v°‘(§,t—7'4)d§> vl in Qrp,
Q

u(z,t) = v(z,t) =0, for (z,t) € 00 x (0,7,
u(-,0) =u(-,T) and v(-,0) = v(-,T),

(4.1)
where a > 1, K;(t,z) < 0 (i = 2,3), and m,n,p,q, 7; (i = 1,2,3,4), a,b and K; (i = 1,4), are as in
Hypotheses 2.1.

4.1 The coexistence theorem

As before, one can prove that Lemma 2.1 and Proposition 2.1 still hold for the associated nondegenerate
singular p-Laplacian problem

u _ e div(|Vu[P2Vu) — div(|Vu™ P72 Vu™) = (a(m,t) — / K& t)u™(&,t —m)dé+
ot Q

K2<§5 t)va(§7t - 72)d§> up—l’ in QT:

Q

o _ ediv(|Vo|T2Vo) — div(|Vo" |12 Vo) = (b(x,t) +/ K3(&, t)u®*(&,t — 73)dé—
Q

- A) K4(€) t)v(y(gat - T4)d§) Uq_la in QT,
=v(-t)|on =0, fora.a.te (0,7),
( 7T) and ’U(',O) = ’U(-,T),

(4.2)
where € > 0 is small enough. Moreover the next result holds:

Proposition 4.1. There is a constant R > 0 such that

tellLos (@) lvell oo (@r) < R

for all solution pairs (ue,ve) of

(uav) = G€(17f(u+7v+)>g(u+7v+))>

and all € > 0. In particular, one has that

deg ((ua U) - Ga (17 f(u+a U+)7 g(u+a U+))7BRa 0) =L
Here G, is defined as in Section 2,

flut vty = ( - [ Hile ) ) - e+ [ Kaleo) (0 (e - w&) (ut )P
and

g(u+,v+) = (b + /Q K3(€7 ) (u+)a(£ﬂ' - TS)df - ‘/Q K4(§7 ) (U+)a(§7 C T 7—4)d§) (v-ﬁ-)q—l’
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Proof. By the first equation of (4.2), we have

Ou,
ot

— ediv(|Vu P2 Vu,) — div(Vu? |Vu™[P~2) < KuP™h

where K := ||a||1= (). By Lemma 2.2, using the Steklov averages (u:), € H'(Qr—s), 6,h > 0, and
the fact that (uc)n converges to u. in L>(Q7), we conclude that ||u.|[z~(g,) < Ri for some Ry > 0
independent of €. Analogously, ||ve| p(g,) < R2 for some constant Ry > 0. Therefore it is enough to
choose R > max{R1, Ro}.

The second part of the Proposition follows as in the proof of Proposition 2.2 O

From now on we make the following assumption:

Hypothesis 4.1. The functions a and b are such that

mln{ // xtep Ydxdt — k202 // :Eteq Ydxd kC’} > 0.
Qr Qr

Here ko, ks are as in Hypotheses 2.1.3, p,, 1tq, €, and e, are as in Section 2.

As before, take ¢ in (0, &¢), where g¢ is such that

.1 k,C
6(Cy,C3) := min {T // § a(x,t)ep(z)dzdt — eopy — 2T 2

1 ksC
T //T b(w,t)ed(z)drdt — eopg — 73T ! } > 0.

Then, Lemma 2.4 and Proposition 2.3 still hold with

= p(B—1)

o [ Nelli@ni@rl” (3)" (- Hm - 1) - 91
o [m(p = DI~ {(p — 1) (m —p) — ps)] ’

1)
q(6—1)

[ Plem@nlerl? () (@ - D - 1) - o)
o [nlg =D (g = D(n — q) — ¢5)] ’

and

D1 Dl

) (fo (x)dzdt — aoTup> (fo (x)dzdt — soTup> .
7o = min

(fo (x)dzdt — 50T,uq> (fo (x)dzdt — 50Tuq) .

D2 D2

where 8, 8, 6,0, D1 and D5 are as in Section 2. Proceeding as in Theorem 2.1, one can prove that the
next coexistence result holds:

Theorem 4.1. Assume that there exist two positive constants C1,Cy such that for all € > 0 and all
solution pairs (us,ve) of (4.2) it results

[uellZaqry < Cr and [Jv]|Ta(q,) < Co-

Then, problem (4.1) has a T-periodic non-negative solution (u,v) with non-trivial u, v.
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Obviously, the previous result holds also for a single equation. In particular, we have the following

corollary:
Corollary 4.1. Consider the problem

= (9 P29 = (alet) - [ K€€t =) w i Q.
Q

for (z,t) € 9Q x (0,T), (4.3)

u(z,t) =0,
u(,O) - U(‘,T),

and assume that
1. the exponents p,m are such that p € (1,2) and m > p,

2. the delay T € (0, +00),
3. the functions a and K belong to L=°(Qr), are extended to Q x R by T-periodicity and are non-
negative for a.a. (z,t) € Qr,

4. there exists a positive constant C such that for all € > 0 and all solutions us of

u = Gg(l7 f(u+))7

it results
HUEH%O‘(QT) < C.

Then problem (4.3) has a T-periodic non-negative and non-trivial solution.

4.2 A priori bounds in L*(Qr): the coercive and the non coercive cases

In this subsection we apply Theorem 4.1 by looking for explicit a priori bounds in L*(Q) for the solutions
of (4.2) in the ”coercive case” and in the "non-coercive case”.

Theorem 4.2. Assume that
1. Hypotheses 2.1 are satisfied,
2. there exist constants k; > 0, ¢ = 1,4, such that

Ki(z,t) > k, fori=1,4,

for a.a. (x,t) € Qr,
3. Ki(z,t) <0 fori=2,3, for a.a. (z,t) € Qr,

4. Hypothesis 2.2.2 is satisfied with
T

Cr =~llallz=(@n)
L]

T
Ca :F||b|‘LN(QT)'
g

Then problem (1.1) has a non-negative T-periodic solution (u,v) with non-trivial u, v.
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Proof. We just need to show that Hu5||%a(QT) < Cy and HUEH%Q(QT) < (5 for any solution (ue,ve) of

(4.2). Proceeding as in Theorem 3.1, one has
T [, | Vue |Pda 2
e A [0 - (T\|a||Lm(QT) 1Hu€||%a(QT))
0 (Jqudr)®

and again
T < |98 (Tlall (@) — b uelFo o) ) -
The same procedure, when applied to the second equation of (2.1), leads to
eXgaT < 191 # (Thblle@r) — Kallvel3eom)

Hence, we have
< Tllallz=(@r)

||Us||(ia(QT) > k, )
o Tbll(Qr)
Joele @y € =2

Theorem 4.3. Assume that
1. Hypotheses 2.1 are satisfied,

2. Ki(z,t) <0 fori=2,3, for a.a. (z,t) € Qr,
3. Hypothesis 2.2.2 is satisfied with

1Qr| [ lalle(@ry (m(p — 1) + )P\ 7e=D
C, = —F5— -
m(p—1) ampP pp
P
and o
Co = Q7| (bHLoo(QT)(n(q -1+ a)q) n(g—1)
0= —a— — .
n(g—1) and qq

q

Here ko, k3, are as in Hypotheses 2.1. Then problem (1.1) has a T-periodic non-negative solution (u,v)
with non-trivial u,v.

Proof. We just need to show that [|luc||7a (g, < C1 and [Jvc]|fa g, < C2 for any solution (u.,v:) of
(4.2). Multiplying the first equation of (4.2) by u®~P*!  integrating in Qr and passing to the limit, as

h — 0, in the Steklov averages (uc)n, we obtain, as in Proposition 2.2,

e ((1+a>//T

mp-—D+a |P

Vus 7

drdt < e // u® |V |Pdedt
T

+ / / |Vu P2 Vu Vul dadt
T

< llallLos (@) 1t Ta (g

by the T-periodicity of u. and the non-positivity of the function K. Using the Holder inequality, with

m(p—1)+a
o

7= , and the Poincaré inequality, one has:

m(p—1) »m,(p_al)_*_ 1
J, e )™
QT QT

ap
m(p—1)+a
Lr(Qr)

ap
mp—+a || mp-—1)Fa
P

Ue

L?(Qr)

m(p—1)+o

Vues 7

P

< Q7 e 1
< |Qp| i EDte
UH
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ap
m(p—1)+a
L?(Qr)
)

m(p—1 a

|Qr| @075 [ lal| e (@) (m(p — 1) + )P\ mG=DFe - el

= 1 el Zotm) ™
amP pp

Thus
m(p—1)+o

Vue *

m(p—1) 1

_m(p=1)
luelfe @y < |Qr|7o=D%s (

P

&
mp-D+a
P

This implies

[uellTa@p) <

Q7 (”aLOO(QT)(m(p —1) + a)P> -1 ’

(- ampP—1pp

P

In an analogous way we obtain that

lo- I Qrl [ 1bllL=(@r)(nlg — 1) + )1\ 7D
VellLe(@r) = ~ &y and—1qa ;

q
if v, is a solution of the second equation of (4.2). .

An immediate consequence of Theorems 4.2 and 4.3 is the following existence result for a single
equation:

Corollary 4.2. Consider the problem (4.3) and assume that
1. the exponents p,m are such that p € (1,2) and m > p,
2. the delay T € (0,+0),

3. the functions a and K belong to L>®(Qr), are extended to @ x R by T-periodicity and are non-
negative for a.a. (x,t) € Qr,

4. hypothesis 4 of Corollary 4.1 is satisfied with

T
C= E”CLHL‘X’(QT)

if K(t,z) > k>0, or
o Q7] (||a||Lw(QT)(m(P -+ Oé)p) S
=T p—1pp
7D ampP~1p
if K(t,x) > 0.

Then problem (4.3) has a T-periodic non-negative and non-trivial solution.
Proof. We just need to show that ||uc||7a g, < C for a positive constant C. Proceeding as in Theorem

. . . T
4.2 if K(t,z) 2 k > 0 or in Theorem 4.3 if K(t,x) > 0, one has that |lucl|7a g,y < EHG’HLOO(QT)

)m, respectively. The thesis follows by Corollary

or HUsH%a(QT) amp—1pp

< _lQ7 (l\al\Loo(QT)(m(p—l)-i-a)p
- H;n(pfl)

4.1. O

Remark 4.1. We underline the fact that the generalization presented in this section can be extended to
a single degenerate equation or to a double degenerate system, namely when p,q > 2, as considered in
[25].
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